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Abstract. This is an expository article describing the theory of Kuranishi 
£L[ structure in great detail. The origin of this article lies in a series of pdf files 

[Fu6l IFOn3l IFOOQ6I IFOOQ7I IFOOQ8] that the authors of the present article 
uploaded for the discussion of the google group named 'Kuranishi' (with its 
administrator H. Hofer). In these pdf files, the present authors replied to 
several questions concerning the foundation of the Kuranishi structure which 
were raised by K. Wehrheim. At this stage we submit this article to the e-print 
arXiv, all the questions or objections asked in the google group 'Kuranishi' 
were answered, supplemented or confuted by us. 

We provide (in Part |6{ our confutations against several criticisms we found 
in |MWI (arXiv:1208.1304vl). We have seen a few instances in which the 
public display of negative opinions, such as those written in [MW , on the 
soundness of virtual fundamental chain/cycle technique of Kuranishi structure 
has caused serious trouble for young mathematicians to publish his/her papers. 
Due to this reason, we feel obliged not to escape from our duty of confuting 
the article [MW and providing more thorough explanations both on various 
technical points of Kuranishi structure and on its implementation in the study 
of pseudoholomorphic curves. 

We would like to mention that before MW was uploaded, all the objections 
in |MW| had been already discussed and responded in our files mentioned above 
which had been sent to the members of google group Kuranishi (that include 
the authors of |MWI 1. 

In the first part of this article (Part [2} we discuss the abstract theory 
of Kuranishi structure and virtual fundamental chain/cycle. We review the 
definition of Kuranishi structure in jFOOOf] and explain in detail the way 
how we define a virtual fundamental chain/cycle for a space with Kuranishi 
structure. This part can be read independently from other parts. 

In the second part (Parts[3]and[4]| of this article we describe the construction 
of Kuranishi structure on the moduli space of pseudo-holomorphic curves, in 
great detail. We include the complete analytic detail of the gluing (stretching 
the neck) construction as well as several other issues e.g., the smoothness of the 
resulting Kuranishi structure. The case of S equivariant Kuranishi structure 
which appears in the study of time independent Hamiltonian and the moduli 
space of Floer's equation is included in Part [5] 
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Part 1. Introduction 

1. Introduction 

This is an expository article describing the theory of Kuranishi structure, its 
construction for the moduli space of pseudo-holomorphic curves of various kinds and 
the way how to use it to define and study virtual fundamental class. Our purpose 
is to provide technical details much enough for mathematicians who want to apply 
Kuranishi structure for various purposes can feel confident of its foundation. We 
believe that by now (16 years after its discovery), the methodology of Kuranishi 
structure can be used as a 'black-box' meaning that mathematicians can freely 
use it without checking its details in the level we provide in this article, once 
they understand the general methodology and basic ideas. To ensure them of the 
preciseness and correctness of all the basic results stated in |FOn2j , |FOOOl] , we 
provide thorough details so that people can use them without doubt. 

The origin of this article lies in a series of pdf files [FuHl IFOn31 IFOOQ61 IFOOQ71 
IFOOQ8] that the authors of the present article uploaded for the discussion of the 
google group named 'Kuranishi' (with its administrator H. Hofer), started around 
March 14, 2012. In these pdf files, the present authors prepared the replies to 
several questions concerning the foundation of the Kuranishi structure which were 
raised by K. Wehrheim. (We mention about the discussion in this google more in 
Part [6]) The pdf files themselves that we uploaded can be obtained in the home 
page of the second named author (http:/ /www. math. wisc.edu/~oh/). 

The theory of Kuranishi structure first appeared in 1996 January in a paper 
by first and fourth named authors, which was published as [FOnlj . More details 
thereof were published in |FOn2j . These papers contained some technical inac- 
curate points which were corrected in the book written by the present authors 
jFOOOl] , In [FOOOlj the same methodology as the one used in |FOnl[ lFOn2] is 
applied systematically for the construction of filtered Aoo structure on the singular 
(co)homology of a Lagrangian submanifold of a symplectic manifolds. 

The construction of the Kuranishi structure of the moduli space of pseudo- 
holomorphic curves |FOn2] is written in the way suitable for the purpose of |FOn2j 
(especially |FOn21 Theorem 1.1, Corollary 1.4]). (See Subsection 134. 21 for more dis- 
cussion on this point.) In jFOOOl] (especially in its A1.4) we provide more detail 
so that it can be used for the purpose of chain level construction we used there. The 
present article contains even more details of the various parts of this construction. 

Meanwhile there are several articles which describe the story of Kuranishi struc- 
ture, for example [Jolj . | Jo2j . 

Several other versions of the construction of the virtual fundamental chain or 
cycle via Kuranishi structure are included in some of the papers of the present 
authors ( [FOOQ2| IFQ003"! IFOO Q5, Fu3j ) aimed for various applications. 

This article is not a research paper but an expository article. All the results 
together with the basic idea of its proof had been published in the references we 
mention above. 

Kuranishi structure is one of the various versions of the technique so called virtual 
fundamental cycle/chains. Several other versions of the same technique appeared 
in the year 1996 (the same year as |FOn2] appeared.) [LiTil iLiuTil IRu21 ISil] . Some 
more detail of [LiTil ILiuTij was appeared in |LuT| . 
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Later on, other versions of virtual technique appeared [HWZ, CicMoh . Also 
there are various expository articles, e.g., [Sail IMc| IFu21 IFu5| IMW] . which one can 
obtain in various places. 

Because of its origin, this article is written in the style so that it will serve as 
a reference that confirms the solidness of the foundation of the theory. Therefore 
the preciseness and rigor are our major concern, while writing this article. We are 
planning to provide a text in the future, which is more easily accessible to non- 
experts, such as graduate students of the area or researchers from the other related 
fields. 

2. The technique of virtual fundamental cycle/chain 

We start with a very brief review of the technique of virtual fundamental cy- 
cles/chains. In differential geometry, various moduli spaces appear as 'the set of 
solutions of nonlinear partial differential equations'. Here we put the word in the 
quote because there are several important issues to be taken care of. 

(A) The moduli space is in general very much singular. 

(B) We need to take appropriate equivalence classes of the solution set to obtain 
a moduli space. 

(C) We need an appropriate compactification to obtain a useful moduli space. 

In the case of moduli spaces appearing in differential geometry, the point (A) was 
studied by Kuranishi in Kodaira-Spencer theory of deformation of complex struc- 
tures. For each compact manifold (X, J), Kuranishi constructed a finite dimen- 
sional complex manifold V on which the group of automorphisms Aut(X, J) acts 
and a holomorphic map s : V — > E to a complex vector space, such that E is acted 
by Aut(A, J) and s is Aut(X, J)-equivariant, and the moduli space of complex 
structure of J locally is described as 

s -1 (0)/Aut(X, J). (2.1) 

This is called the Kuranishi model. The map s is called the Kuranishi map. 

In 1980' first by Donaldson in gauge theory and then by Gromov in the theory 
of pseudo-holomorphic curves, the idea to use the fundamental homology class of 
various moduli spaces to obtain an invariant was discovered. In the theory of 
pseudo-holomorphic curves, Gromov- Witten invariant was obtained in this way. 
Such a theory was rigorously built in the case of semi-positive symplectic manifold 
by Ruan [Rulj and Ruan-Tian [RuTij . (See also jMcSaj .) 

Around the same time, Floer used the moduli space of solutions of pseudo- 
holomorphic curve equation with an extra term defined by a Hamiltonian vector 
field and succeeded in rigorously defining a homology theory, that is now called 
Floer homology of periodic Hamiltonian system. In [F12] Floer assumed that the 
symplectic manifold is monotone. This assumption is weakened to semi-positivity 
in [HE] and [On] . 

In both cases, we need to study the moduli spaces of virtual dimensions and 
1 (see e.g., page 1020 |FOn2] ). We construct multi- valued perturbation (multi- 
section) inductively from the smallest energy (thanks to Gromov's compactness 
theorem) and can arrange that no zeros appear in the strata of negative virtual 
dimension. Combined with Gromov's compactness theorem, we can also arrange 
that there are finitely many zeros in the strata of virtual dimension 0. When the 
virtual dimension of the moduli space is 1, we pick a Kuranishi neighborhood for 
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each zero of the multi-section such that they are mutually disjoint. Then we extend 
the multi-section so that the weighted number of zeros in the virtual dimension 
stratum coincides with the one with sufficiently large fixed gluing parameter T (see 
Subsection 13.11 below) . We also note that in the case of Gromov-Witten invariants, 
what we need to study is not the detailed geometric data which moduli space 
carries but only its homology class, which is significantly weaker information. For 
the purpose in [FOOOl] . we have to work with not homology classes but chains. 

Roughly speaking the moduli space can be regarded as the zero set of a section of 
certain infinite dimensional bundle over an infinite dimensional space. Thus its fun- 
damental class is nothing but the 'Poincare dual' to the 'Euler class' of the bundle. 
It is well-known that in the finite dimensional case the Euler class is a topological 
invariant of the bundles and so in particular we can take any section to study it, 
when the base space is a closed manifold. In the infinite dimensional situation we 
need to take sections so that they satisfy appropriate Fredholm properties but still 
exist so abundantly that one has much freedom to perturb. 

Thus, in a situation when the automorphism group of the objects are trivial, 
it is very easy to find a perturbation of the equation in an abstract way and find 
a perturbed moduli space that is smooth. This was actually the way taken by 
Donaldson [Dl, II. 3] in gauge theory. 

The problem becomes nontrivial when the points (B),(C) enter. Let us restrict 
our discussion below to the case of the moduli space of pseudo-holomorphic curves. 

The point (B) causes the most serious trouble in case the group of automorphisms 
is noncompact. In fact in such a case the moduli space is not Hausdorff in general. 
This point is studied in the work of Mumford who introduced the notion of stability 
and used it systematically to study moduli space of algebraic varieties. The case of 
curves (Riemann surfaces) is an important case of it. 

Gromov-Witten theory or the theory of pseudo-holomorphic curves is a natural 
generalization thereof where we consider the pair (E,it) where E is a Riemann 
surface (which includes the case of complex curves with nodal singularities when 
we study compactification) , and u : £ — > X is a pseudo-holomorphic map. (We may 
includes a finite number of points z 6 £, which are nonsingular and disjoint.) The 
group Aut(£,z, u) of automorphisms consists of biholomorphic maps v : T, — > £ 
such that u o v = u and v fixes every marked point in z. 

The notion of stable maps due coined by Kontsevitch clarifies the issue here. 
He called the triple (£,z, u) stable when Aut(£,z, u) is of finite order. This is a 
natural generalization of the notion of stability due to Mumford defined for the case 
of stable curves (£, z). Kontsevitch observed that the moduli space of stable maps 
(E, z, u) is Hausdorff. The first and fourth named author gave a precise definition of 
the relevant topology and gave the proof of Hausdorff property in |FOn2| Definition 
10.3, Lemma 10.4]. Hausdorff property is discussed also in [Silj . 

On the other hand, though the stability implies that the group Aut(E,z, u) is 
finite, it may still be nontrivial. It means that in the local description as in (|2.ip . 
the group of automorphisms can still be nontrivial. In other words our situation is 
closer to that of an orbibundle on an orbifold rather than to a vector bundle on a 
manifold. An orbibundle is a vector bundle in the category of orbifold. 

It is well-known classical fact that a generic equivariant section of an equivariant 
vector bundle is not necessarily transversal to zero, even when the group is finite. 
After taking the quotient it means that an orbibundle over an orbifold may not 
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have transversal sections. A simple explanation of this fact is that the Euler class 
of the orbibundle is not necessarily an element of cohomology group over the integer 
coefficients but is defined only in cohomology group over the rational coefficients. 

At the year 1996 three approaches are proposed and worked out on this point 
and applied to the study of the moduli space of pseudo-holomorphic curves. 

One approach due to J. Li and G. Tian is an analytic version of 'locally free 
resolution of tangent complex'. The approach by Ruan |Ru2] uses de-Rham theory 
and uses the representative of Euler class in de Rham cohomology. 

The approach of |FOn2j is based on multi- valued perturbations, which was called 
multisections. 

Before explaining more about the method of |FOn2] . we explain the point (C). 
As usual, compactification of the moduli space of geometric object is obtained by 
adding certain kinds of 'singular objects'. In the case of the moduli space of pseudo- 
holomorphic curves, such a singular object consists of the triple (£, z, u) where S 
is a curve with only double points, i.e. nodal singularities, as its singularities, z 
are marked points and u : £ —¥ X is a pseudo-holomorphic map. We can define 
stability condition as Kontsevich did. 

The very important point of the story is we can define a coordinate chart in 
a neighborhood of such objects (E,z,u) in the same way as the case when £ is 
smooth. In other words, the moduli space of the triples can be also described 
locally as the Kuranishi model (|2 . 1 [) . This is a consequence of the process called 
gluing or stretching the neck. Such a process has its origin in the work of Taubes 
in gauge theory. By now it very much became a standard practice also in the case 
of pseudo-holomorphic curves. 

We thus find that each point of the compactification of our moduli space has a 
local description by Kuranishi model (12.11) . 

We can then find a multi-valued perturbation (= mutisection) on each of the 
Kuranishi model so that is a regular value for each branch of our multivalued 
perturbation. Then the task is to formulate the way how those local constructions 
(perturbation) are globally compatible. 

The notion of Kuranishi structures was introduced for this purpose. Namely a 
Kuranishi structure by definition provides a way of describing the moduli space 
locally as s~ 1 (0)/T where s : V — > E is a T-equivariant map from a space V 
equipped with an action of a finite group to a vector space E on which T acts 
linearly. We say such a local description as a Kuranishi neighborhood. 

A Kuranishi structure also involves coordinate changes between Kuranishi neigh- 
borhoods and requires certain compatibility between coordinate changes. 

Thus the main idea of this story is as follows. 

(1) To define some general notion of 'spaces' that contain various moduli spaces 
of pseudo-holomorphic curves as examples and work out transversality issue 
in that abstract setting. 

(2) Use multivalued abstract perturbations, that we call multisection, to achieve 
relevant transversality. 

In this article we describe technical details of this method. 

3. The outline of this article 

The theory of Kuranishi structures is divided into two parts. One is the abstract 
theory in which we first define the notion of Kuranishi structure and then we 
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describe how we obtain a virtual fundamental chain/cycle or its homology class in 
that abstract setting. The other is the methodology of implementing the abstract 
theory of Kuranishi structure in the study of concrete moduli problem, especially 
that of the moduli space of pseudo-holomorphic curves. 

We discuss the first point in Part [2] and the second point in Parts [3] and [4] 
The definition of the Kuranishi structure is given in Section |4] 
To construct a perturbation (multisection) of a given Kuranishi map that is 
transversal to 0, we work in a local chart (Kuranishi neighborhood) and apply an 
appropriate induction process. 

This is very much similar to Thorn's original proof of transversality theorem 
in differential topology. Later on, the proof of transversality theorem via Sard's 
theorem combined with Baire category theorem gained more popularity. However 
the latter approach, which uses functional analysis, meets some trouble in working 
out for the case of multisections. In fact, the sum of multisections is rather delicate 
to define. There seems to be no way to define the sum so that an additive inverse 
exists. Because of this it is unlikely that the totality of the multisections becomes 
a vector space of infinite dimension. 

To work out the way to inductively define multisection, we need to find a clever 
choice of a system of Kuranishi neighborhoods. We called such a system of Kuran- 
ishi neighborhoods 'a good coordinate system'. 

We remark that in the local description: s _1 (0)/r (s : V — > E) of our moduli 
space, the number dim V — rank-E is the 'virtual' dimension of our moduli space 
and is a well-defined number. In other words, it is independent of the Kuranish 
neighborhood. On the other hand the dimension of the base V may depend on 
the Kuranishi neighborhood. As its consequence, the coordinate change exists 
sometimes only in one direction, namely from the Kuranishi neighborhood with 
smaller dim V to the one with bigger dim V. This makes the proof of the existence 
of a consistent system of Kuranishi neighborhoods much more nontrivial compared 
to the case of ordinary manifolds. Recall that already in the case of orbifold (that 
is the case when obstruction space E is always zero), the order of the group T may 
vary and so the natural procedure of constructing a transversal multisection of an 
orbibundle over an orbifold is via the induction over the order of T. The case of 
Kuranishi structure is slightly more nontrivial since the dimension of V may also 
vary. 

The definition of a good coordinate system is given in Section [SJ Existence of 
such a good coordinate system is proved in Section [7] 

We alert the readers that in this article more conditions are required for our 
definition of good coordinate system compared to that of our earlier papers |FOn2) , 
[FOOOl] . The reason is because it is more convenient for the purpose of writing the 
technical details of a part of the construction of the virtual fundamental chain / cycle. 
This detail was asked recently by a few peopl^E For example, a question about 
how we restrict the domains (of the Kuranishi neighborhoods) of the perturbations 
so that the zero sets of the Kuranishi maps that are defined in each Kuranishi 
neighborhoods can be glued together to define a Hausdorff and compact space. 

We emphasize that this problem of Hausdorff-ness and compactness is of very 
much different nature from, for example, that of Hausdorff-ness or compactness 
of the moduli spaces itself. The latter problem is related to some key geometric 
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notion such as stability and requires to study certain fundamental points of the 
story like the Gromov compactness and the removable singularity results. On the 
other hand, the former problem, though it is rather tedious and complicated to 
write down a precise way to resolve, is of technical nature. It boils down to finding 
a right way of restricting various domains (Kuranishi neighborhoods) with much 
care and patience. It, however, goes without saying that writing down this tedious 
technicality at least once is certainly a nontrivial and meaningful labor to do for the 
salience of the field, which is the main purpose of Part [5] This makes Part [2] rather 
lengthy and complicated. Section [5] contains some of those technical arguments. 
For the purpose above, we use a general lemma in general topology which we prove 
in Section [8] This lemma (Proposition 15 . 1 7| is in principle well-known, we suspect. 
We include its proof here for the sake of completeness since we could not locate an 
appropriate reference. We gather well-known facts on orbifold, its embedding, and 
a bundle on it, in Section [§] for reader's convenience. 

These technical points, however, should not be confused with the basic and 
conceptional points of the theory of Kuranishi structures. We believe that the 
readers, especially with geometric applications in their minds, can safely forget 
most of those technical arguments once they go through and convince themselves 
of the soundness of the foundation. The bottom line of the Kuranishi methodology 
is to make sure the existence of Kuranishi structure on the compactified moduli 
spaces in the relevant moduli problems. (This step is not automatic.) Then the 
rest automatically follows by the general theory of Kuranishi structures. 

In Section [3 we prove the existence of the good coordinate system in the sense 
defined in this paper, (which is more restrictive compared to the one in |FOn2j or 
[FOOOl] .) The proof is based on the idea with its origin in the proof of Lemma 6.3 
in |FOn2[ page 957]. We work by a downward induction on the dimension dimV^ 
of the Kuranishi neighborhood and in each dimension we glue several Kuranishi 
neighborhoods (of the same dimension) to obtain a bigger Kuranishi neighborhood. 

Parts [3] and [4] provide details of the construction of the Kuranishi structure on 
the moduli space of pseudo-holomorphic curves. There are two main issues in the 
construction. 

One is of analytic nature. Namely we construct a Kuranishi neighborhood of a 
given element of the compactified moduli space. In the case when the given element 
is a stable map from a nonsingular curve (Riemann surface), the analytic part of 
the construction is a fairly standard functional analysis. 

In case when the element is a stable map from a curve which has a nodal singu- 
larity, its neighborhood still contains a stable map from a nonsingular curve. So we 
need to study the problem of gluing or of stretching the neck. Such a problem on 
gluing solutions of non-linear elliptic partial differential equation has been studied 
extensively in gauge theory and in symplectic geometry during the last decade of 
the 20th century. Several methods had been developed to solve the problem which 
are also applicable to our case. In this article, following |FOOQl[ Section A1.4], 
we employ the alternating method, which was first exploited by Donaldson |D2] in 
gauge theory. 

In this method, one solves the linearization of the given equation on each piece 
of the domain (that is the completion of the complement of the neck region of the 
source of our pseudo-holomorphic curve.) Then we construct a sequence of families 
of maps that converges to a version of solutions of the Cauchy-Riemann equation, 
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that is, 

du' = mod E{v!) (3.1) 

and which are parameterized by a manifold (or an orbifold). Here E{v!) is a family 
of finite dimensional vector spaces of smooth sections of an appropriate vector 
bundle depending on u' . More precisely, E(u') is defined using additional marked 
points, which makes the domain curve stable, see Part 3,4. 

3.1. Smoothness of coordinate changes. The authors were sometimes asked 
a question about the smoothness of the Kuranishi map s and of the coordinate 
change of the Kuranishi neighborhood^. 

This problem is described as follows. Note in our formulation the neck region is 
a long cylinder [— T. T] x S 1 or long rectangle [—T,T] x [0, 1], and the case when 
the source curve is singular corresponds to the case when T — oo. So a part of 
the coordinate of our Kuranishi neighborhood is naturally parametrized by (To, oo] 
or its products. Note oo is included in (Tq,oo]. As a topological space (To,oo] 
has unambiguous meaning. On the other hand there is no obvious choice of its 
smooth structure as a manifold with boundary. Moreover for several maps such as 
Kuranishi map, s, it is not obvious whether it is smooth for given coordinate of 
(To, oo], (See }FOn2| Remark 13.16].) As we will explain in Subsection 134.21 there 
are several ways to resolve this problem. One approach is rather topological and 
uses the fact that the chart is smooth in the T-slice where the gluing parameter 
T above is fixed. This approach is strong enough to establish all the results of 
|FOn2] . The method of [McSa which is quoted in FOn2 is strong enough to 
work out this approach. However it is not clear to the authors whether it is good 
enough to establish smoothness of the Kuranishi map or of the coordinate changes 
at T = oo. (This point was mentioned by the first and the fourth named authors 
themselves in the year 1996 at FOn2, Remark 13.16].) To prove an existence of the 
Kuranishi structure that literally satisfies our axioms, we take a different method 
in this article. 

Using the alternating method described in [FOOOl ] Section Al.4] for the same 
purpose, we can find an appropriate coordinate chart at T = oo so that the Ku- 
ranishi map and the coordinate changes of our Kuranishi neighborhoods are of C°° 
class. For this purpose, we take the parameter s = 1/T. As we mentioned in 
[FOOOll page 771] this parameter s is different from the one taken in algebraic 
geometry when the target X is projective. The parameter used in algebraic geom- 
etry corresponds to e~ T . It seems likely that in our situation either where almost 
complex structure is non-integrable and/or where we include the Lagrangian sub- 
manifold as the boundary condition (the source being the borderded stable curve) 
the Kuranishi map or the coordinate changes are not smooth with respect to the pa- 
rameter e~ T . But it is smooth in our parameter s = 1/T, as is proved in [FOOOll 
Proposition Al.56] and Part 01 

The proof of this smoothness is based on the exponential decay estimate of the 
solution of the equation (|3.1[> with respect to T, that is, the length of the neck. The 
proof of this exponential decay is given in [FOOOll Section Al.4, Lemma A1.58]. 
Because, after the publication of F OOOl] , we still heard some demand of providing 
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more details of this smoothness proof, we provide such detail in Part [3] and Section 
QJ 

In Part 02 we restrict ourselves to the case we glue two (bordered) stable maps 
such that the source (without considering the map) is already stable. By restricting 
ourselves to this case we can explain all the analytic issues needed to work out the 
general case also without making the notation so much complicated. 

We provide the relevant analytic details using the same induction scheme as 
[FOOOll Section Al.4, page 773-776]. The only difference is that we use I? m space 
(the space of maps whose derivative up to order m are of L 2 class) here, while 
we used L\ space following the tradition of symplectic geometry community in 
|FOOOl| Section Al.4]. Actually using L 2 m space in place of L\ space, it becomes 
easier to study the derivatives of our solution with respect to the parameter T. See 
Remark [mi 

In Section [TJ] we provide the details of the estimate and show that the induction 
scheme of [FO OOll Section Al.4] provides a convergent family of solutions of our 
equation (|3.1[) . (This estimate is actually fairly straightforward to prove although 
tedious to write down.) 

In Section I13| we provide the detail of the above mentioned exponential decay 
estimate of the T-derivatives of our solutions. In Section [TU we review the well- 
established classical proof of the fact that the solutions obtained exhaust all the 
nearby solutions and also the map from the parameter space to the moduli space 
is injective. 

3.2. Construction of Kuranishi structure. In the first half of Part[4j we discuss 
the second main issue, which enters in the construction of a Kuranishi structure. 
The problem here is as follows. To define Kuranishi neighborhoods, we need to 
take the obstruction spaces which appear in the right hand side of p.ip . We need 
to choose them so that the Kuranishi neighborhoods that are the solution spaces 
of (|3.ip can be glued together. In other words we need to choose them so that we 
can define smooth coordinate changes. 

We need to fix a parametrization of the source (the curve) by the following 
reason. Let p = (£, z, u) be an element of the moduli space of stable maps. Firstly 
we consider the case that the domain (£,,?) is stable. Consider a vector space Ep 
spanned by finitely many smooth sections of sections of the bundle «*TX®A 0,1 . For 
q = (£', z 1 , u') close to p, we would like to transport E p to q. Let if be a compact 
subset of £ where elements of Ep are supported. (The subset K is chosen so that 
it is disjoint from the nodal singularities.) If we fix a diffeomorphism to the image 
K — > £' then we can use the parallel transport along the closed geodesic to transfer 
Ep to Ep(q). This family Ep(q) is obviously a smooth family of vector spaces 
of smooth sections so we can study the solution space of (|3.ip by using implicit 
function theorem, for example. In the case when (£, z) is stable we can choose such 
a diffeomorphism K — > £' (up to an ambiguity of finite group of automorphisms) 
by using the universal family of curves over Deligne-Mumford moduli space. 

In case when (S, z) is not a stable curve (but p = (£, z, u) is a stable map) we 
need some additional argument. In |FOn2| we gave two methods to resolve this 
trouble. One is explained in |FOn2| Section 15] and the other in |FOn2[ Appendix]. 
The first one uses the center of mass technique from Riemannian geometry. We 
explain it a bit in Subsection 134.31 In |FOOQl] and several other places we used 
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the second technique (the one in }FOn2| Appendix].) Therefore we use the second 
method mainly in this article. In this method we add additional marked points 
w on S so that (S,?U w) becomes stable. We also put the additional marked 
points w' on £' so that (£', z 1 U w') becomes stable. Then we can transform E v 
to E v (q U w'). The resulting moduli space (in fact, we take a direct sum (I3.2|) 
below in later argument), which we call a thickened moduli space, has too many 
extra parameters compared to those required by the virtual dimension obtained 
by dimension counting. The extra parameters correspond to the positions of the 
points w'. We kill these extra freedom as follows. We take a finite collection of 
codimension two submanifolds Di C X for each added marked point in ro, € w so 
that Di transversally intersects u(£) at u(wi), and require w[ to satisfy u'(w'^) G Di. 

This gives a construction of a Kuranishi neighborhood at each point of our moduli 
space. To obtain Kuranishi neighborhoods which can be glued to obtain a global 
structure, we proceed as follows. 

We take a sufficiently dense finite subset {p c = (S c , z c , u c )} c in our moduli space. 
For each p c we fix a finite dimensional vector space of sections E c = E Pc which will 
be a part of the obstruction space E. We also fix additional marked points w c so 
that (S c , z c U w c ) becomes stable. 

We next consider (E',z*,u') for which we will set up our equation. We take all 
p c 's which are 'sufficiently close' to (£', z 1 ', u'). For each such c, we take additional 
w' c so that (£', z" U w' c ) becomes close to (S c , z c U w c ) in an obvious topology. We 
then use the diffeomorphism obtained by this closeness, and parallel transport to 
transfer E c to a finite dimensional vector space E c (u',w' c ) of sections on £'. We 
take a sum of them over all c's to obtain the fiber of the obstruction bundle 

%';(<)) = 0^';4). (3.2) 

c 

We remark here that this space depends on all the additional marked points (J w' c . 
We solve the equation (|3.ip to obtain the moduli space of larger dimension. Finally 
we cut this space by requiring the condition that each of those additional marked 
points lies in the corresponding codimension 2 submanifold that we have chosen at 
the time as we define E c , 

This process of defining E{u'\ (w' c )) and its solution space is described in detail 
in Sections [15] -[HI 

In the first two sections of those, we discuss the following point. Note we say 
that the diffeomorphism K — > £' is determined if the source (S, z) is stable. More 
precisely we proceed as follows. Note (£', z 1 ) is close to (£, z) in Deligne-Mumford 
moduli space. To identify the set K C £' with a subset of £ we need to fix a 
trivialization of the universal family. Actually the universal family is not a smooth 
fiber bundle even in orbifold sense, since there is a singular fiber which corresponds 
to the nodal curve. So to specify the embedding K — > S we also need to fix the 
way to resolve the node. The notion of 'coordinate at infinity' is introduced for this 
purpose. 

After introducing the notion 'coordinate at infinity', we define the notion of 
obstruction bundle data in Section [T7l The obstruction bundle data consist of the 
finite dimensional vector space of sections E c (that will be the obstruction bundle 
E c (u'\ w' c ) nearby) together with the additional marked points w c which we use 
to transform E c to the nearby maps as explained above. Using these data, the 
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thickened moduli space, which is the solution space of the equation 

du' = mod E(u';(w' c )), (3.3) 

is defined in Section [T5J 

Section [19] is a generalization of the analytic argument of Part [3] Most of the 
arguments in Part [3] can be generalized here without change. The most important 
point which is new here is the following: For a point p in the moduli space, we 
construct a thickened moduli space containing it. To obtain the vector space E at 
p which is the fiber thereat of the obstruction bundle, we consider various p c in a 
neighborhood of p and E c (u']w' c ) parallel transported from E c using the marked 
points w' c as mentioned before. On the other hand, we fix a parameterization of the 
source of the map v! using a stabilization at p and some other additional marked 
points w'p associated to the stabilization. Therefore the parametrization of E' used 
to define E c (u') is different from the one that we use to study our equation (|3.3p . 
As far as we are working with smooth curves (the curves without nodal singularity) 
this is not really an issue since elements of E c are smooth sections and they behave 
nicely under a diffeomorphism (or under the change of variables). However when 
we study gluing of solutions (that is, for the case when p has a node), we need to 
study the asymptotic behavior of this coordinate change as the gluing parameter 
T goes to infinity. Study of this asymptotic behavior is also needed when we prove 
smoothness of the coordinate change at the boundary or at the corner. The main 
ingredients that we use for this purpose are Propositions 116. Ill 116.151 which are 
generalizations of [FOOOll Lemma A1.59]. Propositions 116. Ill 116.151 are proved 
in Section [16. Ill 

In Section [20] we discuss the process of putting the condition u'(wi) €E Di to cut 
the dimension of the thickened moduli space in detail. In particular we show that 
after doing this cutting down and taking the quotient by the finite group of auto- 
morphisms, the set of the solutions of the associated Cauchy-Ricmann equations 
has right dimension. 

Now we construct the moduli space of the solutions of the equation (|3.3j) this 
time requiring the left hand side becomes exactly zero, is homeomorphic to the 
original unperturbed moduli space. This fact is used in Section [5T] to define a 
Kuranishi neighborhood at every point of the moduli space. 

In the next three sections, we construct the coordinate changes between Kuran- 
ishi neighborhoods and show they are compatible. 

3.3. S' 1 -equivariant Kuranishi structure and multi-sections. As we men- 
tioned before Floer studied the pseudo-holomorphic curve equation with extra term 
defined by Hamiltonian vector field and use its moduli space to define Floer ho- 
mology of periodic Hamiltonian system. We can define Kuranishi structure on the 
moduli space of solutions of Floer 's equation in the same way. We can use this to 
generalize Floer's definition of Floer homology of periodic Hamiltonian system to 
an arbitrary symplectic manifold. 

This part of the generalization is actually fairly straightforward. The point 
mainly discussed in Part [5] is not the definition but a calculation of Floer homology 
of periodic Hamiltonian system. Namely it coincides with singular homology. This 
fact is used in the proof of the homological version of Arnold's conjecture. There 
are two methods to verify this calculation. One uses the method of Bott-Morse 
theory, and the other is based on the study the case of autonomous Hamiltonian 
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that is C 2 -small and Morse-Smale. In Part 03 we use the second method in the 
present article following }FOn2] . (The approach using Bott-Morse theory is written 
in [FOOQ41 Section 26].) 

The key point is to use the S 1 symmetry of the problem. Namely when the Hamil- 
tonian is time independent, the moduli space we study has an extra S 1 symmetry 
arising from domain rotations. Therefore contribution of the relevant Floer moduli 
space to the matrix elements of the resulting boundary operator is concentrated to 
the fixed point set of the S^-action which exactly corresponds to the moduli space 
of Morse gradient flows. This S 1 symmetry is used also in the approach via the 
Bott-Morse theory. 

In Part [5] we define the notion of S^-equivariant Kuranishi structure and prove 
the S^-equivariant counterparts of the various results on the Kuranishi structure. 
We also construct an S 1 equivariant Kuranishi structure on the moduli space of the 
solutions of the Floer's equation and use it to calculate Floer homology of periodic 
Hamiltonian system. 

3.4. Epilogue. The last part is a kind of appendix. We have already mentioned 
that the origin of this article is our replies uploaded for the discussion in the google 
group 'Kuranishi' during which we replied mainly to the questions raised by K. 
Wehrheim. In the first three sections of Part HI we describe the discussion of that 
google group and the role of the pdf files we posted there, from our point of view. 

In the arXiv and even in the published literature, we have seen a few articles 
which express some negative view on the foundation and raise some doubts on 
the solidness of virtual fundamental chain or cycle techniques, although they have 
been used for the various purposes successfully in the published references. In 
our point of view, many such doubts raised in those articles are not based on the 
precise understanding of the virtual fundamental cycle techniques but based on 
some prejudice on the mathematical point of view and on a few minor technical 
imprecise statements made in the published articles on the virtual fundamental 
cycle techniques. 

Recently we have seen another instance of such a writing |MW] in arXiv that 
is posted by the very person who have asked us questions in the google group and 
already gotten our answers, which are mostly the same as Parts [2] - [5] in this article 
except some polishing of presentation. They posed several difficulties, which arise 
in their approach. For example, Hausdorff property of certain spaces, smoothness 
of obstruction bundles, which we consciously excluded by taking the route via the 
finite dimensional reduction. (They should be taken care of, if one works with 
infinite dimensional setting directly.) We comment on )MWj more in Section l35l 

3.5. Thanks. We would like to thank all the participants, especially Wehrheim 
and McDuff, in the discussions of the 'Kuranishi' google group for motivating us to 
go through this painstaking labour by their meticulous reading and questioning of 
our writings. 
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KO is supported by JSPS Grant-in-Aid for Scientific Research # 2124402. 

KF thanks Simons Center for Geometry and Physics for hospitality and financial 
support while this work is done. 



DETAILS ON KURANISHI STRUCTURE 



15 



Part 2. Kuranishi structure and virtual fundamental chain 

The purpose of this part is to give the definitions of Kuranishi structure and 
good coordinate system and to explain the construction of a virtual fundamental 
chain of a space with Kuranishi structure using a good coordinate system. We also 
provide the details of the proof of the existence of a good coordinate system on 
a compact metrizable space with Kuranishi structure and the tangent bundle in 
Section [7J We take the definition of |FOOOll Appendix] . 

4. Definition of Kuranishi structure 

In this section we give the definition of Kuranishi structure. We mostly follow 
the exposition and the notations used in [FOOOlj . Here is a technical remark. In 
jFOOOl] we do not use the notion of germ of Kuranishi neighborhoods, which was 
discussed in |FOn2j . The notion of germ is not needed for the proofs of all the 
results in [FOn2|. See Section f34 . 1 1 about germ of Kuranishi neighborhood etc. 

In particular, as in the exposition of [FOOOlj . the cocycle condition 

<h o d> — d> 

—pq —qr —pr 

is the exact equality and not the one modulo automorphism of a Kuranishi neigh- 
borhood. (Note that there may be a non trivial automorphism of a Kuranishi 
neighborhood.) This is important to avoid usage of 2-category. Here 

tpq ■ U P« U P C 4 - 1 ) 

is an embedding of the orbifold U pq = V pq /T q U p = V p /T p , that is induced by 
the /i pg -equivariant map 

<t>pq ■ Vpq -> V p (4.2) 

where 

h pq : r, -> T p (4.3) 
is a group homomorphism. See below for the precise definitions of these notations. 
We want to avoid using the language of 2-category unless it is absolutely necessary 
because we feel that it makes things unnecessarily complicated and that it is also 
harder to use. (See Section |H] where we summarize the notation and definition on 
orbifold we use in this article.) 

Let X be a compact metrizable space and p £ X. We define a Kuranishi neigh- 
borhood at a point p in X as follows. 

Definition 4.1. f |FOOQll Definition Al.l]) A Kuranishi neighborhood at p € X 
is a quintuple (V p , E p , T p , tp p , s p ) such that: 

(1) V p is a smooth manifold of finite dimension, which may or may not have 
boundary or corner. 

(2) E p is a real vector space of finite dimension. 

(3) Tp is a finite group acting smoothly and effectively on V p and has a linear 
representation on E p . 

(4) 

s p is a Tp equivariant smooth map V p — > E p . 
(5) ipp is a homeomorphism from s~ 1 (0)/F p to a neighborhood of p in X. 

Remark 4.2. We always assume orbifolds to be effective. In our application to 
the moduli space of pseudo-holomorphic curves we can take obstruction spaces so 
that orbifold appearing in its Kuranishi neighborhood is always effective, except 
the case when the target space X is zero dimensional. 
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We denote U p = V p /T p and call U p a Kuranishi neighborhood. We sometimes also 
call V p a K uranishi neighborhood of p by an abuse of terminology. 

We call E p x V p — ¥ V p an obstruction bundle and s p a Kuranishi map. For x G V p , 
denote by (Tp) x the isotropy subgroup at x, i.e., 

(r p ) x = {7 e T p I 72; = a;}. 

Let o p be a point in V p with s p (o p ) = and Vv([°p]) = P- We will assume that o p is 
fixed by all elements of T p . Therefore o p is a unique point of V p which is mapped 
to p by ip p . 

Definition 4.3. ( [FOOOll Definition Al. 3]) Let (V p , E p , T p , ip p , s p ) and (V q , E q , T q , tp q , s q ) 
be a pair of Kuranishi neighborhoods of p € X and q £ ip p (s~ /-Tp), respectively. 

We say a triple $ P9 = (</>pg, 4>p q , h pq ) a coordinate change if 

(1) is an injective homomorphism T q — > T p . 

(2) <j) pq : V pq —> V p is an /i p9 equivariant smooth embedding from a T q invariant 
open neighborhood V pq of o q to V p , such that the induced map <j> '■ U pq — ¥ 
U p is injective. Here and hereafter <j> : U pq —> U q is a map induced by <p pq 
and U qp = V q p/Tp. 

(3) (fll pqifypq) is an /ipq-equivariant embedding of vector bundles E q x V pq — > 
-Bp x Vp. 

In other words, the triple $ P9 induces an embedding of orbibundles 

- _ £ g x V pq E p x V p 

-pi : r g ^ r p ' 

in the sense of Definition 19.111 

The collections $ pg satisfy the following compatibility conditions. 

(4) 

(j)pq O Sq — Sp O (j)pq . Here and hereafter we sometimes regard s p as a section 
s p : V p — > E p X V p of trivial bundle E p x V p -> Vp. 

(5) V 9 = V p o^ on ( 8 -i(0) n V- M )/IY 

(6) The map /i pg restricts to an isomorphism (T q ) x — > {^p)tj, p ( x ) f° r an Y x € 
Vp ? . Here 

(r g ) x = {7 G r 9 1 7^ = a}. 

Definition 4.4. ( FOOOl, Definition Al.5]) A Kuranishi structureon. X assigns a 
Kuranishi neighborhood (V p , E p , T p , ipp, s p ) for each p € X and a coordinate change 
{<p pq , cp pq , h pq ) for each q € i/) p (s- 1 (0)/r p ) such that the following holds. 

(1) dim Vp — ranki?p is independent of p. 

(2) If r G ip q {{Vp q r\s- l {Q))/T q ), q € iPp(s- 1 {0)/T p ) then there exists 7^,, e T p 
for each connected component (4> q r(Vp q )r]V qr r]V pr ) a oi (p qr ^ (V pq )r\V qr r\Vp r 
such that 

h pq O h qr = 7p ?r • V • (7p 9r )"\ <P Pq ° <j>gr = ~f pqr ■ <f>pr, <Ppq ° <Pqr = lp qr ' <Ppr ■ 

Here the first equality holds on (^^(Vpg) fl V^ r n Vp r ) Q and the second 
equality holds on E r x {(p q ^{V pq ) H V qr fl Vp r ) a . 

Next we recall that, for a section s of a vector bundle £ on a manifold V, the 
linearization of s induces a canonical map from the restriction of the tangent bundle 
to the zero set s _1 (0) to E\ s -imy 
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We note that the differential dfibcrSp of the Kuranishi map induces a bundle map 
4w, : N Vpq V p ^ ^fll Vp) (4.4) 

^q x Vpq 

as r g -equivariant bundles on V pq fl s~ 1 (0), and a commutative diagram 
► T x V P q T^ q{x) V p > (N Vpq V p ) x > 



ds tl 



ds v 



(4.5) 



Definition 4.5 (Tangent bundle). We say that a space with Kuranishi structure 
(X,JC) has a tangent bundle if the map (|4.4|) is an h pq -eqm variant bundle isomor- 
phism on V pq H s ( ^ 1 (0). 

We say it is orientable if the bundles 

det E* <g> det TV„ 

q s - 1 (o)n0- 1 (c/ P ,) 

has trivializations compatible with the isomorphisms (|4.4j) . We call a space with 
Kuranishi structure and tangent bundle a Kuranishi space. 

Definition 4.6. Consider the situation of Definition 14.41 Let Y be a topological 
space. A family {f p } of r p -equivariant continuous maps f p : V p — > Y is said to be 
a strongly continuous map if 

f P ° P9 = /<? 

on A strongly continuous map induces a continuous map / : X — > Y. We will 
ambiguously denote / = {f p } when the meaning is clear. 

When Y is a smooth manifold, a strongly continuous map / : X — > Y is defined 
to be smooth if all f p : V^, — > Y are smooth. We say that it is weakly submersive if 
each fp is a submersion. 

5. Definition of good coordinate system 

The construction of multivalued perturbation (multisection) is by induction on 
the coordinate. For this induction to work we need to take a clever choice of the 
coordinates we work with. Such a system of coordinates is called a good coordinate 
system, which was introduced in }FOn2] . 

In this section we define the notion of good coordinate system following |FOn2j . 
But, as an abstract framework, we require some additional conditions, for example, 
Condition 15.51 due to Joyce. In |FOn2j we shrank Kuranishi neighborhoods several 
times. To describe this procedure in great detail, we use these additional conditions. 

Definition 5.1. An orbifold is a special case of Kuranishi space where all the 
obstruction bundles are trivial, i.e., E p — for all p G X . 

Remark 5.2. If we try to define the notion of morphisms between Kuranishi spaces 
(the space equipped with Kuranishi structure) it seems necessary to systematically 
work in 2-category. When one is interested in Kuranishi spaces on its own, this 
is certainly more natural approach to study. (This is the approach taken by D. 
Joyce |Jo2j we suppose.) Our purpose is to use the notion of Kuranishi structure as 
a method of defining various invariants by using Kuranishi structure and abstract 
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perturbation, and implement them to symplectic geometry and/or mirror symmetry 
etc. By this reason, we take a way that is as short as possible and also is as general 
as possible at the same time, for our particular purpose. 

See Section[9]about our terminology on orbifolds. We will define there the notion 
of orbifolds, vector bundle on it, and its embedding. 
Hereafter we denote 

U p = ^ p {s-\Q)/T p ) (5.1) 

which defines an open neighborhood of p in X by the assumption on ip p . 

We modify the definition of good coordinate system in |FOOOl| Lemma 6.3] as 
follows. In our definition of good coordinate system our 'Kuranishi neighborhood' 
is an orbifold which may not be a global quotient. The definition is given in terms 
of orbifolds and the obstruction bundles which are orbibundles in general. From 
now on, we call an orbibundle simply a vector bundle. 

Definition 5.3. Let X be a space with Kuranishi structure. A good coordinate sys- 
tem on it consists of apartially ordered set (ty$, <) offinite order, and (Up, Ep, ip v , s v ) 
for each p E with the following data. 

(1) Up is an orbifold of finite dimension, which may or may not have boundary 
or corner. 

(2) Ep is a real vector bundle over Up. 

(3) Sp is a section of Ep — » Up. 

(4) ip p is an open embedding of Sp 1 (0) into X. 

(5) If q < p, then there exists an embedding of vector bundles 

±p q - E *\u pq ^E p 

over an embedding <fi : U pq —> Up of orbifold such that 

(a) Upq is an open subset of U q such that 

MU P , n s-\o)) = i>p(u p n ^(o)) n i> q (u q n ^(o)), (5.2) 

(b) i pq o s„ = s p o ^ q = v P o pq , 



(c) dfiberSp induces an isomorphism of vector bundles at s (0) n U t 



pq- 



E, 



p 



(Eq)\u fq 

(6) if r < q < p, M s p\Q)) n M 8 ?(P)) n M^Ho)) 0, we have 

d> o d> = d> , d> o d> = d> . 
— pq iqr — pt' ±-pq —qt -Upt 

Here the first equality holds on </)~ 1 (C/p q )nC/ qr nJ7 pr , and the second equality 
holds on (E z )\(^-i( Ufq)nU!itnUpt) . 

(7) 

U v^K 1 (o)) = x. 

peV 

(8) If ^(sp^O)) n ^(s-^O)) ^ 0, either p < q or q < p holds. 

(9) The Conditions Ell EH El and EM below hold. 
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Remark 5.4. For the definition of good coordinate system given here, we assume 
more conditions than those given in |FOn2| . We use them to more explicitly describe 
the process of shrinking the Kuranishi neighborhoods entering in the construction 
of multisections. 

On the other hand, we prove the existence of such a restrictive good coordinate 
system assuming the existence of Kuranishi structure with the same definition as 
the one given in FOOOl . Therefore the conclus ion which is the existence of virtual 
fundamental chain or cycle associated to the Kuranishi structure is the same as 
[FOOOl] . 

Condition 5.5 (Joyce [Jolj ). Suppose p > q > r. 

^(tWn^ffpO =^- t 1 (u M )) n u pt ). 

Lemma 5.6. Condition \5. 5\ is equivalent to the following statement: 
ijf > q > t and x G U px , y G U pq with (j) J^x) — <fi (y), then 

(1) xe^(U pq )nu qt , 

(2) IJx) = y. 

Proof. This is obvious. □ 

Condition 5.7. (1) If H ieJ U M ± 0, then p[ ieI U M £ 0. 
(2) If a e /^ pqi (^) * 0, then ^jU Mi £ 0. 

Here and hereafter we put 

^ q =V^K 1 (0)nc/ pq ). (5.4) 

Condition 15.71 and Definition 15.31 (8) imply the following: 

Lemma 5.8. Suppose q < pj for j = 1, . . . , J and Hie/ ^vm ^ ^- Then the set 
{q} U {pj | j = 1, . . ., J} are linearly ordered. (Namely for each t, s G {q} U {pj \ 
j = 1, . . . , J} at least one of x > s or s > r holds.) 

Condition 5.9. Suppose U pt n U qx ^ or cj>~~^(Upq) ^ 0. If p > q > r in addition, 
then we have 

^(^) = ^nc/, t . 

Condition 5.10. The map U pq — > U p x U„ defined below is proper. 

x^- (^(x),x). (5.5) 

The existence of good coordinate system is proved in Section [Jj In the rest of 
this section, we introduce an equivalence relation on the disjoint union 

U(X;W= (J U p 

and a quotient space U(X;^p) thereof. We may use the set U(X;ty) as a 'global 
thickening' of X, in which a perturbation of the zero set s _1 (0) will reside^ For the 

■^Actually we do not need to use such a space to define virtual fundamental chain 
We may take simplicial decomposition of the zero set sjj" 1 (0) (after appropriately shrinking the 
domain) so that they are compatible with the coordinate change, by an induction on the partial 
order of the set ?p, and can use it to define f„([X}), instead. Existence of 'appropriate shrink' is 
intuitively clear. (See Fu6 Answer to Question 3], for example.) However writing this intuitive 



20 KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 

simplicity of notations, we omit the dependence on *p of U(X;^), U(X; < ^) from 
their notations and just denote them by U(X), U(X) respectively. 

Lemma 5.11. The following ~ is an equivalence relation on U(X). 

Let x € Up and y G Uq. We say x ~ y if and only if 

(1) x = y, or 

(2) p > q and$ pci {y) = x, or 

(3) q > p and^ p (x) = y. 

Proof. Only transitivity is nontrivial. Let X\ ~ x%, xi ~ £3, x% € U Vi . 

Suppose pi < p2 < p3- Condition 15.91 implies U PsPl fl U P2Pl = (^ p2Pi )~ 1 (U P3P2 ). 
Therefore Definition 15.31 (6) implies 

^3 = </> „ (x 2 ) =4>„ n 4>„ „ {xi) = 4> n „ (Xi). 

— P3P2 — P3P2— P2Pl — P3pl 

Namely X3 ~ X\. The case pi > P2 > p3 is similar. 

Suppose pi > p2 < p3- Condition 15 . 71 and Definition [O] (8) imply either pi > p 3 
or pi < p 3 - Let us assume pi < P3. Then Condition 15.91 implies x 2 € 0~ ^(Up aPl ). 
Then Definition 15.31 (6) implies 

-i-P3Pl V ' -i-P3pl V - i -Plp2 V " 

Namely x\ ~ X3. The case pi > p 3 is similar. 

Let us assume pi < p 2 > p3- By Condition 15.71 and Definition 15.31 (8), we 
have either pi < p 3 or pi > p 3 . Then Condition 15.51 implies x% = <j> 3Vl ( x i) ° r 
x\ = cf> (^3), as required. □ 

Definition 5.12. We define U(X) to be the set of ~ equivalence classes. 

The map n p : U p — s- U {X) sends an element of U p to its equivalence class. The 
map ipp 1 : ^p p (s p 1 (0) H Up) — s- Sp (0) n Up followed by the restriction of ±I p to 
s p ~ 1 (0) n Up defines an injective map 

Lp:i;p(sp 1 (0)nUp)^U(X). (5.6) 

Lemma 5.13. The maps (15 .6[) are consistent on the overlaps. We denote the 
resulting global map by I : X — > U(X). 

Proof. Let p E X and suppose 

p = ip p (x) = ip q (y) (5.7) 

for x € Sp _1 (0) n U p and y € s q _1 (0) n Uq. It is enough to prove x ~ y. By Definition 
15.31 (6), either p = q, p < q or q < p. 

If q = p, we must have x — y since tp p : s p ~ 1 (0) fl Up — > X is one-one. For the 
remaining two cases, we will focus on the case q < p since the other case is the same. 
Then we are given an embedding of orbifolds <j> : U pq — > U p . Then Definition 15.31 
(3-b), V q = V>p pq on U 9q . 

On the other hand, it follows from (|5.2[) and (|5.7p that p — ipq(x') with x' E 
s q _1 (0) n Up q C Sp (0) n Uq. Since Vq is one-one on s q _1 (0) n U q , x' = y. 



picture in detail without introducing a formal definition is rather cumbersome. (The details 
we provide in this article are more than required in common research papers, according to our 
opinion.) This is the reason why we choose to define the set U(X) explicitly. 
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Then we derive 

■0p(0pq(2/)) = V'q(y) =P 
from Definition 15.31 (3-b). Since ipp(x) — p as well and ipp is one-one on Sp 1 (0) n U q , 
we obtain x — <pp q {y). This proves x ~ y, which finishes the proof of the lemma. □ 

Proposition 5.14. Suppose we have a good coordinate system. Then there exist 
open subsets Up C Up and U' vq C U vq suc/i that the restrictions to Up and Up q give 
a good coordinate system, and Up and Up q are relatively compact in Up and Up q , 
respectively. 

Proof. We take an open subset Up C Up for each p that is relatively compact in Up 
and 

(J ^ p ( s - 1 (0)n[/;) = x. 

We may choose it so that 

i£l iel 

We put 

u; q = u pq nu' q n^ {u' p ). (5.9) 

Condition [5T0] implies that U' pq is relatively compact. It is straightforward to check 
that they satisfy the conditions in Definition 15.31 □ 

Remark 5.15. (1) If a compact subset JCp of Up is given for each p, then we 
may choose Up etc. in Proposition 15. 141 so that Up contains JCp. 

(2) On the other hand, we may choose Up as small as we want as far as the 
condition Upg<p^p = X is satisfied. In fact at the beginning of the proof 
we take Up so that this is satisfied and do not need to change it. 

(3) In the case of the good coordinate system we produce in Section [3 the 
index set is a subset of the set of natural number with obvious order <. 
So it is in fact linearly ordered. Some of the combinatorial problem we have 
taken care of above is simpler in that case. 

We define U'(X) from U' p and Up q in the same way as Definition 15.121 Let K p 
be the closure of UL in Up that is compact. We have: 

(J ^p{s-\Q)r\Kp)=X. (5.10) 

For each p > q we put 

Since <^ is proper it follows that K vq is compact. In the same way as the proof 
of Lemma IS-lll JCpq and the restriction of 0^ to it induce an equivalence relation. 
So we are in the following situation. 

Assumption 5.16. (1) <) is a finite partial ordered set. 

(2) Kp is a Hausdorff and compact set for each p. 

(3) For p, q e *p, p > q, K pq C K q is a compact subset and 4> : K pq — > K p is 
an embedding. 

(4) We define a relation ~ on K(ty) — Upe<p Kp (disjoint union) as follows. 
Let x G Kp and y £ K q . We say x ~ y if and only if 
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(a) x = y, or 

(b) p > q and pq (y) = x, or 

(c) q > p and qp (x) = y. 
Then ~ is an equivalence relation. 

Let K($$) be the set of the ~ equivalence classes of K$S). We put the quotient 
topology. 

In this situation the following holds. 

Proposition 5.17. In addition to A ssumption \5.16\ assume that K p satisfies the 
second axiom of countability and locally compact. Then K(Sf$) is metrizable. (In 
particular it is Hausdorff.) 

The proof of this proposition will be given in Section [8] We continue our discus- 
sion. 

Definition 5.18. We define a map Zk(j#)U'(x) ■ U'(X) — > K(*#) by sending the 
^-equivalence class [x] oi x E U'{X) to the equivalence class of x <G U(X) in K ($$). 

By the definition (JO) of U pq , we find that if x ~ y in U(X) for x,y e U'{X) 
then x ~ y in U'(X). Therefore Zk(^)U'(x) is injective. 

Definition 5.19. We equip U'(X) with the weakest topology of the map ZkOxs)U'(x) '■ 
U'(X) -> K{*#) (with respect to the topology of K(<#)). We simply call this kind 
of topology appearing henceforth weak topology. 

The weak topology on U'(X) is nothing but the subspace topology of K(^i) 
if we identify U'(X) with its image of the injective map Zk(&)u'(x) m ^CP)- 
Hereafter we use this topology on U'(X) only, not the quotient topology of U'(X) — 
U'(X)/ ~, unless otherwise mentioned explicitly. 

Remark 5.20. The weak topology of U'(X) is Hausdorff since K (*p) is Hausdorff 
and the map Zk{^)U'(x) ■ U'(X) — > K$$) is injective. This topology is certainly 
different from the quotient topology thereof as the set of equivalence classes in 
U'(X). We sometimes also call this topology the induced topology as long as it is 
not ambiguous. In fact the quotient topology does not necessarily satisfy the first 
axiom of countability as pointed out by |MW[ Example 6.1.14]. 

Corollary 5.21. U'(X) (equipped with the weak topology) is metrizable. 

Proof. This is a consequence of Proposition 15.171 □ 

We start from UL and repeat the process. Namely we take relatively compact 
subsets U' v ' and define U"{X). We use K' p = the closure of U' v ' and define K'ffl). 
We define an injective map Zu'(X)U"(X) m the same way as Definition 15.181 We 
equip U"(X) with the weak topology of the map Zu'(x)U"(x)- 



Lemma 5.22. Zu'(x)U"(X) is a topological embedding, i.e., a homeomorphism to 
its image. 
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Proof. We define Zk (<p)if'(<p) : K'tfP) —> m the same way. It is injective. 

Since K'($$) is compact and K(^p) is Hausdorff Zic(qi)K'(qs) is a topological embed- 
ding. We then have the diagram 

u'(x) k(<$) 

U"(X) *-K'W) 

in which the top, the bottom and the right column arrows are all topological em- 
beddings. The lemma immediately follows from this. □ 

Remark 5.23. Hereafter we further shrink U' p several times by taking relatively 
compact subsets. We always equip them with the weak topology of the relevant 
injective map. Lemma 15.221 implies that the weak topology induced from K'($$) — 
(U ~ on Up coincides with the one induced from K($$). 

We define a map lip : U' p — > U'(X) as before and define the canonical injective 
map V : X -> U'(X) as in Lemma OS] applied to U'(X). 

Lemma 5.24. (1) I' : X — > U'(X) is a topological embedding. 
(2) LTp : Up — > U'{X) is a topological embedding. 

Proof. The well-definedness of / is proved in Lemma [5.131 Statement (1) follows 
from the fact that / is injective, X is compact and U'{X) is Hausdorff. 

We consider a map n p : K p —> Kffi), which is defined in the same way. This 
map is injective and continuous. Moreover K p is compact and K(ty) is Hausdorff. 
Therefore n p : K p — > K 0P) is a topological embedding. Since n p : UL —> U'(X) 
is its restriction and the topologies of U' p and of U'{X) are the weak topology, the 
lemma follows. □ 

Hereafter we write / for I' : X — > U'(X) also. 

Remark 5.25. Hereafter we equip a metric with U'(X) or with similar spaces 
obtained by restricting U' p to its relatively compact subsets several times. We fix a 
metric on K(ty) and the metric we use is always the restriction of this metric. This 
metric is compatible with the weak topology on U'(X). Since K(^i) is compact, 
the metric on it is unique up to equivalence. (Here two metrics d and d' are said 
to be equivalent if there exists a homeomorphism $i : M>o — > M>o for i = 1, 2 such 
that 

$i(d(s,y)) <d'(x,y) < <f> 2 (d(x,y)). 

Lemma 5.26. Let x — ipp(x) G X and x £ s f T 1 (0) C UL. Then there exists a 
neighborhood O p (x) of x in U p such that 

(1) n p : O p (x) — ¥ U'{X) is a topological embedding. 

(2) Hp(Qp(x)) is an open subset of\J q<p IL^U'^). 

Proof. Choose an open neighborhood O p (x) C U' p that is relatively compact in U' p . 
Clearly the map n p : O p (x) —> U'(X) is injective and continuous. By the choice, 
it extends so to the closure of O p (x) that is compact. Since U'(X) equipped with 
weak topology is Hausdorff, (1) follows. 

We next prove (2). Let q < p. Since n p : O p (x) —> U'(X) is an embedding and 
its image is relatively compact, we may assume n p (O p (a;)) C U"(X) by choosing 
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U"(X) appropriately where U"(X) is as in Lemma [5.221 Therefore it suffices to 
show that n p (O p (x)) is open in quotient topology of U'(X). (This is because 
-fT'pP) —> U'{X) is continuous with respect to the quotient topologies.) For this 
purpose, it suffices to show 

is open in UL. In fact 

4£{O p {x)) n u' pq = £(£>p(x)) n (u M nu' q n ^(u;)) = £(D p (x)) n u' q . 

But wc have (j)~^(D p (x)) n U' q C ^^(^p) H ?7q and hence by definition, 

^(DpOr)) n U' q = n-^Hp^p^))). 

Combining these, we have finished the proof. □ 

The next lemma plays a key role in the next section to show basic properties of 
the virtual fundamental chain. 

Lemma 5.27. For any x G X there exist qi, . . . , q m G wit/i qi < • • • < q m and 

open sets U, qi (x) C U q . with the following properties. 

(1) x G and x G Z^T for i = 2, . . . ,m. 

(2) ^(x)6 qi (x). 

(3) (a;) G f2 qi (x) \ Q qi (x) for i > 1. -ffere £/ie closure is taken in U qi . 

(4) TTie map II qi : f2 q4 (x) —> U"(X) is a topological embedding. 

(5) The union of the images of Tl q : f2 q .(x) — > U"(X) is a neighborhood of 
I{X). 

(6) dimJ7 qi < d\mU qi for i ^ 1. 

Proof. By Lemma I5TS1 there exists a maximal qi such that x G U qi . 

Sublemma 5.28. There exists q m G CP swc/i that it is maximal in the set {q G | 
xGZ^}. 

Proof. Let q, q' G {q G *}3 | x G W q '}. Since the closure of U q is contained in W q , it 
follows that U q nU q , ^ 0. Therefore by flED Z^' nWj ^ 0. The sublemma follows 
from Definition EU (8). ' ' □ 

By Sublemma 15 . 281 we can take qi, . . . , q m such that qi < • ■ • < q m and 

{q | x G n {q | dim U q > dim f/ qi } = {q, ; | i = 2, . . . , m}. 

Then we can use Lemma T5. 261 to find the required tt qi (x) = O qi n U'J. . (We do not 
need qi (i ^ 1) with dimf/ qi = dim[/ qi since x is in (the interior of) fi qi (x).) □ 

We put 

ii(x)= (J n qi (n qi (x)). (5.ii) 



We take the intersection of il(x) and a sufficiently small open neighborhood of x 
in U"(X). Then the property (4) of Definition 15.31 implies that it gives an open 
neighborhood of x in U"(X). Such it(x) forms a neighborhood basis of x. (See the 
proof of Sublemmas 18.61 18.71 ) 



DETAILS ON KURANISHI STRUCTURE 



25 



Example 5.29. We consider the following three subsets U" (i = 1,2,3) of R 3 . 
U'{ = x-axis, U'i = {(x,y,0) \ x > -y 2 }, Ug = {{x,y,z) \ x > 0}. We put U"{X) = 
U'{ U U'i U U'{ and consider = (0, 0, 0) G U"(X). Then the neighborhood 11(0) we 
described above typically is obtained as follows: We take tt\ — {(x, 0, 0) | \x\ < 3e}, 
fl 2 = {(x, y,0)\x> -y 2 , x 2 + y 2 < (2e) 2 }, ft 3 = {(x, y, z) \ x > 0, x 2 + y 2 + z 2 < 
e 2 }. The union of these three sets is ii(x). 

6. Construction of virtual fundamental chain 

We start the construction of perturbation and virtual fundamental chain. We 
use the notion of multisection for this purpose. (The method to use abstract mul- 
tivalued perturbation to define a virtual fundamental chain or cycle for the moduli 
space of pseudo-holomorphic curve was introduced in 1996 January by |FOnlj .) 

Let us review the definition of multisection here. 

We assume that a finite group T acts on a manifold V and a vector space E. A 
symmetric group & n of order n\ acts on the product E n by 

a(xi, . . .,i n ) = ■ • • ,aV( n )). 

Let S n (E) be the quotient space E n /& n . Then T action on E induces an action 
on S n (E). The map E n -> E nm defined by 

(Xi, ■■■ ,X n ) H-> ( Xi, ■ ..,Xi , X 2 , ■ ..,X 2: ■ ■ ■ , X n , . ..,!„ ) 
m times m times m times 

induces a T equivariant map S n (E) — > S nm (E). 

Definition 6.1. An n-multisection s of 7r : E x V —¥ V is a T-equivariant map 
V — > S n (E). We say that it is liftable if there exists s — (si, . . . ,s„) : V — > E n 
such that its composition with tt : E n — > S n (E) is s. (We do not assume s to be T 
equivariant.) Each of si, . . . , s„ is said to be a branch of s. 

If s : V — > S n (E) is an n multisection, then it induces an nm multisection for 
each m by composing it with S n (E) — > S nm (E). 

An n multisection s is said to be equivalent to an m multisection s' if the induced 
nm multisections coincide to each other. An equivalence class by this equivalence 
relation is said to be a multisection. 

A liftable multisection is said to be transversal to zero if each of its branch is 
transversal to zero. 

A family of multisections s c is said to converge to s as e — > if there exists n such 
that s e is represented by an n-multisection s" and s™ converges to a representative 

From now on we assume all the multisections are liftable unless otherwise stated. 

Definition 6.2. Let U be an orbifold (which is not necessarily a global quotient) 
and E a vector bundle on U in the sense of Definition 19.91 A multisection of E on 
U is given by {E/j} and Si where: 

(1) Ui — Vi/Ti is a coordinate system of our orbifold U in the sense of Definition 

ED 

(2) E\ Vi = {Ei x Vi)/Ti. 

(3) Si : Vi — > S ni (Ei) is an rn multisection of the restriction Ei of our bundle 
E to Ui. 

(4) The restriction of s, to UiDUj is equivalent to the restriction of Sj to UiDUj 
for each i, j. 
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We say ({Ui}, {si}) an d {{U' i } 1 {s'i}) define the same multisection if the restriction 
of Si to Ui n U'j is equivalent to the restriction of s'j to Ui fl t/j for each 

Liftability, transversality, and convergence can be defined in the same way as 
above. 

We start the construction of perturbation (system of multisections of obstruction 
bundles.) Using Proposition I5.14| we shrink the Kuranishi neighborhoods Up as 
follows. 

First we take an extension of the subbundle <j> (E^u^) of Ep\<j) (U^ to its 
neighborhood in Up Q We also fix a splitting 

E p = E q ffi E$ (6.1) 

on a neighborhood of <j> {U' w ) . We can take such an extension of the subbundle and 
splitting since [/p q is a relatively compact open subset of U vq that is a suborbifold 
of C/ p . 

Using the splitting (|6.1j) . the normal differential 

0* E 

dfiberSp -NmU'^ =^ (6.2) 
^q 

is defined. (Note that without fixing the splitting dfiberSp is well-defined only at 

s-Ho)nu M .) _ 

By the definition of tangent bundle, the map (|6.2|) is a bundle isomorphism on 
s CI " 1 (0) (1 C/p q . We take an open neig hborhood 2U'p q of s" 1 ^) n U' vq in £/ q so that 
(|6.2|) remains to be a bundle isomorphism on 2Up q . 

We take U 1 ' for each q so that 

U" C\U' c 2U' 

u q 1 1 ^pq ^- "^pq 

for each p. (We can take such U'J by Remark 15.151 (2).) Thus from now on we may 
assume that (|6.2[) is an isomorphism on U vq . 

We start with this Up, U pc] and repeat the construction of the last section. 
Namely we take Up 1 ^ , Up 1 ^ such that 

(1) The conclusion of Proposition 15 . 141 is satisfied when we replace Up, U pq by 
ujT-'lu^ and U' p , U' n by U p {n) , U™ . 

(2) The conclusions of Lemmas [SUOZI hold for U p in) , U p ^ . 

(3) Uf>,Ufc> is U' V ,U' M , respectively. 

Let UW(X) be the space obtained from Up 1 ^ , Up q ^ as in Definition 15.121 

Let us consider the good coordinate system (Up, Ep, ipp, s v ) p £ *P of our Ku- 
ranishi structure. Let = N. We put *P = {pi, . . . , p_/v}, where pi < pj only if 
i < j. We take n — ION 2 and consider Up , Up q as above. 

Proposition 6.3. For each e > 0, there exists a system of multisections s ejP on 

(n) 

Up for p € with the following properties. 

(1) Sep is transversal to 0. 

(2) s £ , p = 0^ o s e!q . 



Here and hereafter we write Ep in place of (Ep X Vp)/Tp for simplicity. 
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(3) The derivative of (arbitrary branch of) s £iP induces an isomorphism 

-pq 



Nu pq U p = =^L- (6.3) 



that coincides with the isomorphism 116. 
(4) The C° distance o/s £)P from s p is smaller than e. 



The proof of Proposition [673] is by double induction. Since the indices appearing 
in the proof is rather cumbersome, we explain the construction in 2 simple cases 
before giving the proof of Proposition 16.31 

We first explain the case where we have two Kuranishi neighborhoods U\,U2 and 
the coordinate transformation <j> : U21 — > U2, where U21 C U±. 

The first step is to construct a multisection si j£ on Ui that is a perturbation of 
the Kuranishi map si and is transversal to 0. Existence of such Si e is a consequence 
of [FOn21 Lemma 3.14]. 

We next extend it to U% as follows. We take a relatively compact subsets llj 1 ' C 
Ui such that (0) n u!- 1 ') (i = 1,2) still covers our space X. We put = 

H ). This set is relatively compact in U21. 

We consider the normal bundle N rr (i)t/ 2 and identify its disk bundle with a 
tubular neighborhood Af T M 11%. 

Using the fiber derivative of s 2 we have an isomorphism 

E2W w u 2 =n*{Ei®Ei)^-K*{Ei®N um U 2 ). 

u 21 21 

By the implicit function theorem, the .E^-component of the Kuranishi map S2 
induces a diffeomorphism from a sufficiently small tubular neighborhood of in 
U2 onto a neighborhood of the zero section of . 

We can extend sx >e to the tubular neighborhood such that the first factor is the 
pull back of Si i<E and the second factor is the -E^-component of the Kuranishi map 
s 2 , which is considered as the inclusion of N TT mU2 to N rr ci)f7a< We denote the 
extension we obtain by s' e 2 . 

Now we use the relative version of |FOn21 Lemma 3.14] to extend s' e 2 to U2 
further such that the extension coincides with s' e 2 on a slightly smaller tubular 
neighborhood. 

We next explain the case where we have three Kuranishi neighborhoods Ux, U2, U3, 
coordinate changes ^ 21 ,^ 32 , 31 and [7 21 , [7 32 , C/31. 

We take U^' that is relatively compact in U^ 1 ' but Ui=i 2 3 still covers 
X in an obvious sense. 

In exactly the same way as the case when we have two Kuranishi neighborhoods, 

(2) (2) (2) (2) 

we obtain s\ [ and s\ ' e on U{ and J7 2 respectively, that are compatible on the 

overlapped part. 

We next extend it to Uz- 

We extend and s 2 2 ] to the tubular neighborhoods of and in . 
We denote them by s^]' 1 and s 3 3 ]' 2 . 
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Let us study them on the part where two tubular neighborhoods intersect. Let 
We have 



x G U$ n U$. We have 



r i 2 )\ ~ fAT .... rr( 2 h fflfw ... ttW L 

-32 

This isomorphism is compatible with the isomorphism 

• i ' , V /'•': / , V / , 

-1-32 ' 

Therefore we can glue Sg 3 ]' 1 and s^l' 2 on the overlapped part by partition of unity. 

We then extend them to the whole by the relative version of |FOn2[ Lemma 
3.14]. 

The general case which is given below, is similar, though the notation is rather 
cumbersome. 

Proof. We will construct a system (s£ „; p € {pi, . . . ,pfc}) where p is a multi- 
section on Up 10k \ by upward induction on k, so that they satisfy the conditions 
(l)-(4) above. 

When k = 1, the proof is a standard perturbation argument combined with the 
averaging process over the finite isotropy group. (See the proof of Theorem 3.1 
|FOn2j for the details.) 

So we fix k here and explain the process of constructing p . for i = 1, . . . , k, 
under the hypothesis that we have already constructed corresponding sections s^. 
for i — l,...,k — 1. For p . with i < k, the multisection s^ p . is obtained by 
restriction of the domain of s^Z i and performing some adjustment around the 
boundary. (See (|6.9|) .) 

We identify the image ^ X^Hn) m ^vT^ with Up™ p \ and regard the latter as 
a subset of U^f 1 for any integer m. (Here i < k.) We put 



fc-i 

A 



\fi _ I I Kfi r7 (10(fe-l) 2 +10(fc-i)) ,„ 



and will define a multisection s e 't k on A/)! by downward induction on i. 

Here the open subset A/" 1 (10((c _ 1)2+10(fc _ i)) C/p^ ' fc_1 ^ + 10 ( fe_l )) } s a tubular neigh- 

borhood of t/p^p^ -1 '' +1 °( fc ~ , ^ j which will be chosen in the inductive process. 



We assume the closure of 



is compact in 



ATI Tj{m+X) 



Let us start the downward induction for i starting from i = k—1. We have an em- 
bedding U£° p [ k - 1)2) -> C/p ( ^ 0(fe_1)2) . We take its tubular neighborhood A^ (fc _ 1)2) t/£ 0(fc ~ 1)2 



^The argument below is one written in |Fu6| . (If a shorter proof is preferable for readers please 
read page 3-4 of |Fu6| .) 
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We also have s^l_ 1 on Up]^_ +10 ' fe 1 by the induction hypothesis. We have 
already taken a splitting 

\ k = ^ Pfc _l w ^ Pfc _! 



# Pfe = ^p*-, ® (6-5) 
on C/p^p^ 1 " 1 + 10 ( fc_ * -1 )). (Here we identify -Ep fc _! with its image by <f> VkVk _ 1 -) We 



fc-i r r(io(fe-i) 2 ) 



also extended the bundles E„. , . E^r to a small tubular neig hborhood7V fc -i„ 

Pk— 1 ' Pfe-1 ° ,.(10(fc-l) z )ffc 

We extend to ^^.^E^* -1 ' 3 ' so that 

(a) it is e/(2 ra ) close to the Kuranishi map s Pk , 

(b) it coincides with the perturbation already defined at the zero section of the 
normal bundle for the first component Ep kl of (|6.5|) . and 

(c) the second component thereof in the splitting (|6.5[) is the same as the given 
Kuranishi map Sp k . 

Transversality condition is obviously satisfied and the properties (2)- (4) also hold 

k- 
Pk 



true by construction. We thus obtained s € 'p k 1 

Now we go to the inductive step to construct s e i k assuming we have s^t^ 1 . 
We consider the embedding 

/ - f (10(fe-l) 2 + 10(fc-i)-10) / - f (10(fe-l) 2 + 10(fe-i)-10) 

u pkpj ~ u p k > 

for i + 1 < j < k. We identify Up k p^ k ^ +10 ^ fc 10 ) with the image of embedding 
and take its tubular neighborhood 

Kfi+l ^(10(fc-l) 2 + 10(fc- l )-10) , p „s 

• /V rr (10(fc-l)2+10(fc-i)-10) U Pk ■ \ U - U ) 

Note that we already have our section sl'^ 1 on A/^ +1 which is the union of (|6.6[) . 
j = i + l,...,k- 1. 

We next apply the same argument as the first step to obtain a s e p k on a tubular 
neighborhood 

K f+,i _ Kf+,i rf (10(fe-l) 2 +10(fe-i)-9) 

J\ k — - /V (io(/ t -l)2 + io(fc-i)-9) < - y Pfc 
U PfcPi 

(Here we use the fact that we have a multisection s e by induction hypothesis.) 

Note thatA^ +1 andA/"^'* are open subsets in an orbifold J7 Pj! . We take a smooth 
function 

X:A/i; +1 UA/-+^[0,l] 

such that {x, 1 — x} i s a partition of unity subordinate to {A/^ +1 , A/"^' 2 } and x = 1 
on 

fc-i 

I I M* r/ (10(fc-l) 2 +10(fe-i)-8) , fi „x 

U -' V r r(io(fc-i)a+io(»-i)-8) L/ p* <-./v fe ■ \p.() 

j=i+l PkP i 

We put: 

s £ ,'p fc = XSe] Vk +(1-X)s £ ,p fc . (6.8) 

Remark 6.4. The sum of multisections is a bit delicate to define. In our case s^'p^ 1 
and s't p k are defined by extending the multisections to the tubular neighborhood. 
This process does not change the number of branches. (Namely they are extended 
branch-wise.) So though these two do not coincide as sections, each branch of Se.'p^ 1 
has a corresponding branch of s' e p k . So we can apply the formula (|6.8[) branch-wise. 
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We find that s^p h is transversal to zero on 

fc-i 

I I Kfi ,-.(10(fc-l) 2 +10(fc- 4 )-8) . ri+1 

since \ = 1 there. Note that s^'p^ 1 and s'£p h coincide on Up 1 ®^ 1 " 1 + 10 C £ ~ i ) -9 ) nA/"^ +1 
up to first derivatives (including the normal direction to Up^r 1 ^ + 10 (' c ~ l )~ 9 ) j n 
^ r p 1 fc^ _1 ' ) + k ). Hence s^p is transversal to zero on 



(10(fc-l) 2 + 10(fc-i)-7) 



17. 



(10(t-l)- ! +10(fc-i)-7 ly Pifc 
PfcPi 



if we take this tubular neighborhood of Up^pf ^ +10 ^ ^ 7 sufficiently small. 
We restrict (jfTgl) to 
fc-i 

I I Art / -.(10(fc-l) 2 + 10(fc- l )-7) 

U • /V rr (10(fc-l) 2 + 10(fc-i)-7) U pk 
■ ■ P ft P 7* 

Then the multi-section (|6.8[) is transversal to the zero section. It also satisfies the 
properties (2) (3) (4). 



Remark 6.5. We use Lemma l5lsl here for the consistency of tubular neighborhoods. 
We may use Mather's compatible system of tubular neighborhoods Ma . However 
the present situation is much simpler because of Lemma 15.81 So the compatibility 
of tubular neighborhoods is obvious. 

The section s e ' p . coincides with s^'p^ 1 on the overlapped part because we take 



X = 1 on (|67TJ> . 

We continue the induction up to i = 1. Then we have a required multisection 

fc,i 

S e,PH 0n 



fc-1 



(10fc -10) 

Pk 



3 = 1 



PfcPi 



(10(fc - l) 2 + 10(fc - 1) < 10fc 2 - 10.) By |FOn21 Lemma 3.14] we can extend this 
to Upl° k ^ so that it satisfies (1) and coincides with s k 'p h on 



fc-i 

A 

j= i U W 



I I \T* /-r(!0fc 2 -9) 
U JV ilok a_ a) U pk 



We thus obtain s* pfc . 

For i < k we define s k „ . as follows 

u 1(0 ) _1 os' oi4 when the right hand side is defined 

S e,Pi = 1 T-T ^ , • ( 6J ) 

I s EiPi otherwise. 



The properties (l)-(4) are satisfied. The proof of Proposition ^. 3l is complete. □ 

We have thus constructed our perturbation that is a multisection s Ci p. To obtain 
a virtual fundamental chain and prove its basic properties we need to restrict the 
section s e _ p to an appropriate neighborhood of the union of zero sets of s p and study 
the properties of s e .p there. Namely we will prove the following: 
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(1) The zero set s^p(O) converges to the zero set s p 1 (0). 

(2) The union of the zero sets s^T p (0) is compact. 

(3) The union of the zero sets s^ p (0) carries a fundamental cycle. 
We need to shrink the domain to prove this. 

Note we have lim^o s<s. P = Sp ■ So if the domains of the mutisections are compact, 
this implies that the union of zeros of s £jP converges to the union of zeros of s p , 
which is nothing but our space X. 

Since the domains f/i of s €;P is noncompact, the actual proof is slightly more 
nontrivial. Note we took a sequence such that f7 p is relatively compact in 

(k) 

U» . We use this fact in place of the compactness of the domain. Then, the point 
to take care of is the fact that s p ' 1 (0) may intersect with the boundary dUp +1 \ 



We use Lemma T5. 2 71 for this purpose. (See Remark [ 

We already shrank our good coordinate system several times. We shrink again 
below. Let us denote by Up, U{X) etc. the good coordinate system and a space 
obtained when we proved Proposition 16.31 (In other words Up — Up in the 
notation we used in the proof of Proposition [521) During the discussion of the rest 
of this section, we restart numbering the shrunken good coordinate system and will 
write again Up . 

Lemma 16761 below is the key lemma. Note all the spaces U^ m \X) with the weak 
topology induced from K(^i) by the injective map 3x(qj)c/( m )(x)j can be regarded 
as subsets of K(^) = \jU p / ~ (where K{^) is as in Definition I5.18[) . Recall 
that the space K(ty) is compact and metrizable. We take and fix a metric on it. 
We consider the metrics on U^ m \X) induced from the metric on K(^). Then by 
definition the maps 3;y(™')(x)!7( m )(v) are isometries for m! < m. 

For a given metric space Z and a subset C C Z we denote its e neighborhood by 

B e (C; Z) = {ze Z\ d(z, C) < e}. (6.10) 
Lemma 6.6. We may choose Up , Up and 5 > 0, so that 

B 5 (i(X),u^(x))n |J n p (5-1(0) nu^(x)) 

P;6<P 

,3.11) 

3m>Hx)u*Hx) ( B s (I(X),U^(X))n (J II„(a^(0) D C/ (3) (X)) ' 

pity 



Remark 6.7. Note if we take Uf> C Uf' for each p then U^(X) is defined by 



r- T T ( 2 ) 

p 

where n p : [7 p (2) -> U^(X). 



U^(X) = \Jnp(U^)cU^(X), 



Remark 6.8. We remark that Lemma 16761 claims that the union of zero sets of s £jP 
on U^(X) is equal to the union of zero sets of s £ . p on U^(X), if we restrict them 
to a small neighborhood of I(X). 

Example 6.9. We consider U[ in Example 15.291 We define an obstruction bundle 
Ei on it such that E\ is trivial bundle, E% = U' 2 X R, and E 3 = U' 3 x M 2 . We define 
sections (= Kuranishi maps) by S2(x, y,0) — y, Ss(x,y,z) — (y,z). It defines 
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Kuranishi structure and a good coordinate system in an obvious way. The sections 
Si are already transversal to so we do not perturb. 
We put U^{X) = U'{X), U?\X) = U[{X). We take 

U[ 3) = {(a:,0,0) | x < 2c}, 

C/ 2 (3) = {{x,y,0)\x>-y 2 + c}, 

C/ 3 (3) = {(x,y,z) \x>c}. 

Here c > 0. In this example the zero set of the section Sj lies on the x-axis. So 
the lemma holds. The key point of the proof of Lemma 16.61 is in a neighborhood of 
the border of 17% and U$ ' the condition Sj (x) = implies that the point x lies in 
f/} 3 . This is the consequence of Proposition 16. 31 (3). 

Proof of Lemma 1 6. 61 In Lemma [5.271 we defined the set Q qi (x) C U 1 ' for x E X. 
We take U^ k) in place of U' p ' and obtain Q q f(x) C t^f. 

We then define !UiS k '(x) by (|5.11|) . We choose a neighborhood of x in l/( 2 )(X) 
and 5i so that 

o a nn qi (ng ) (x)) = o x nn qi (nf 1 ) (a!)) (6.12) 

and 

O x nilP>(a:) D£ 5l (I(x);[/^(X)). 

(Note that a; is in the interior of Q qi (x). So we can take O x small so that ()6.12|) is 
satisfied.) 

Sublemma 6.10. We may take Up x (depending on x) and S3 > (independent 
of x) so that 

o x n^ 2 \x)nB S3 (i(x),u^(x))n (J n„(3^(o)) 

pe<P 

c^» W! /<3»,(x) [s 53 (/(x),f/( 3 )^(x)))n |J u p (s-l(o)nu^ x (x)) 

\ pe<P 

_ (6-13) 

for each x € X holds for sufficiently small e. 

We note that {U^ ),x | p £ <£} determines U^' X [X) as in Remark^ 

Proof. We have 

u^(x)no x = |J njo^wino,. 

i— l,...,m 

By (|6"TT2|) we have 

n n^ng^)) = o x n n^n^s)). 

Therefore we may choose U^' x close enough to t/p 2 " 1 so that 

o.nn,,^'^)) c a If ( a ) W ifC).- ( x)(n qi (^ ) '")). 

On the other hand, in a sufficiently small tubular neighborhood ■A/[/ qiq . f/ q< (i > 2) 
the zero set s~*.(0) is contained in the subset U qiqi C Nu qiCil U qi ■ (Here U qiqi 
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is identified with the zero section of the normal bundle Afu q . .Uq i .) This is a 
consequence of Proposition 16.31 (3) . 

We can choose <5 3 > sufficiently small so that O x n il^ 2) (a;) n B$ 3 (x, (Xj) is 
contained in this tubular neighborhood. (We may choose 83 independent of x since 
X is compact.) The sublemma follows. □ 

We find a finite number of x% £ I(X), i — 1, . . . , 3 and 6 > 0, such that 

|J Xi nil<®{Xi) n B, 8 (7(a Ji ), (J( 2 )(X)) D B 5 (/(X); C/( 2 )(X)). (6.14) 



(3) 

We choose Up such that 



C/f d F< 3) D f/ P (3) D [J ET«- 

i=l 



Then (|6.13l) holds for all Xj (i = 1, . . . , J) when we replace ujp' x * by this E/p 3 '. By 
(16.141) we have: 

(J lo Xi nu.W(x i )nB S3 ( Xi ,uW(x))n (J 0,(3^(0)) 

4=1 \ pG<P 

D J B,(/(x),[/( 2 )(x))n |J n p (s-J(o)n^ 2 )(X)). 

Therefore (|6.13|) implies that the left hand side of (|6.11|) is contained in the right 
hand side. The inclusion of the opposite direction is obvious. □ 

Lemma 6.11. 

B s (i(x),u^(x))n |J u p (8-l(0)nu^(x)) (6.15) 

is compact if e > is sufficiently small. 
Proof. Lemma 16.61 implies 

B s (i(x),u^(x))n |J u p (szl(0)nu^(x)) 



B s (i(x),u {3 \x))n |J n p (s-l(o)nu {3 \x)). 

pep 



(6.16) 



(Here U (3) (X) is the closure of U^{X) in U^(X).) We remark U^{X) is a 
relatively compact subspace of U^(X). The right hand side of (|6.16[) is clearly 
compact. □ 

Hereafter we fix S and write f|6 . 1 5[) as s7 1 (0)5. It is a subspace of U^(X). 

Lemma 6.12. 

lim^^^^r 1 ^) c B s (i(x),u^(x))n (J u^^nu^Hx)). 

peqj 

Here the convergence is by Hausdorff distance. 

Proof. This is a consequence of the next sublemma applied to the right hand side 
of (|6.16j) chartwise and branchwise. □ 
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Sublemma 6.13. Let E — > Z be a vector bundle on a compact metric space Z and 
s its section. Suppose that s e is a family of sections converges to s. Then 

Proof. Let p > 0. We put 

e(p) = mt{\s(x)\ \xeZ\ ^(^(O); Z)}. 

Clearly 

if e < e(p). The compactness of Z implies e(p) > 0. □ 
Lemma 6.14. s7 1 (0)i has a triangulation. 
This is proved in |FOn2, Lemma 6.9]. 

Suppose we have a strongly continuous map / = {/ p | p € to a topological 
space Z and our Kuranishi space X is oriented, f [FOOOll A1.17].) Then we 
can put a weight to each simplex of top dimension in s7 1 (0)5 and f |FOn2[ 
(6.10)].) That is a singular chain of Z (with rational coefficients.) Thus we have 
constructed a virtual fundamental chain of X 

We consider the case our Kuranishi structure has no boundary. 

Lemma 6.15. We can put the weight on each of the top dimensional simplices so 
that f*{\X\) is a cycle. 

Proof. It suffices to prove that for each x £ s7 1 (0)a the zero set of each branch of 
s c ,p is a smooth manifold in a neighborhood of x. This is again a consequence of 
the proof of Lemma [6.61 as follows. Suppose x £ Xi nil^ 2 )^). Then we proved 
that sj 1 (0)s in a neighborhood of x coincides with the zero set of s £jqi . On the 
other hand each branch of s C;qi is transversal to by Proposition 16.31 □ 

Remark 6.16. We remark that we use the metric on U(X) to prove that s~ 1 (0)s 
has required properties for sufficiently small S and e. In particular we did not use 
the metric to define s e . Therefore the virtual fundamental cycle (chain) we obtained 
is obviously independent of the choice of the metric on U(X). 

In sum we have defined a virtual fundamental cycle f*([X]) using the good coor- 
dinate system on the Kuranishi structure of X which has tangent bundle, oriented 
and without boundary. Using the relative version of our construction of this and 
the next sections, we can show the cohomology class of f*([X]) is independent of 
the choices. (See |FOn31 Lemmas 17.8,17.9] etc..) 

7. Existence of good coordinate system 

The purpose of this section is to prove the next theorem. 

Theorem 7.1. Let X be a compact metrizable space with Kuranishi structure in 
the sense of Definition \^4\ Then X has a good coordinate system in the sense of 
Definition ] 5. 3[ They are compatible in the following sense. 

Definition 7.2. Let X be a space with Kuranishi structure. A good coordinate 
system is said to be compatible with this Kuranishi structure if the following holds. 

Let (Up,E' p ,s'p,ijjp) be a chart of the given good coordinate system of X. For 
each q £ tfj' p (q), q £ Up C\ (sp) _1 (0) there exists {<f> , (j> ) such that 
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(1) There exist an open subset U pq of U q and an embedding of vector bundles 

6 : E„\ Ut ->E' 

J-pq <i' u pq P 

over an embedding <f> : U pq — > Up of orbifold of U pq that satisfy 

(a) t pq {[o q ]) = q- 

(b) ± pq °s q = s' 9 °±p q - 

(c) ^ g = tP' p o^ )q ons- 1 (0)nU pq . 

(2) dfiberSp induces an isomorphism of vector bundles at s~ 1 (0) fl U pq . 



NnU' 



-pq 



P 



Pq P E q \ Upq - 

(3) If r G %{U pq n s-^O)) and q G ^((Sp)" 1 ^) n then 

d) o th = (h <h o d> = <h . 

—Pq —qr — pr 7 — pq —qr —pr 

Here the first equality holds on 

4£(u pq ) n £V n f7 pr = ^(c/p,) n u qr n c/ pr 

and the second equality holds on E r \^(u pq )nu qr nu pr - 

(4) Suppose that o > p and the coordinate change of good coordinate system 



is given 



by (U'^'.^'j. Let q G j/JaL \0) n C/' ). Then we have 



Op'-!- Op 

(6 o (A = (h (h o (h = <b . 

2- op — p q 1-oq 7 — op —pq —oq 



Here the first equality holds on <j> ^(U' op )C\U pq C\U q, and the second equality 
holds on E g \ ± -i {u , p)nUpqnUoq . 

In the above definition, we use {(U p , E p , s p , ipp)} f° r Kuranishi neighborhoods 
in the definition of the Kuranishi structure and {(Up, E' p , s' p , ip'p)} for the data in 
the definition of the good coordinate system in order to distinguish them in the 
definition of compatibility between them. However, we will write {(Up, E v , Sp, ipp)} 
instead of {(U p ,E p ,s' p ,ip' p )}, in the rest of this section. 

Proof of Theorem \7. 1\ Any point p G A carries a well defined dimension, dimU p , 
of orbifold. We put d p = dim U p and 

X(V) = {p G X | d p = £)}. 

The first part of the proof is to construct an orbifold (plus an obstruction bundle 
etc.) that is a 'neighborhood' of a compact subset of X($). Let us define such a 
notion precisely. 

Definition 7.3. Let K* be a compact subset of A(D). A pure orbifold neighborhood 
of AT* is (£/*, E*, s*,^/)*) such that the following holds. 

(1) E/* is a 0-dimensional orbifold. 

(2) E* is a vector bundle whose rank is 3 — dim X. (Here dim X is a dimension 
of A as a Kuranishi space.) 

(3) s* is a section of _E* . 

(4) V* : s ^ 1 (0) - > A is a homeomorphism to a neighborhood of A"* in X(d). 
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We also assume the following compatibility condition with Kuranishi structure of 
X. For any p e V*( s ^ 1 (0)) C X, there exists (U* p , ^ , <j> ) such that 

(5) U* p is an open neighborhood of [o p ] in U p . 

(6) (p : E p \i/ rp — > E* is an embedding of vector bundle over an embedding of 
orbifold ^ : J7* p — > {/* such that 

(a) ^ p o Sp = s*o </>^ on C4p 

(b) ip p — ip* o <fi^ on Sp 1 (0) n U* p . 

(7) The restriction of (is* to the normal direction induces an isomorphism 

^ E* 

as vector bundles on the orbifold U* p at s~ 1 (0). 

(8) If gG^ p (s- 1 (0)nC/* p ), then 

<h o <f> — (h (b o tp = eh . 

— *p — pq —*q —*p —pq —*q 

Here the first equality holds on <j>~^ (U*p)nU pq nU* q , and the second equality 
holds on E q \ t -i {Utp)nUpqnUrq . 

Hereafter we denote 

U, =^j(s- 1 (0)). (7.2) 
The goal of the first part of the proof of Theorem 17.11 is to prove the following. 

Proposition 7.4. For any compact subset K of X(d) there exists a pure orbifold 
neighborhood of K. 

Proof. We cover if by a finite number of U Pj 's where pj € K and 

^(s/(o))=£V 

There exist compact subsets Kj oiU Pj such that the union of Kj contains K. Thus 
to prove Proposition 17.41 by the induction argument we have only to prove the 
following lemma. □ 

Lemma 7.5. Let Ki,K% be compact subsets of X(d). Suppose K\ and Kq, have 
pure orbifold neighborhoods. Then K\ U if 2 has a pure orbifold neighborhood. 



Proof. Let (Ui, Ei, Si,ipi) be a pure orbifold neighborhood of Ki . Note that dim U\ — 
dimf/2 = 5- We denote the map (j> the open set U* p etc. for (Ui, E i} Si,ipi) by 

<fi. , Uip etc. (Namely we replace * by i £ {1, 2}.) The open subset Ui is as in (|7.2I) . 
— tp 

Let q € K\ l~l K 2 . We take an open subset U\ 2 \q such that 

o q £ U 12 , q C U lq n U 2q C U q (7.3) 

and 

Wi2i,=Mi 5 nW 2g cX (7.4) 
Here Ui q = ip q (s~ 1 (0) n Ui q ). We take qi, . . . , qi such that 



K X f\K 2 ^ {JUl2; qi . 
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We take a relatively compact open subset U 12 . q in U\ 2 - q such that 

i 

K x n K 2 C |J Z^. ffl ; Ur 2]q := ^(^(O) n C/f 2;g ). 



By a standard argument in general topology we can choose them so that the fol- 
lowing holds. 

Condition 7.6. If U 12 . qi C\U 12 - qi , ^ 0, then U 12 . qi nUi 2;q ., n X(D) ^ 0. 
We assume the same condition for {Ui 2 . qj }. 

For each r £ K\ (1 we take an open subset t/° of f7 r containing o r so that 

Condition 7.7. (1) U° C £ / lr n L/ 2r . 
(2) If lr ([/ r °) n yt^j + 0, then 

[/ r °cC/ 5jr n^p 12; , ( ), 



(3) If 2r (f/ r °) n (£^., ( ) # 0, then 



(J r cVn^Pi2;„)- 



Lemma 7.8. There exists such a choice ofU®. 
Proof. We first observe 



s r 1 (o)n0 lg< (f/£ 2;gi ) = s r 1 (o)n0 lg< (c/ 12 . gj ) c srHo) n^tfxa;*). (7.5) 

We also have a similar inclusion when we replace <pi qi etc. by (f> 2qi etc.. 
We next decompose I into disjoint unions 

I = I[ n U J£ ut = 7 2 n U 7 2 out 

respectively where we define 

and similarly for I 2 n , I 2 ut . Then we put 

u2 = 



K i£l[" iei^ 1 ) (7-6) 

n( fl (Vn^(t/ 12i9i ))n f| (c/ 2 \ ^ (E/^ )) I . 

Using (|7.5p . it is easy to see that Z7° is an open neighborhood of o r satisfying all 
the required properties. □ 

We choose r\, . . . ,rj € K\ H K 2 such that 

j 

(J U°. DXifl if 2 . (7.7) 
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We put 

/ .7 



»=lj=l 

/ ,7 



(7.8) 



^ = U U (^(^)n^(^r 2;8i )) c f/ 2 . 

i=lj'=l 

They are open subsets in orbifolds and so are orbifolds. We note that 
and Wi2 ;9i , i = 1, . . . , / cover K\ n iTa (similarly for 4>^ , </> 2 ^ ). Hence 

u$ d vr 1 (#i n tf 2 ), c/! ( 2 } ^ V^ 1 (Ki n tf 2 ) (7.9) 



by (HZ]). 

Lemma 7.9. There exists an open embedding of orbifolds 4> 21 : f/^i - ^ ^2 smc/i 
tftat ^ 21 (f^2i^) = ^12^ anc ^ satisfies the following: 

(1) Ifx = <p lr (xj) then 

(2) There exists a bundle isomorphism 

hi '■ El \u£> - > £ ' 2 lc7g' 
ewer 21 . On i/ie /i&er of x — 4> Xr we have 



(3) On we have: 



Z.21 X.2rj Xlr^ 



S2°0 21 =^ 21 °si. (7.12) 



(4) On s7/(0) n U$, we have: 

^2 ° 21 = Vi- (7.13) 

Proof. For the statement (1), we note that the right hand side of (|7.10[) is well- 
defined because of Condition 17.71 (1). So to define it suffices to show that the 
right hand side of (|7.10p is independent of j. Suppose 

By Condition 17.71 (2) we have Xj € U qirj , Xf € tZ^r,,-, and 4> qr {xj) € U\2-. qi , 
<L-r e f/l2 w Since 

)) = 1 = £i„ fo' ) ) » 

it follows that 
Therefore 
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as required. 

We have thus defined <j> . We can define <j> in a similar way. It is easy to see 
</) o (/) and <j) o (j) are identity maps. Therefore </> is an isomorphism. 

For (2), We define ^ by (|7.1ip . We can prove that it is well-defined and is an 
isomorphism in the same way as the proof of (1). 

Finally for (3) and (4), we note that (fTT2|) follows from (f77TO|) and (fTTT]) . (fTX3|) 
follows from ([fTTH]) . □ 

We now use the bundle isomorphisms (</> 21 , </> 21 ) to glue the pure orbifold neigh- 
borhoods (Ui,Et,si,ipi) and (U 2 ,E 2 ,s 2 ,ip 2 ). 

We first shrink U\, U 2 so that Definition 17.31 (4) holds as follows. We choose 
open subsets V\ , V 2 C X such that 

tficVicViOT^Q)), KiCViCM^Ho)), v 1 nv 2 cMu£ ) nsi 1 (o)). 

(7.14) 

(Such V u V 2 exist since ififl^C M U 2i n sr^ ))-) 

We take open sets U- C Ui such that U- n s^O) = V'i" 1 ^) and set U 2i ] = 
U$ nU[n <^l(U£), = U$ nU^n ^ 2 \U[). By restricting the base of the 

bundle Ei, the maps <f> etc are defined in an obvious way and satisfy the conclusion 
of Lemma 17.91 Moreover we have 

Mu[ n 8^(0)) n Mu' 2 n s 2 \o)) c Vi^i n 8 ?{o)). (7.15) 

(|7.15p implies that t/'i, "02 induce an injective map (f7{ns^ 1 (O))#0 (t^^^W) — * 
X. 

This would have finished the proof of Lemma 17.51 if we already established that 
the glued space C/(#0 U 2 is Hausdorff, which is not guaranteed with the current 
construction. In order to obtain a Hausdorff space after gluing we need to further 
shrink the domains as follows. 

The argument of this shrinking process will be somewhat similar to that of 
Section [5l Let C U[ and U 2 C U 2 be relatively compact open subsets such that 

Msi\o) n u°) d k u thfaHo) n u °) => k 2 . 

Let W 2 \ C E/21 be a relatively compact open subset such that 

w 21 d ^(ojnMn^M). (7.16) 

The existence of W 2 i with this property follows from the next lemma. 
Lemma 7.10. s7 X (0) n (C7f H 4^1 {U%)) is compact. 

Proof. i/'i(/7ins 1 " 1 (0)) is a compact subset of V\. Therefore J7°ns^" 1 (0) is compact. 
Since Sjf 1 (0) n (U° n ^"^(E/^)) i s its closed subset, the lemma follows. □ 

We next prove: 

Lemma 7.11. There exists an open subset U^ such that 

such that 

uTn^iU^cW^. (7.17) 
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Proof. For each x G K\ we define its neighborhood U x 's as follows. 

(1) lixj gggj then U x n ±~1{U%) = 0. 

(2) If x G ^(C/") then 17, C Wai- 

Note K 1 n ^ 12 (C/ 2 °) C W 2 i by (J73SJ. Therefore we can find such U x in Case (2). 
We cover K\ by a finite number of such Ux's. Let t/j 30 be its union. Then it has 
the required properties. □ 

Let C 2 be the closure of in U' 2 and C\ be the closure of If® in U[ . We put 

C 21 = Ci n ^ (C 2 ) , C12 = 21 (C 2 i ) . 

We put 

C = (C x U C 2 )/ - (7.18) 
where ~ is defined as follows x ~ y if and only if one of the following holds. 

(1) x — 2/, or 

(2) x G C 2 i, y = 21 (x) € C 2 , or 

(3) x £ C 12 , y = l 12 (x) £ d. 
We put the quotient topology on C. 

Lemma 7.12. C 2 i is a compact subset of C\. 

Proof. If suffices to show that C 2 i is a closed subset of C\ . But this is obvious since 
<f> is a continuous map to J7 2 and C 2 is a closed subset of f/ 2 . □ 

Lemma 7.13. C is Hausdorff. 

Proof. This is a consequence of Proposition 15.171 □ 

Let IT : Ci — > C be the map which sends an element to its equivalence class. 
Since Ci is compact and C is Hausdorff, the map IT is a topological embedding. 
We set 

[/ = n 1 ([/ 1 00 )un 2 ([/ 2 °)cc 

and put the subspace topology on it. This set carries an orbifold structure since 
each of U® and f7 2 does and the gluing is done by (orbifold) diffeomorphism. Then 
by restricting Ei, Sj, ipi, etc and then gluing them, we obtain the required gluings 
E, s, ip and etc. 

Lemma 7.14. The quadruple (U, E, s,ip) constructed above satisfies the conditions 
of a pure orbifold neighborhood of K\ U K% . 

Proof. Definition 17. 31 (1). (2) and (3) are obvious. We can use (|7.15|l . (|7.17|) to show 
that ip '■ s_1 (0) — > X is injective where s _1 (0) C U. Therefore it is an embedding, 
which is also open. The proof of Lemma 17.141 is complete. □ 

Therefore the proofs of Proposition 17.41 and Lemma T7. 5 1 are complete. □ 

We have thus completed the first part of the proof of Theorem 17. II and enter the 
second part. 
Put 

3 = {K Z >0 | X(d) ^ 0} 
and let (T), <) be an ordered set. A subset D C D is said to be an ideal if 

G D, d' > D' G D. 
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We call a subset D' C D of an ideal D a sub-ideal thereof if D' is an ideal with 
respect to the induced order. 
For D c Q we put 

X(D) = |J X(V). 
Then X(D) is a closed subset of X if D is an ideal. 

Definition 7.15. Let D C 2) be an ideal. A mixed orbifold neighborhood of X(D) 
is given by the quadruples 

together with embeddings (<^ oa , , <^ B0 , ) of vector bundles for each pair with 
0<0'. 

We assume they have the following properties: 

(1) JC is a compact subset of X(Q). 

(2) ([/;,, -Eo, So, ■f/'o) is a pure orbifold neighborhood of /Co. 

(3) Let Vo : n 5^(0) X be as in Definition O (3). Then we have 

AC 9 D \ |J W (C/ 8 ' n s-/(0)) . (7.19) 
o'>o 

(4) Uq>o is an open neighborhood of 

fan fa (c/d'H s-/(o))) 

in U(D). 

(5) The map 

is an embedding of vector bundle over an embedding of orbifold 

such that 

(a) The equality 

holds on LVo. 

(b) The equality 



holds on IVd H 1 (0). 

(6) The restriction of ds^i to the normal direction induces an isomorphism 

"u„U v *&&. (7.20) 
as vector bundles on C/ / B n s D " 1 (0). 

(7) if p e n s^(o)) c n v 1 (())), 

<6 o <A = , <A o (A = d> , 

011 ^(^B'ojnf/spnf/B/j, and E p |^-i ((7a/a)n[/i)!jn[/a/!j , respectively. (We write 
etc. instead of 0^ etc. for the structure maps of f7 . Namely we replace 
* by 0.) 
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(8) The space U{D) is Hausdorff. The map n : Ux, — > U(D) is a topological 
embedding. We have 

U V9 =n- 1 U,,(U d ,) (7.21) 

and 

nD'O0 o , a = n o (7.22) 

on f/o'a. Moreover 

U(D) = |J J 5 (!7 ). 

We call f/(D) the toiaZ space of our mixed orbifold neighborhood. 

(9) We define a subset s^(0) of U(D) by s^O) = \J oeD n^s^O)). We 
define Vt> : s r>(®) — > A such that ° n D = ifo on s^" 1 (0) C C/ . (This is 
well-defined by (7).) We require that 

^ D :s D \Q)^X 

is a topological embedding onto a neighborhood of X(D) in X. 

Note that (f?TT9")) implies 

X(Z>) c (J ^ D (^(O)) . (7.23) 

We also have the following: 

Lemma 7.16. IfU(D)' is an open subset ofU(D) such that 

u(D)'Di>-\x(D))n |J n,(^ x (o)). 

Then there exists a mixed orbifold neighborhood of X(D) such that its total space 
is the above /7(D)'. 

Proof. We put U'„ = n n^ 1 (U(D)'), E/J,, = H^{U V {U V ) n £/(£>)')■ We define 
and various maps by restricting ones of U(D). It is straightforward to check 
that they satisfy the required properties (l)-(ll) of Definition 17. 151 □ 

Another way to shrink U (D) is as follows. 

Lemma 7.17. Let (/Co C U$, Ex >1 Sj,, tpj,) be a mixed orbifold neighborhood of X(D). 
Suppose we are given C U$ for each 5 such that 

Then and the restriction of the other data define a mixed orbifold neighborhood 
ofX(D). 

Proof. The proof is obvious. □ 

The goal of the second part of the proof of Theorem [7J] is to prove the following: 

Proposition 7.18. For any ideal D there exists a mixed orbifold neighborhood of 
X(D). 
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Proof. The proof is by an induction on #D. If #D = 1 then D = {0} with 
maximal in 2). We note that X(d) is compact when Z) is maximal. We put 
/Co = X(Zi) that is compact. We use Proposition 17.41 to obtain a pure orbifold 
neighborhood C/ D of ICo = X(J)). The proposition is proved in this case. 

Suppose we have proved the proposition for all D' with #D' < jfc-D, We will 
prove it for D. Let Do be an element of D that is minimal. We put D' = D\ {Z)q}, 
which is a sub-ideal of D with #Z?' < #-D. Therefore, by the induction hypothesis, 
we have a mixed orbifold neig hborhood of X(D'). We denote it by /C , 6 

etc. (Here £),!)' e D' .) 

Let /Co be a compact subset of X(Uo) such that 

|J ([/W n (4 1} ) _1 (0)) ^ (X(0 )\iC 8o ). (7.24) 

We apply Proposition 17.41 to fC^, to obtain U^J . 

The main part of the proof is to glue U$ with X(D') to obtain the required 
mixed orbifold neighborhood of X(D). The construction is similar to the proof of 
Lemma 17.91 

Remark 7.19. We would like to remark that one outstanding difference between 
the gluing maps ^ for the pure orbifold neighborhoods and <j>^ IX) for the mixed 
orbifold neighborhoods is that the former is a diffeomorphism while the latter is 
only an embedding. 

Because of this, we would like to repeat the detail of the gluing process. 
Let U^(D') be a relatively compact open subset of f/W (£)') satisfying 

UW(D')D^}(X(D')). (7.25) 

We may choose it sufficiently close to U^ X \D') such that 

(J 4 1] (U? ] n (4 1) ) _1 (0)) 3 (X(D )\/C Bo ). (7-26) 
Dec 

Here t/f } is obtained from U {2 \D') as in the proof of Lemma 17.161 
Let C C/jg be a relatively compact open subset such that 

(< ) )" 1 (^o)c^ ) . (7.27) 
We remark f7T2^1) and (17T2"7) imply 

4l ] {i^)~Ho)nu^)u^ ((^V'Wnc/W^)) dX(5 ). (7 . 28 ) 



We put 



(7.29) 



For each q <G £ Bo we take an open neighborhood Uq^ in U q that satisfies the 
following conditions. 



Condition 7.20. (1) If D > and q G ^((s^VH ) n ^o^) n A> , th en 
[4 01) C t/«. Here [#> is as in Definition 17.31 (5) for the pure orbifold 
neighborhood 
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(2) Uq 01 ^ C U^Jj, where U^ q is as in Definition 17.31 (5) for the pure orbifold 
neighborhood . 

For a finite subset 3 = {qi \ i = 1, . . . , 1} C £q and each given D € D', we write 

3, =3nl£\(8P)- 1 (0) n ^ (2) ) n £d„. (7-30) 

We also denote 

By the compactness of C$ , it follows that there exists a finite subset Z of £ 0o such 
that the following condition holds. 

Condition 7.21. For any 5 G D' we have: 

(J wf DZ?n4- 

Since 

oe-D' 

Condition 17.21 1 implies 

U^DS, . (7.31) 

We may assume that {Uq^} satisfies Condition 17.61 

We next take a relatively compact open subset Uq^~ of Uq^ such that the 
following holds. 

Condition 7.22. For any £ D', we have: 

_U u^-DU^nZ, . 

9i G^ 21) n£ 0o 

Here4 01) -=^ 1) ((4 1) )- 1 (0)nl4° 1) ")- 

We also assume that } satisfies Condition 17.61 

For r £ £ 0o we take an open neighborhood of o r in U r with the following 
properties. 

Condition 7.23. (1) If D > Q and r G i/f ^ n £ 0o , then U° C C/^. 

(2) f/o c UQ. 

(3) If (C/ r °) n ^(L/j 01) - ) ^ then V* C 1$ n (^J)- 1 ^)- 

(4) if «£«(t/°) n^Xut^) 1 then u? c t/« n yW)-HuW). 

The existence of such U® is proved in the same way as Lemma T7.8I We choose 
a subset 

3 = {rj | r j ■ G £ 0o , j = 1, ■ • • , J} c £ 0o 
such that the following holds for each 5 G D' 

U W^DWf'n^, (7.32) 
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where 

ao=5n^ 1) ((4 1) )- 1 (o)nf/ (2) )n^ - 

We now put 

"&= U U C^)nC^ lh )- ^ 

This is an open subset of U$. Since u£> is an orbifold, its open subset U$ is 
also an orbifold. We remark that 

<W n (4o ) )" 1 (o)) => A, nwf» (7.34) 

The following lemma is an analog to Lemma 17.91 As we mentioned before, one 
difference is that the gluing map cf)^ is not an open embedding. 

Lemma 7.24. There exists an embedding of orbifolds <j>^ : U^ o — ¥ with the 
following properties. 



(1) Ifx=£l i (x j ), then 



3 

(2) There exists an embedding of vector bundles 



C^=C^ ) - (7 - 35) 



f/iaf covers d>^ . 

X. ODo 

(3) 7/9 > 0' > o i/iera 



-00 o ' ItfW ^ 



-LSDo —00' XO'Oo 



™ (^l) _1 (^)nf/ s ( ? and 



I ^ = $ o 3)* 

-00 —00' -!-0'S 



(4) FKe have 



071 E *o \uw )-Hu M ,)nu£> 



1 J. 1 1 

XoOo —ODo D ° 



(5) We have 

(6) The restriction of ds$ to the normal direction induces an isomorphism 



*u» f/o = , r (7.36) 



E, 

0OO o (^Oo|(7ftft o ) 

as vector bundles on C/a8 fl s^ a (0) 
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Proof. The proof is similar to the proof of Lemma 17.91 

Note that the right hand side of (|7.35|) is well defined because of Condition 17.231 
(1). We first show that the right hand side of (I7.35|) is independent of j. Suppose 

x = (£•) = 0(D ( Xjl ) € 0« (C/( 01 )-). 

Then by Condition EH (3) we have x 3 e U$ } , x r € U$ jt and ^.(xj) € 
^ .,(%') e C/i 01) ■ Since 

0« (</) (1) ( Xj )) = x = <t>^ fev)), 

it follows that 

0« (%) = </>« (x,v). 

Therefore 

as required. We remark that 4>^ r is an open embedding of orbifolds. Therefore 

^oso ^ ennec ^ ^y (|7.35[> is an embedding of orbifolds. 

The proof of (2) is similar. Then the proofs of (3)- (6) are straightforward. □ 

The pure orbifold neighborhoods (0 > Do) and together with OB etc. 
satisfy the properties required in Definition 17. 151 except the following two points. 

(A) Hausdorff-ness of the space U(D) that is required in Definition 17.151 (8). 

(B) Injectivity of the map ipD that is required in Definition 17.151 (9). 

In the rest of the proof we shrink f7 D (1) , U$ again so that (A), (B) above are 
satisfied. We shrink in such a way appearing either in Lemma 17.161 or in Lemma 
17.171 Therefore the other properties required in Definition 17. 151 than (A) (B) hold 
after shrinking. 

We put 

uZ = (iS o )-HU^)nU^. (7.37) 
Let 6^ and 6 ^ be the restrictions of df 1 ^ and 6 ^ to lliV and E 0n \ TT i2) . 

-2-DSo — OBo — 03o — ODo 000 u W a 

The inclusion ()7.34p and the definition of U^ B imply 

n (s^rW) ^ £* n ^ 2) ((4 2) ) _1 (0) n ^ (2) ) n ^?((«S ) )" 1 (o) n t/ (2) ). 

(7.38) 

Lemma 7.25. There exist C C/g^ and C C/j 2 " 1 smc/i that the following 

holds. We define and U^ , for d,d' € I?' with d > d' > do in the same way 
as |7.ff7| ). Various bundles maps sections are defined by restrictions in an obvious 
way. Then we have: 

(1) ^7.25ty - (7.28ty hold when we replace *W by *( 3 '. (Here and hereafter * is 
anything such as U$ etc.) 

(2) The conclusion of Lemma \7.24\ holds when we replace *W by 

(3) j7.ffff| ) holds when we replace *^ by * < - 3 \ 
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(4) 

iM<(0) n ^f) n MtHo) n i/ D (3) ) c K«(o) n og) (7.39) 

/or 5 > fo 

The opposite inclusion of (|7. 39|) is obvious. We note that (4) above implies that 
Property (B) (injectivity required in Definition 17.151 (9)) holds for U$ , . 

Proof. By (fTT38]) and (f7T29|) we have 

i4 a W(°) n c/ (2) ) n ^J«(o) n c/ 3 (2) ) n x(d) 

= 4 2) (^ x (0) n i/f) n v4oW(°) n O n x (Po) 

c £ 0o n ^ 2) ((4 2) ) _1 (o) n c/ D (2) ) c i4f (E/g n (4?) _1 (o)). 

Therefore we can choose open sets Vx, , Vb' C X such that: 

(1) Vb D X(D'). 

(2) Vb, D (A(0 )\/C Do ). 

(3) /C 0o C V 0o . 

(4) Vb'Uy 0o DX(D). 

(5) ^ n v 0o n ^ 2) ((4 2) )- x (0) n i/ (2) ) c ^(c/g n (agV^o))- 

We take C/ a ( f C E/g* and C7(D') (3) C U{D')&\ (where C/(^') (2) = Uoeb' n (?7 a (2) )) 
such that 

^ { ?n(4 a o ) )- 1 (0) = (^J)- 1 (^ G ), 

4 3 ' ) n(4 2) r 1 (Q) = (^ 2) r 1 (vbO- 

We use it to obtain f7g . Then Formula (|7.38[) after replacing *' 2 ' by *( 3 ) determines 
Uqq . The open sets U^ , for 0,0' G £)' (0 > 5') are defined similarly. The bundles, 
maps, sections are defined by restriction in an obvious way. Then the conclusion of 
Lemma 17.241 holds. 

Condition (l)-(4) above imply (j7.25[) - (|7.28[) . respectively. Condition (5) implies 

arm □ 

Remark 7.26. A similar formula 

^(^(o) n u^) n iMs^o) n u D (3) ) c ^(^(o) n uglj (7.40) 

for O2 > 0i > Oo is a consequence of Definition 17.151 (9), applied to D' and so is 
a part of induction hypothesis. (More precisely (|7.40p with etc. replaced by 

etc. is the consequence of the induction hypothesis. Then (|7.40l) follows easily 
from definition.) 

It remains to shrink so that (A) (Hausdorff-ness) holds. The way we shrink here 
is similar to the construction of pure orbifold neighborhood. Note we are gluing 
many spaces Uj, . We will reduce the problem to the gluing of two spaces U 0o and 
U(D'). For this purpose we need to modify so that the maps <j> can be glued to 
give a map Uq — > U(D'). The detail follows. 

We shrink again each of with > 0q to obtain . We take it so that is 
relatively compact in ?7 (3) and U^(D') = \J oeD , n B ([/ D (4) ) still carries the structure 
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(3) 

of mixed orbifold neighborhood. We also shrink U$ to a relatively compact subset 
. The domain of the coordinate change is defined by: 

uitl = itf (n.^?) n n Ba (t#>)) = <£ 9i {ug) n ug 

and 

t« = (& ) )- 1 (^ ) )n£« ) . 

Bundles and bundle maps etc. are obtained by restriction in an obvious way. The 
conclusion of Lemma T7.25I holds with *( 3 ) replaced by *( 4 ). 

For each point x € Vw(K-J>o) we take U x a neighborhood of x in E/^ with the 
following property. 

Property 7.27. If 2 > 5 1 > t>o and 

c/,nc/^ o n< ) Oo ^0 

then 

Such a choice is possible because of the next lemma. 
Lemma 7.28. 



(4?)- 1 (^o) n {ugl n e#> ) c ^j- 1 ^). 

iYoo/. Note that £ Do = ^(^oV^ )^^) is a compact subset of ^ } ((s^V 1 (0)n 
U$) and £ Dl = ^((s^)"^ ) n ^o?) is a compact subset of ^((s^VH ) n 

E/ ( f) for a = 1,2. (Here 77^ is the closure of U$ in U$.) Using (1735)1 . (T74TJ1) . 
we find 

and 

* n £ 2 c ^(^(0) n u^) n ^(^(o) n tf<?) c ^ ) ((4 3 1 ) )" 1 (o) n crgj. 

Now the lemma follows from: 

4o 3 ((^o ) )" 1 (^ ) n (ugl n £/$„)) c^,n^n^. 

□ 

We cover (/Cj ) by a finitely many sets [7 Xj (i = 1, . . . ,7) among such E7 x 's 
and let f/^p be the union U igJ f/ x < of them. 

Lemma 7.29. 

^In^cC^)- 1 ^!). (7.4i) 

Here 

U {5) - U (4) n C/ (5) 



and <// 5 ^ is the restriction of dffl to uif) . 
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Proof. Suppose y G ug\ H u£{ . Then we have ^ g (y) G U$ and ^(y) G 
J7 ^ . There exists a;, (« G J) with y G C/ Xi . Since 



Property 17.271 implies: 



By Lemma \7. 241 

Therefore 

Thus 



</> (3) ft/) G (f> {3) (U X .)C U?l . 



as required. □ 

Let L/j be a relatively compact subset of f/j for G £)' and E/^ a relatively 
compact subset of uj^ . We may choose them so that Lemma [7.251 (l)-(4) holds 
when we replace *^ and *^ by *( 6 ). 

We dehne 

U (6 \D)= \J C/ b (6) /~' (7-42) 

Here ~ is defined as follows, x ~ y if and only if one of the following holds: 

(1) a; = y. 

(2) xe^^e^nc/f)^^). 

(3) yeu£\xeu$lnu?\y = $l(x). 

We define t/( 6 )(D') in the same way. 

We define a map LI : [7^ — > C/' 6 ^ (D) by sending an element to its equivalence 
class. We remark that we have a continuous map 

from U ( D % a = U oeD , nf (U£l) such that 

holds on U^ . This is a consequence of Lemma 17.241 (3) and (|T.41[) . 

Remark 7.30. The authors thank D. McDuff who pointed out that the inclusion 
(17.411) is necessary to show such J7q? exists, during our discussion at google group 
Kuranishi. 

Now we are in the last step to achieve Hausdorff-ness. We use a similar trick as 
in the last part of the proof of Proposition 17.41 to modify etc. as follows. Note 
that U^(D) can also be written as 

U^(D) = (UW(D')UUg ) )/~, 
where x ~ y if and only if one of the following holds. 
(1) x = y, or 
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(2) x e L#\ y e UX C x = $> io (v), or 

(3) ^e^^C^^^x). 

We also note that U^(D') is already Hausdorff (with respect to the quotient 
topology) by induction hypothesis. 

Remark 7.31. In fact the obvious map U^\D') — > U(D') is injective and contin- 
uous. (It may not be a topological embedding however. See Remark 15.201 ) 

Now the rest of the construction is similar to the one in Lemmas 17.101 - 17.141 We 
take a relatively compact subset U^(D') of U^(D') such that 

U (7) (D')D X(D') (7.43) 
and a relatively compact subset U^ 7 J of such that 

UZ } ^ (4o ) )" 1 (^ ). (7.44) 
We take Wd'd C E^d/ 8o such that 



WW ^ (4 6 o ) )" 1 (o) n (f/i 7) n ^gJ o )- 1 (^ 7) (£")))• 

The existence of such Wr>'o can be proved in the same way as Lemma [7.101 In 
the same way as Lemma 17.111 we can find U$ such that together with U^(D') = 
U {7) {D') it satisfies 

< } H (^J-H^W) C WW (7.45) 

Moreover (f77¥5|) . ([7T4"4"|| hold with *( 7 ) replaced by *( 8 >. 

We put Ci = U^, C 2 = U {8) (D'). We put C 21 = (^J -1 ^). We then 
define C = (Ci U C2)/ ~ where ~ is defined by using the restriction of <t>^ to 
C21, as before. (We put quotient topology on it.) We can prove that C21 is compact 
in the same way as Lemma 17.121 Therefore C is Hausdorff by Proposition 15.171 

Let LL : Ci — > C be the obvious map. We put 

u{D) = ni(tfW) u n 2 (u^\D')) c c 

and will use a topology induced from the topology of C on it. We define 
Uj, =U®>, U*=IL-\UW)CU1 6 \ 

They are orbifolds. We obtain bundles, sections, maps, coordinate changes, on 
them by restriction in an obvious way. 

The proof of Proposition 17. 181 is complete. □ 

Lemma 7.32. We may choose U(D) so that the following holds in addition. Let 

K 

f|n Dfc (c/ o Jnn Oo (c/ Do )^0 

fe=i 

then 

K 

p| n, k (u 0k n 5^(0)) n n 0o (t/ 0o n ^(o)) jt 0. 
fc=i 
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Proof. We will modify U(D) so that it satisfies this additional condition by induc- 
tion on 

The inductive step is as follows. We take Do € D that is minimal in D. We put 
D' = D\ {0 }. 

We modify Uq so that the conclusion of the lemma holds by induction on K. 
We assume the conclusion of the lemma holds for K < Kq — 1. We consider the 
case of Kq. Let 

€ = {{Oi, . . .,5jr } | ([7T46|) .c>, are all different.} 

p| n Bfc (t/ Dfc n s - x (o)) n n Do ([/ Do n = 0. (7.46) 

k=l 

We shrink a bit so that we may assume 

K 

p| n Bk (u, k n 5^(0)) n n 0o (c/ 0o n ^(o)) = 0. (7.47) 

k=l 

for ...,©jco} e £ - 
We replace ?7 0o by 

A _ 

K= U *o\ IJ n^*'o. (7-48) 
{ai,...,SK }ecfe=i 

We will prove [/ a (9 > Co) together with U^ g satisfies the required property for 
K<K . 

We first consider the case K < Kq — 1. Suppose 

A 

p|n Dfc (c/ o jnn Do (c/; o )^0. 
fc=i 

Then 

A' 

p|n Ofc (f/ Ofc )nn Do ([/ Do )^0. 
fc=i 

Then by induction hypothesis we have 

A 

P| n Dfc ([/ 0fc n s^(o)) n n 0o (c/ 0o n <(o)) ^ 0. 
/c=i 

We note that 

^ o n«iTo 1 (0) = i7 ao n^ o 1 (0) (7.49) 

by dZHZJ), ([Tigf . Therefore 

A 

p| n a ,([/ Dfc n fl ^(o)) n n 0o (c/^ n <(o)) ^ 
fe=i 

as required. 

We next consider the case K — Kq. Suppose 

Aq 

p| u, k (u Bk n s ^(o)) n n Bo (t^ n ^(o)) = 0. 

k=l 
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Then by ([7^49]) we have 

f| n Sfc ([/ 0fc n ^(o)) n u Bo (u Bo n s -») = 0. 
fc=i 

Namely {di, . . . , 0if } E C. Therefore 

k 

f|n Ofc (c/ o jnn Oo (c/; o ) = 

fe=i 

by (|7.48p . The proof of the inductive step is complete. □ 

Now we are in the position to complete the proof of Theorem 17.11 We apply 
Proposition 17.181 to obtain a mixed orbifold neighborhood of X(D) = X. We put 
<P = D C Z >0 . The order is <. For € £> = 5)}, we have C/ , s a , by 
Definition EH (2) (3). Let us check Definition El (l)-(9). 

Definition (l)-(4) follows from Definition 17151 (2) (3). Definition O (5)(6) 
follows from Definition 17.151 (4) - (8). Definition [ITS] (7) follows from Definition l7.15l 
(9). Definition 15.31 (8) is obvious since ^ C Z >0 . Condition 15.51 in Definition 15.31 
(9) follows from Definition EH] (8) (9). Conditions O and EH in Definition EJ (9) 
follow from Lemma [7.321 and (|7.21[) . Condition 15.101 follows from Definition 17.151 
(8) especially Hausdorff-ness of U(X). 

The proof of Theorem 17. II is now complete. □ 

8. Appendix: a lemma on general topology 

In this appendix we prove Proposition 15.1 71 We assume Assumption 15 . 1 51 
We first prove the following. 

Lemma 8.1. A(^}3) is Hausdorff. 

Remark 8.2. Note {(x,y) E (Up-Kp) x (LIp-Kp) \ x ^ y} is a, closed subset. 
However this does not immediately imply that A(<}3) is Hausdorff. (This is because 
n p is not an open mapping.) 

Proof. The proof is by induction on Denote by 7r : ]J A p — > A(*}3) the 

projection. 

The case =#=Cp = 1 is trivial. Suppose ^3 = {p, q} and p > q. We remark that 
n q : A q — > A(*}3) and n p : A p — > A(*P) are both closed mappings. 

Let p 7^ q E A(*P). We need to find open neighborhoods A p , A q C A(*P) such 
that A p n A q — 0. There are 4 cases to consider. We put q = [x], p = [y] 

(1) x,y E A q \ A pq or x, y E A p \ ^ pq (K M ). 

(2) x E A q \ A P q, y E K p \(j) (A P q). Or the same with a; and y exchanged. 

(3) x E Aq \ Apq, y E Apq. There are 3 similar cases where x, y are exchanged 
and/or p, q are exchanged. 

(4) x, y£ Apq. 

Case (1). Suppose x, y E A q \ A pq . Choose disjoint open subsets A' X ,A' of A q 
such that x E A' x ,y E A' y . Then A x = U q (A' x \ A pq ) and A y = Ii q (A' y \ A pq ) have 
required properties. 

Case (2). A x = n q (A q \ A pq ) and A y — n p (A p \0 (A pq )) have required properties. 
Case (3). Note A q is normal since it is Hausdorff and compact. Therefore there 
exist disjoint open subsets A' x , A' y of A q such that x E A' x , A pq c A' y . Let A' y be an 
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open subset of K p containing^ (K Pq ). Then A x = n q (A' x ), A y = U q (A y )UU p (A^) 
have required properties. 

Case (4). We take disjoint open subsets A' x and A' y of K q such that x £ A' x and 

y £ A' y . Since K q is normal we may assume A x n A y = 0. 

We take open subsets A% and A£ of K p such that A'^ruf) (K pq ) = <f> (A' x nK pq ) 
and Aydfi (K pq ) = <j> {A' y C\K pq ). Such A" exists since <j> (A x C\K pq ) is an open 
subset of c/> (K pq ) with respect to the subspace topology. However A" n Ay may 
be nonempty. 

Since A p is normal and A x <~) A y = 0, we can find disjoint open subsets A' x and 
A;" of A p such that pq (X n K pq ) c A£', n A pq ) C A£'. 

Now A x = IL q (A' x ) U n p (A£ n A^"), A y = n q (A' y ) U n p (A' y ' n A%) have required 
properties. 

This proves the lemma for the case = 2. 

Now suppose the lemma hold for the case #*}3 < n for n £ N and prove the case 
of = n. Let po G *P be an element which is minimal with respect to the partial 
order. We put ^P' = *P \ {po}- We obtain K(^i'). By the induction hypothesis, it 
is Hausdorff. We put 

P £<P' 

Let lip : A' p — > Kffi) (p € ^3') be the map which sends an element to its equivalence 
class. For x £ K pPo we put 

w*)= n ;(4, P0 (*))- ^ 

It is easy to see that (|8.2[) induces a map 

^<P'p : A >Po ^ W)- (8-3) 
Sublemma 8.3. d> is continuous. 

Proof. The restriction of 0qj, p to each A PPo is continuous by the definition of 
quotient topology. Moreover (|8.1|) is a covering by closed sets. The sublemma 
follows. □ 

Since K<$' Po is compact and K($$') is Hausdorff by induction hypothesis, it 
follows that (Aj, is a topological embedding. Thus A" Po , K (^3')> A<p' Po , ^ 
satisfy the assumption of Lemma |8~TI where = {*}3',po}. (po < We then 

obtain a Hausdorff space, which we write K'ffi). The proof of Lemma 18.11 is 
completed by the next sublemma. □ 

Sublemma 8.4. K'i^) is homeomorphic to K (^3). 

Proof. We have obvious projection maps 

n" :K Po UK(¥')^K'(y), (8.4) 

tt' : J] A- p ^ (8.5) 
peqj' 

tt : ]J A p -> (8.6) 
pe<p 



54 



KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 



The topology of the right hand sides are quotient topology with respect to these 
maps. Composing (|8.4|) and (|8.5|) we obtain 

tt" o (id U tt') : ]J k p -> K'ty)- (8-7) 

The topology of K'(ty) is the quotient topology of this map. 

Using the fact that ~ is an equivalence relation, it is easy to see the following. If 
x,y £ Upeqs-^p' then w(x) = n(y) if and only if ir" o (idU7r')(») = tt" o (idU 7r')(y). 
This implies the sublemma. □ 

We now recall that a family of subsets {Ui \ i E 1} of a topological space X 
containing x G X is said to be a neighborhood basis of x if 

(1) each U~i contains an open neighborhood of x, 

(2) for each open set U containing x there exists i such that t/, C U. 

A family of open subsets {Ui \ i G /} of a topological space X is said to be a basis 
of the open sets if for each x the set {Ui \ x € Ui} is a neighborhood basis of x. A 
topological space is said to satisfy the second axiom of countability if there exists 
a countable basis of open subsets {Ui \ i G J}. 
We next prove the following. 

Lemma 8.5. J/ A" p satisfies the second axiom of countability in addition, then 
A(^P) also satisfies the second axiom of countability. 

Proof. For each p, we take a countable set il p = {£/p,i C A p | i e 7 P } which is a 
basis of the open sets of K p . We may assume £ il p and each U P: i is open. 
For each i = (i p ) pe «p (i p G J p ) we define Z7(i) to be the interior of the set 

U + (i);=\Jll p (U p , ip ). (8.8) 
pe<p 

This is a countable family of open subsets of K 0P). We will prove that this family 
is a basis of open sets of K (^3). 
Let g G A(<P), we put 

= {pe<P I g=M,.TG A p }. (8.9) 

Here and hereafter we identify K p to its image in A(Cp). Note since A(*P) is 
Hausdorff and K p is compact, the natural inclusion map A p — > U pe ip A p induces 
a topological embedding K p — > K$$). 

For p G ^P(x), we have x p G A p with [x p ] = q. We take a countable neighborhood 
basis of x p . We put 

Ip(<l) = {i ^ h \l = N, for some x £ U p a} 
For each i = (ip) G ri P e<p( 9 ) ^>(<7)) we set 

u+(T)= (J n p ([/ f , lp )c^). (s.io) 

We claim that the collection {J7 + (i) | i G II P eq3(g) Ipio)} ^ s a neighborhood basis 
of q in A(^3) for any q. The claim follows from Sublemmas 18.61 18.71 

Sublemma 8.6. The subset U + (i) is a neighborhood of q in K($$). 
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Proof. For p € ^P(<z) the set K p \ U P: i p is a closed subset of K p and so is compact. 
Therefore H P (K P \ U p .i p ) is compact and so is closed. 

If p ^ then we consider H p (K p ) which is closed. 

Now we put 

k= |J n p (x p \c/ p , !p )u |J n p (K p ). 

This is a finite union of closed sets and so is closed. It is easy to see that 

q e K(¥)\K cU+{i). 

□ 

Sublemma 8.7. The collection {U + (i)} satisfies the properties (2) of the neigh- 
borhood basis above. 

Proof. We remark that the map K p — > K(ty) is a topological embedding. Therefore 
U n K p is an open set of K p . Therefore for each p <E ^P(q), the set U n K p is a 
neighborhood of x p in K p . By the definition of neighborhood basis in K p , there 
exists ip such that U p .i p C U n K p . We put % = (i p ). Then U + (i) C U as 
required. □ 

We remark that U + (i) in (I8.10|) is a special case of U + (i) in (|8.8|) . (We take 
Upj p = for p ^ ^P(a;)-) The family [/(ij is a countable basis of open sets of Kffi). 
The lemma is proved. □ 

Lemma 8.8. If each K p is locally compact, then K(9p) is locally compact. 

Proof. Let x E K{*#). We define y$(x) by For each p e qj(x), we take a 

neighborhood basis of {U Pi i \ I p } of x in if p such that C/ Pj i are all compact. 

For each i = (ip) e II P e>p(2;) ^p( x ) we define U + (i) by (18. 10p . They form a 
neighborhood basis of x in #TpP) by Sublemmas 18.61 18.71 Since U + (i) are all 
compact, the lemma follows. □ 

Combining Lemmas 18.11 18.51 18.81 and a celebrated result by Urysohn we obtain 
Proposition 15.171 

9. Orbifold via coordinate system 

In this section we review orbifold, its embedding and a bundle on it. Let X be 
a paracompact Hausdorff space. 

Definition 9.1 (orbifold). (1) An orbifold chart of X at p E X is (V p ,r p ,il>p) 
such that V p is a manifold on which a finite group T p acts effectively, such 
that Op € V p is fixed by all the elements of T p . ip p is a homeomorphism 
from a quotient space U p = V p /T p onto a neighborhood of p in X such that 
tpp(o p ) =p. 

(2) Let {y p ,Tp, ip p ) be as above and q e i/j p (Up). A coordinate change is 
such that h pq : T g — ► T p is a group homomorphism, C V q 
is a Tq invariant open neighborhood of o q in V q and pg : V pq — ¥ V p is 
an equi variant smooth open embedding of manifolds. We assume that 
they satisfy 

where <p '■ V pq /T q V p /T p is induced by 4> pq . 



56 



KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 



We call ({(T^,, Tp, ip p )}, {(V pq , (j> pq , h pq )}) an orbifold structure on X. 

We can use (|9.1[) to sho w (j>^ o <f> = <j> ^ on (U pq ) n J7 pr . We can use this 
fact to show that Definition 19. fl is equivalent to Definition 15.11 

Remark 9.2. We assumed the action of T p is effective. We always do so in this 
article. To emphasize this point we say sometimes effective orbifold instead of 
orbifold. 

Sometimes effectivity of reaction is not assumed in the definition of orbifold. 
In such case definition of (uneffective) orbifold becomes rather complicated if we 
use coordinate chart. See FOOOll, Section 4]. The notion of morphisms between 
uneffective orbifolds is also harder to define if we use the language of coordinate 
chart. (See Example l9.5l b elow . ) 

Definition 9.3 (embedding of orbifold). Let X, Y be orbifolds and F : X Y a, 
continuous map. F is said to be an embedding of an orbifold if F is a topological 
embedding and the following conditions are satisfied for each q £ X and p = F(q) £ 
Y. 

(1) There exists an open subset V x C V* of the chart of q that is equi- 
variant and containing o q . 

(2) There exists a smooth embedding F q : V* — > V p Y of manifolds. 

(3) There exist a group isomorphism h pq : — > T p such that F q is h pq 
equi variant. 

(4) The map h pq restricts to an isomorphism (T q ) x — > (TY)^^ for any 
x£V*. 

(5) F q induces the map F\ Mv x /r x } : ^,(V£/rf ) -> ^(V^/rJ) C Y. 

Remark 9.4. (1) Note that in the above definition F q and h pq are required 
to exist for F to be an embedding of an orbifold, but they are not a part 
of the data which defines an embedding of an orbifold. In other words, two 
embeddings between orbifolds are equal if they coincide set theoretically. 
(Namely they coincide as maps between sets.) 

(2) In general, we need to be very careful to define the notion of morphisms 
between orbifolds. In fact a natural framework to define the category of 
orbifolds is that of 2 category. In other words, the correct notion to define 
is not two morphisms being the same but being equivalent. 

(3) On the other hand, as long as we use only effective orbifolds and embeddings 
in the above sense, we do not need to use 2 category. In fact, in such case 
orbifolds and embeddings between them can be studied in a similar way as 
the case of manifolds and embeddings between them. This simplifies the 
discussion significantly, especially when implementing the Kuranishi struc- 
ture in applications. Because of this, we use only embeddings of orbifolds 
and no other maps between them for the purpose of the study of Kuranishi 
structures. 

It is easy to see that the (set theoretical) composition of embeddings of orbifolds 
is an embedding of an orbifold. 

Remark 9.5. Let Z2 act on R 2 by (x, y) {—x, —y). The quotient space R 2 /Z2 
has a natural structure of orbifold. We regard one point {p} as a manifold and 
hence is an orbifold. The map which sends p to the equivalence class of (0, 0) is a 
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continuous map and is a topological embedding : {p} — > R 2 /Z2. But it is not an 
embedding of orbifold in our sense. In fact the isotropy group is not isomorphic. 

Definition 9.6. Two embeddings of orbifolds are said to be the same if they 
coincide set theoretically. 

An identity map is an embedding of orbifold. 

An embedding of an orbifold is said to be a diffeomorphism if it has an inverse 
(as set theoretical map) and if the inverse is an embedding of an orbifold. 

Suppose we have two orbifold structures on the same space X. We say they are 
the same if the identity is a diffeomorphism between two orbifold structures. 

An open set of an orbifold has an obvious orbifold structure. 

We say an embedding of an orbifold to be an open embedding if it gives a diffeo- 
morphism onto an open set of the target. 

Remark 9.7. We remark that the definition of two orbifold structures being the 
same we gave above is a straightforward generalization of the well-know definition 
in the case of manifold structures. We need to be careful if we try to generalize this 
definition to the case of Kuranishi structure. 

Remark 9.8. Sometimes orbifolds are defined in a slightly different way, as follows. 
Let X be a paracompact Hausdorff space and IJ^i = X be a locally finite cover. 
We consider homeomorphisms 

ipi-.Ui = Vi/Ti^Ui, 

where Vi is a smooth manifold and I\ is a finite group with smooth and effective 
action on Vi- We say that (Ui,ipi, Vi,Ti) defines an orbifold structure on X if the 
maps 

il>ji = ° ■ Un = C 1 ^') -> Uj (9.2) 
are open embeddings of orbifolds in the sense of Definition 19.61 for each 
It is easy to show that this definition is equivalent to Definition 19.11 

Various notions appearing in the theory of manifold, such as Riemannian metric, 
differential form, integration etc. can be generalized to the case of orbifold in a 
straightforward way. 

Definition 9.9 (orbibundle). Let AT be a paracompact Hausdorff space. Suppose 
we are given an orbifold structure ({(V P ,T P , ip p )}, {(V pq , (f> pq , h pq )}) on X in the 
sense of Definition 19.11 

A vector bundle on X (we call it an orbibundle sometimes also) is an orbifold £ 
together with a continuous map 7r : £ — > X and E p , (j) pq , ip p for each p or p, q such 
that the following holds. 

(1) E p — ► V p is a T p equivariant smooth vector bundle on a manifold V p . 

(2) ifipq : E q \v pq — > E p is an h pq equivariant bundle map over <j> pq , that is a 
fiberwise isomorphism. 

(3) ij)p : Ep/Tp — > n~ 1 (U p ) is a diffeomorphism of orbifolds such that 

Ep/Tp -i> n-^Up) 



Up > U } 

4> P 
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and 



(E g \vJ/r q 



Ep/Tp 



-> TT 



n-\U pq ) 

I 

^{Up) 



commute. Here </> is induced by 4> pq and U pq = ip q (Vp q /T q ). 

(4) The rank of the vector bundle E p is independent of p@ We call it the rank 
of our vector bundle £ . 

More precisely we say ((£, 7r), {(£p, ^p)}, {'/'pq}) is a vector bundle. Sometimes we 
say £ is a vector bundle etc. by an abuse of notation. 

Example 9.10. If X is an orbifold, its tangent bundle TX is defined as an orbi- 
bundle on X in an obvious way. 

We can define (Whitney) sum and tensor product of orbibundles in an obvious 
way. 

Definition 9.11 (Embedding of vector bundle). Let ((£ x , it), {(E*, {$p q }) 

and ((£ Y , n) , {(Ep , {$% q }) be vector bundles over orbifolds X and Y, respec- 

tively. Let F : X — > Y be an embedding of an orbifold. Then an embedding of a 
vector bundle F : £x — ► £y over F is an embedding of an orbifold such that the 
following holds in addition. 

Let q G X and p = F(q). Let V*, F q : V* -> V p Y , h^ q : Tf -> T Y be as in 
Definition 19.31 Then there exists an hK Q equivariant embedding of vector bundles 



F, 



pq 

E* | yx 



pq ■ ~q 

such that the following diagram commutes. 



El 



E q\v p x q /r* 



E Y plT Y 



->■ TT 



-\u, 



x ) 

pq) 



Here F_ pq is induced from F pq . 

Definition 9.12. (I) An embedding of a vector bundle F : £x — > £y is said 
to be an open embedding of a vector bundle if it is an open embedding as a 
map between orbifolds. 

(2) An isomorphism between vector bundles is an embedding of a vector bundle 
that is a diffeomorphism between orbifolds. 

(3) Two vector bundles on a given orbifold X is said to be isomorphic if there 
exists an isomorphism which covers the identity map between them. 

(4) If £ a a = 1, 2 are orbibundles over the same orbifold X and F : £\ — > £2 is 
an embedding of an orbibundle over the identity map, then we say £ 1 is a 
subbundle of £2. 



^This condition is automatic if X is connected. 
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(5) If E\ is a subbundle of £2, we can define the quotient bundle £2/ £2 in an 
obvious way. 

It is easy to see that the (set theoretical) composition of embeddings of orbibun- 
dle is an embedding of orbibundle. 

Remark 9.13. If two orbifold structures on X are the same, the notion of vector 
bundles on it is the same in the following sense. The isomorphism classes of vector 
bundles on one structure corresponds to the isomorphism classes of vector bundles 
on the other structure by a canonical bijection. The proof is easy and is left to the 
reader. 

Remark 9.14. Suppose a structure of orbifold on X is given by (Ui,ipi, V^Tj) as 
in Remark 19.81 Then we can define a vector bundle on it by (Ei,ipij) as follows. 

(1) Ei — > Vi is a Ti equivariant vector bundle. 

(2) Let ipjt = ipr 1 o ^ : U jt = ^(Uj) Uj be as in (03). Then 

be an open embedding of vector bundle in the above sense. 
It is easy to see that this definition is equivalent to Definition 19.91 

Lemma 9.15 (Induced bundle). Let F : X — > Y be an embedding of an orbifold 
and £ Y be a vector bundle on Y . Then there exists a vector bundle £ x on X with 
the same rank as £ Y and an embedding of an orbibundle F : £ x — > £ Y which covers 
F. 

(£ x , F) is unique in the following sense. If (£ x ,F a ), a = 1,2 are two such 
choices, then there exists an isomorphism of vector bundles I : £ x £ x such that 
it covers identity and satisfies F% o I = Fx. 

The proof is easy and is left to the reader. We call £ x the induced bundle and 
write F*£ Y . In the case X is an open subset of Y, £ x = F*£ Y is called the 
restriction of £ Y to X. 

Remark 9.16. When we consider a map between orbifolds which is not an em- 
bedding, the induced bundle may not be well-defined. 

Example 9.17. If F : X —> 7 is an embedding of an orbifold, it induces an 
embedding of orbibundles dF : TX — » TY between their tangent bundles in an 
obvious way. Therefore TX is a subbundle of the pull back bundle F*TY . 

Definition 9.18. If F : X —> Y is an embedding of an orbifold, the normal bundle 
N X Y is by definition the quotient bundle F*TY/TX. 

Remark 9.19. We can prove tubular neighborhood theorem in an obvious way. 
Namely NxY as an orbifold is diffeomorphic to an open neighborhood of F(X) in 
Y. The proof is similar to the proof of tubular neighborhood theorem for manifolds. 

Finally we mention two easy lemmas about gluing orbifolds or orbibundles by a 
diffeomorphism or an isomorphism. 

Let X, Y be orbifolds and Uyx C X be an open set. Suppose F : Uyx —> Y is 
an open embedding of orbifolds. 

We define an equivalence relation ~ on the disjoint union I'Ul' by the following. 
We say x ~ y if and only if 
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(1) x = y, or 

(2) x e Uxy and y e Y and y = F(x), 

(3) y G Uxy and x <EY and x = F(y). 

Let X Up y be the set of equivalence classes equipped with quotient topology. 

Lemma 9.20. If X Up Y is Hausdorff, it has a structure of an orbifold such that 
the maps 

X^XU F Y, Y^XU F Y (9.3) 
which send x £ X (resp. y Y ) to its equivalence class are open embeddings of 
orbifolds. 

The proof is easy and is left to the reader. 

Remark 9.21. One needs to be very careful when trying to generalize Lemma r9.20l 
to uneffective orbifolds. 

Lemma 9.22. In the situation of Lemma \9.20\ we assume in addition that we are 
given two orbibundles £ x over X and £ Y over Y with the same rank. Suppose 
furthermore that F is covered by an open embedding F : £ x \u YX — ► £ Y of an 
orbibundle. Here £ x \jj yx is the restriction of an orbibundle. 

Then there exists a structure of orbibundle on £ x Up£ Y together with embeddings 
of orbibundles 

£ x ->£ x U P £ Y , £ Y ^£ X U P £ Y 
which cover the maps in 19.3\) . 

The proof is easy and is left for the reader. 
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Part 3. Construction of the Kuranishi structure 1: Gluing analysis in 
the simple case 

In this part we give detailed proof of the gluing analysis (or stretching the neck) of 
the pseudo-holomorphic curve with node, and also decay estimate of the exponential 
order with respect to the length of the neck. This analysis implies the smoothness 
of the Kuranishi chart at infinity. In Part [3] we discuss a simple case where we 
have two pseudo-holomorphic maps from stable and irreducible curves joined at 
one point. The general case will be discussed in the next Part. 

10. Setting 

We will describe the general case in Part 01 To simplify the notation and clarify 
the main analytic point of the proof we prove the case where we glue holomorphic 
maps from two stable bordered Riemann surfaces to (X, L) in this section. 

Let £j be a bordered Riemann surface with one end. (i = 1, 2.) We assume that 
there are compact subsets Kf C Si such that Sj \ Ki are half infinite cylinders. For 
T > 0, we put coordinates [— 5T, oo) x [0,1], resp. (— oo,5T] x [0,1] on E, \ K, t , 
i = 1, 2, respectively. We identify their ends as follows. 

Ei = K! U ((-5T,oo) x [0,1]), 

(10.1) 

E 2 = ((-oc,5T)x [0,1]) UK 2 . v ' 

Here Ki are compact and ±oo are the ends. We put 

E T = K x U ((-5T, 5T) x [0, 1]) U K 2 . (10.2) 

We use r for the coordinate of the factors (— 5T, oo), (— oo, 5T), or (— 5T, 5T) and 
t for the coordinate of the second factor [0, 1]. 

Let X be a symplectic manifold with compatible (or tame) almost complex 
structure and L be its Lagrangian submanifold. 

Let 

Uii<Pi,d2i)->{X,L), i = l,2 
be pseudo-holomorphic maps of finite energy. Then, by the removable singularity 
theorem that is now standard, we have asymptotic value 

lira ui(r,i) e L (10.3) 

T — ^OO 

and 

lira u 2 (T,t) e L. (10.4) 

T— V — OO 

The limits (|10.3|) and (|10.4|) are independent of t. 

We assume that the limit (|10.3j) coincides with (|10.4j) and denote it by po G L. 

We fix a coordinate of X and of L in a neighborhood of po. So a trivialization 
of the tangent bundle TX and TL in a neighborhood of po is fixed. Hereafter we 
assume the following: 

Diam(ui([-5T,oo) x [0, 1])) < ei, Diam(u 2 ((-oo, 5T] x [0, 1])) < e x . (10.5) 

The maps it, determine homology classes ft = [it,] G H2(X,L). 
We take K° bst a compact subset of the interior of Ki and take 

Ei C T{K° hst -u*TX ® A 04 ) (10.6) 

a finite dimensional linear subspace consisting of smooth sections supported in 

j^obst 
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For simplicity we also fix a complex structure of the source The version 
where it can move will be discussed in Part |H We also assume that Sj equipped 
with marked points z, is stable. The process to add marked points to stabilize it 
will be discussed in Part [4] also. Let 

D Ut d : Ll^sii^d^u^TX^^TL) ^ Ll^ f ,u*TX A 01 ) (10.7) 

be the linearization of the Cauchy-Riemann equation. Here we define the weighted 
Sobolev space we use as follows. 

Definition 10.1. f [FOOOH Section 7.1.3]J|Let L 2 m+1 >loc {{Z u <9£ 4 ); u*TX; u*TL) 
be the set of the sections s of u*TX which is locally of L^ 1+1 -class, (Namely its 
differential up to order m + f is of L 2 class. Here m is sufficiently large, say larger 
than 10.) We also assume s(z) £ u*TL for z £ 

The weighted Sobolev space L 2 n+1 f ((Ei, dT,i);u*TX, u*TL) is the set of all pairs 
(s, v) of elements s of L 2 m+1 ioc ((£;, u*TX; u*TL) and v £ T po L, (here p £ L 
is the point (fTUUl) or dTTIi)) ) such that 

m+l r. 

V/ e 5|T±5T| |V fc (s~Pal(w))| 2 < oo, (10.8) 

fc=0 JT,i\Ki 

where Pal : T pa X — > T u .r Tjt \X is defined by the trivialization we fixed right after 
(|10.4p . (Here ± is + for i = 1 and — for i = 2.) The norm is defined as the sum of 
(|10.8p . the norm of v and the L 2 n+1 norm of s on Ki. (See (|11.8|) .) 

L 2 m u*TX ® A 01 ) is defined similarly without boundary condition and with 
out v.' (See {XDUJ).) 

When we define D Ui 9 we forget w component and use s only. 

Remark 10.2. The positive number S is chosen as follows. (|10.3j) and a standard 
estimate imply that there exists Si > such that 

(T,t)<C k e- s ^ (10.9) 

for any fc. We choose S smaller than <5i/10. (jl0.9j) implies 

(£> Ui a)(Pal(t;)) < C k e- S ^' w . 
Therefore (JTUTTJ) is defined and bounded. 

It is a standard fact that (|10.7j) is Fredholm. 
We work under the following assumption. 

Assumption 10.3. 

Du~B : L£, +v ((Ei, 3Si); u*TX, u*TL) L 2 m J^; u*TX ® A 01 )/^ (10.10) 

is surjective. Moreover the following (|10.12|) holds. Let (D Ui d)~ 1 (Ei) be the kernel 
of ([TUTO)) . We define 

Dev it00 : i^ n+i 5 ((x u dUi); u*TX, u*TL) -»■ T po L (10.11) 

by 

-Dev i:00 (s, u) = i>. 




In |FOOOll space is used in stead of space. 
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Then 

Dev lj00 - Dev2^ ■ {D Ul dy 1 {E 1 ) © {D U2 d)- 1 (E 2 ) -► T po L (10.12) 

is surjective. 

Let us start stating the result. Let 

v! : (£ T , 9S t ) -> {X, L) (10.13) 

be a smooth map. We consider the following condition depending e > 0. 

Condition 10.4. (1) u']^ is e-close to Ui\Ki in C 1 sense. 
(2) The diameter of u'([-5T, 5T] x [0, 1]) is smaller than e. 

We take e 2 sufficiently small compared to the 'injectivity radius' of X so that 
the next definition makes senseQ For v! satisfying Condition 110.41 for e < e 2 ■ 

I u , : E, -> T(S T ; {u'YTX <8> A 01 ) 

is the complex linear part of the parallel translation along the short geodesic (be- 
tween Ui(z) and u'(z). Here z e K° hst ). We put 

B l (u / )=/»'(^). (10.14) 

The equation we study is 

du' = 0, mod E x {v!) ffi £ 2 (u')- (10.15) 

Remark 10.5. In the actual construction of Kuranishi structure, we take several 
itj's and take E^s for each of them. Then in place of Ei(u') © E2(u') we take sum 
of finitely many of them. Here we simplify the notation. There are not so many 
differences between the proof of Theorem llO.lOl and the corresponding result in case 
we take several such ttj's and E^s. See |Fu6( pages 4-5] and Section [191 

Theorem 110.101 describes all the solutions of (|10.15[) . To state this precisely we 
need a bit more notations. 

We consider the following condition for : (Ej,t?£j) — > (X,L). 

Condition 10.6. (1) ^|k< is e-close to Ui\K t in C 1 sense. 

(2) The diameter of u[{[-5T, 00) x [0,1]), (resp. u' 2 ((-oo,5T}) x [0,1])) is 
smaller than e. 

Then we define 

I K : E l ^r(Z l ;(u' l )*TX®A 01 ) 

by using the parallel transport in the same way as . (This makes sense if v! i 
satisfies Condition 110.61 for e < e 2 .) We put 

E i {u\)=I < {E i ). (10.16) 

So we can define an equation 

du'i = 0, mod Ei(Ui). (10.17) 

^More precisely, we assume that 

{(x, y) G X X X I d(x, y) < e 2 } C E{{{x, v) e TX \ \v\ < e}), 

where E : {(x, v) £ TX \ \v\ < e} — ¥ X is induced by an exponential map of certain connection of 
TX. See (11.12^ . 
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Definition 10.7. The set of solutions of equation (|10.17p with finite energy and 
satisfying Condition 110.61 for e = e 2 is denoted by A4 Ei ((Ei, zf); fii)e 2 - Here ft is 
the homology class of Ui- 

Remark 10.8. In the usual story of pseudo-holomorphic curve, we identify Ui and 
v! i if there exists a biholomorphic map v : (Ej, z*i) — > (Ej, z*i) such that v! i — o u. 
In our situation where Ej has no sphere or disk bubble and has nontrivial boundary 
with at least one boundary marked points (that is t = ±00), such v is necessary 
the identity map. Namely Ej has no nontrivial automorphism. 

The surjectivity of (110. lip . (|10.12p and the implicit function theorem imply 
that if e 2 is small then there exists a finite dimensional vector space Vi and its 
neighborhood Vj of such that 

M E ' ((T^i, z^; /3 l ) e2 = Vi. 

Since we assume that E, is nonsingular the group Aut((Ej, Zi),u,i) is trivial. (In 
the case when there is a sphere bubble, the automorphism group can be nontrivial. 
That case will be discussed later.) 

For any pi £ Vj we denote by uf 1 : (Ej, 9E,) —> (X, L) the corresponding solution 
of (fTUTTD . 

We have an evaluation map 

ev^oo : M E '{{T l i,Zi);f3 l ) < : 2 -> L 

that is smooth. Namely 

eVj )0O (u-) = lim u'AT,t). 

r— f ±00 

(Here ± = + for i = 1 and — for i = 2.)@ We consider the fiber product: 

X Bl ((Si,2i);/Si)e 2 x L X B2 ((E 2 ,z 2 );/3 2 ) £2 . (10.18) 
The surjectivity of (|10.12p implies that this fiber product is transversal so is 

Vi x L V 2 . 

And an element of V± V% is written as p — (pi,p 2 )- 

Definition 10.9. Let /3 = fii + fa- We denote by M El+E ' 2 ((E T , z); f3) e the set of 
solutions of (|10.15p satisfying the Condition 110.41 with e 2 = e. 

Theorem 10.10. For each sufficiently small £3 and sufficiently large T, there exist 
£i, e 2 and a map 

Glu T :X £l ((£i,zi);/3i) e2 x L X £2 ((E 2 ,f 2 );/? 2 ) £2 ^X £l+£2 ((E T ,z);/3) ei 

i/iat is a diffeomorphism to its image. The image contains M El+E2 ((^ T , z); /3) C3 . 

The result about exponential decay estimate of this map is in Section [T51 (The- 
orem EEl) 



This is a consequence of the fact that Ui is pseudo-holomorphic outside a compact set and 
has finite energy. 
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11. Proof of Theorem 110. 101 : 1 - Bump function and weighted 

sobolev norm 

The proof of Theorem 1 10. 101 was given in [FOOOll Section 7.1.3]. The exponen- 
tial decay estimate of the solution was proved in FO OOll Section A1.4] together 
with a slightly modified version of the proof of Theorem 110.101 Here we follow the 
proof of |FOOOl| Section A1.4] and give its more detail. As mentioned there the 
origin of the proof is Donaldson's paper |D2j , and its Bott-Morse version in jFulj . 

We first introduce certain bump functions. First let At C St and Bt C St be 
the domains defined by 

A T = [-T-l,-T+l] x [0,1], B T = [T-l.T+l] X [0,1]. 

We may regard At , Bt C Sj . The third domain is 

X = [-1,1] x [0,1] c S T . 

We may also regard X C S,-. 

Let Xa' Xa k e smooth functions on [— 5T, 5T] x [0, 1] such that 



We define 



XZ(T,t) = { (11.1) 

1^0 t>— T + l. 
X^ = 1 -Xa- 

T 1 _ 1 

(11.2) 





Xx(r,t) = { n ^ , (11.3) 



We define 



We extend these functions to St and S; (i = 1, 2) so that they are locally constant 
outside [— 5T, 5T] x [0, 1]. We denote them by the same symbol. 

We next introduce weighted Sobolev norms and their local versions for sections 
on St or Sj as follows. 

We define : S, — > [1, oo) of C°° class as follows. 

r =e 5|r+5T| ifT> l_ 5T 

ei, 5 (r,t)| = l on if! (11.4) 

[e[l,10] ifr<l-5T 

r =g 5|r-5T| ifr<5r _ 1 

e v (r,t)| = l on^ 2 (11.5) 

I G [1,10] ifr>5T-l 
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We also define er,s ■ St — > [1, oo) as follows: 

= e s \ T - 5T \ if 1< r < 5T - 1 

= e*l r + 5T l if -1 > r > 1 - 5T 

eT,<s(T, t) { = 1 on Ki U K 2 

e[l,10] if \t- 5T| < 1 or \t + 5T| < 1 

_G [e 5T VlO,e 5T5 ] if|r|<l. 

The weighted Sobolev norm we use for L 2 ^ 5 (Sj; u*TI <g> A 01 ) is 



(11.6) 



s 7.2 



/ e„ d -|V fe S | 2 vol El . 

fc=0 s » 

For («,») e L;^. M ((Ei,5Ei);uJTJr,«jrL) we define 

m+l . 

HMllK 15 = E / i vfcs i 2vo1 ^ 

k=0 JK * 
m+l „ 

V / e^|V fc ( S -Pal( V ))| 2 vol Ei 



(11.7) 



(11. 



We next define a weighted Sobolev norm for the sections on St- Let 
* G £ 2 „ + i((St,S£t);w*TX, u*TL). 

Since we take m large, s is continuous. So s(0, 1/2) G r u m,i/2)^ is weu defined. 
There is a canonical trivialization of TX in a neighborhood of po that we fixed right 
after (|10.4p . We use it to define Pal below. We put 

m+l „ m+l 



J2 / |V fc S | 2 vol Sl + J2 / |V fc S | 2 vol S2 



rn+1 



eT,5|V fc (s-Pal(s(0,l/2)))| 2 vol Sl 



(11.9) 



For 

we define 



fc=0 -/[-5T,5T]x[0,l] 
S (0,l/2)|| 2 . 

s e L^,((Sr, dY, T );u*TX ® A 01 ) 



s 7.2 



m „ 

£ / eT, 5 |V fc S | 2 vol Sl . 



(11.10) 



These norms were used in FOOOl, Section 7.1.3]. 

For a subset W of Si or St we define ||s|| L ^ 4 (wcEi)> IMU^ a (wcs T ) by restrict- 
ing the domain of the integration til 1 . 10[) or (jll.9l) to W. 

Let (sj,Vj) G J L 2 l+1(5 ((I] l ,aS. i );<TA,<Ti) for j = 1,2. We define the inner 
product among them by: 



(((si,vi), (s2,u 2 ))) i 3 = / (si - Pal«i,s 2 - Palu 2 ) 



+ / (si,s 2 ) + (fl,U 2 ). 
JKi 



(11.11) 
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t=0 



We also use an exponential map. (The same map was used in }FOOQl| pages 
410-411].) We take a diffcomorphism 

E = (Ei,E 2 ) : {(x,v) € TX \ \v\ < e} X x X (11.12) 

to its image such that 

dE 2 {x,tv) 
Ei{x,v)=x, — 

and 

E(x, v) e L x L, for x E L, v e T X L. 
Furthermore we may take it so that 

E(x,v) = (x,x + v) (11.13) 

on a neighborhood of po. 

To find such E, we take a linear connection V (that may not be a Levi-Civita 
connection of a Riemannian metric) of TX such that TL is parallel with respect to 
V. We then use geodesic with respect to V to define an exponential map. We then 
define E such that t h-> E%{x, tv) is a geodesic with initial direction v. Note that we 
may take V so that in a neighborhood of po it coincides with the standard trivial 
connection with respect the coordinate we fixed. (|11.13[) follows. 

12. Proof of Theorem 110.101 : 2 - Gluing by alternating method 

Let us start with 

u" = «\uf) eA^ El ((Ei,zi);A) £! x L X B2 ((E 2 ,z 2 );/3 2 ) £2 . 

Here pi £ Vi and the corresponding map (Si, <9£i) — > (X, L) is denoted by . Let 
P = ifii,p2)- We put 

p p = lim ztf(-r,t) = lim uf(r,t). 



Pregluing: 

Definition 12.1. We define 

X^K 1 -f P )+X^«-P P )+f P on[-5T,5T]x [0,1] 
t4ft« = 4< oniCi (12.1) 



on if 2 . 



Note that we use the coordinate of the neighborhood of po to define the sum in 
the first line. 

Step 0-3: 

Lemma 12.2. If 5 < 5i/10 then there exists e^ T ( ) G smc/i </iai 

P U T,(0) ~ e UT,(0) " e 2,T,(0) h 3 miS < C l,me~ &T . (12.2) 

Moreover 

W e i,T,(0)\\L 2 m (K*) < £ 4,™- ( 12 - 3 ) 

Here e^ m is a positive number which we may choose arbitrarily small by taking Vi 
to be a sufficiently small neighborhood of zero in Vi . 
Moreover t P T , Q s is independent of T . 
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Proof. We put 

«i,T,(o) =du? £ E { . 

Then by definition the support of du p T ^ — e p T ^ — z p 2 T is in [— 5T, 5T] x [0, 1]. 
Moreover it is estimated as (112.21) . □ 

Step 0-4: 

Definition 12.3. We put 

ElT l,T,(0) = "X?x(® U T,(Q) ~ e i,T,(0))' 
Err 2,T,(0) = X# (#"r,(0) ~ e 2,T,(0))- 

We regard them as elements of the weighted Sobolev spaces l? m 9Ei); (u^'TJiS 

A 01 ) and L^ )5 ((S2,9S 2 ); (^)*TX®A M ) respectively. (We extend them by out- 
side a compact set.) 

Step 1-1: We first cut utj, and extend to obtain maps u P T , Q -> : (Sj,9Sj) — > 
(X, L) (i = 1, 2) as follows. (This map is used to set the linearized operator (|12.5JI .) 

"l,T,(0)( 2 ) 

' X %{T-T,t)u p T{Q) {T,t)+xg (r-T,t)pP if z = (r,t) G [-5T,5T] x [0,1] 

M^ (Q) (z) ifzG-ffi 

(p p if 2 € [5T,oo) X [0,1]. 

^2,T,(0)( Z ) 

fx^(T + T,04, (0) (r,t)+xJ(T + r,tK ifz = (r,t)e [-5T,5T]x [0,1] 

Lt^ (Q) (z) if z G AT 2 

3^ if 2 G (—oo, — 5T] X [0, 1]. 

(12.4) 

Let 



^^a:^,^^,^^;^^)^^^^)*^) 

(12.5) 



^i^(S i; (^ Ti(0) )*TX®A 01 ) 
be the linearization of the Cauchy-Riemann equation. 
Lemma 12.4. We put Ei — Ei(u p iT / Q A We have 

Im(D KT (o d) +E i = Ll iS (Zi; (^ r(0) )*TX ® A 01 ). (12.6) 

Moreover 

Devi.oo - Dev 2 , 00 : (D^^gj- 1 ^) 8 (A^S)" 1 ^) -> T pP L (12.7) 
is surjective. 

Proof. Since u P T ^ is close to m in exponential order, this is a consequence of 
Assumption 110.31 □ 
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Note that Ei(u'j) actually depends on u^. So to obtain a linearized equation of 
(|10.15[) we need to take into account of that effect. Let Hem.) be the projection 
to Eifa'j) with respect to the L 2 norm. Namely we put 

dim Ei 

U E i (u>M)= Yl iA,eiAO))L*{K^i,a{<), (12-8) 
a=l 

where e^, a = 1 , . . - , dvaxE^u^) is an orthonormal basis of Ei(u'j) which are sup- 
ported in Ki. 
We put 

{D u ,Ei){A,v) = ^(n E4(EK>TO)) (^))| s=0 . (12.9) 

Here v G T((£ i ,dT, i ),(u' i )*TX,(u' i )*TL). (Then E«,su) is a map (S 2 ,aS 4 ) -> 
(X,L) defined in (HLH).) 

Remark 12.5. We use an isomorphism 

r(S,; E(u'i, sv)*TX ® A 01 ) = r(E i; (uJ)*TJC <g> A 01 ) (12.10) 

to define the right hand side of (|12.9[) . The map (|12.10[) is defined as follows. Let 
z e £». We have a path r E(u^(2;), rsw(z)) joining m-(z) to E(u-,sv)(z). We use 
a connection V such that TL is parallel to define a parallel transport along this 
path. Its complex linear part defines an isomorphism (jl2.10[) . 

We note that the same isomorphism (|12.10[) is used also to define D u > d. Namely 

(D u ^)(v) = -f(dE(u' i ,sv))\ s=0 
as 

where the right hand side is defined by using (112. 10p . 
We put 

Ili i{u , ) (A) = A-Il EiK) (A). 
The equation (|10.17[) is equivalent to the following 

n^ K )**J = °- ( 12 - n ) 

We calculate the linearization 

d — 

7T n ^(E(«', s v)) 5E K> s ^)) 

to obtain the linearized equation: 

D U ^(V) - (Du'EiXdu'i, V) = mod (12.12) 

We note that 

^"i,T,(0) _ Z i,T,{0) 

is exponentially small. So we use the operator 

V * D < T , m d W ~ (D^E^ ^V) (12.13) 
as an approximation of the linearization of (|12.11[) . 
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Lemma 12.6. We put E.- L = E; L (u p iT , Q >). We have 

;,T,(o)' ')) + = ^m.av^" V"i,t,(o) 



Imp- ,„ - (ZV £*)«t ,„,,-)) + ^ = L 2 m A^, (u p (0) )*TX ® A 01 ). 



(12.14) 

Moreover 

£>ev ll00 -£tev 2|00 : P fi?T (0 5- . Ti(q) ^i)(<t, ( o). O) -1 ^) 
is surjective. 

Proof. (|12.3[> implies that [D^p^ ^ ^i)(^it(o)'') ^ s sma ^ m operator norm. The 
lemma follows from Lemma 112.41 □ 

Remark 12.7. Note that (|12.3I) is proved by taking Vi in a small neighborhood 
of (in V^) with respect to the C m norm. (Note C M E ' ((£,, Zj); /3 4 ) e2 and Vj 
consists of smooth maps.) However we can take V% that is independent of m and 
the conclusion of Lemma 112.61 holds for m. In fact the elliptic regularity implies 
that if the conclusion of Lemma 1 1 2 . 61 holds for some m then it holds for all m! > m. 
(The inequality (|12.3|) holds for that particular m only. However this inequality is 
used to show Lemma 112.61 only. ) 

We consider 

Ker(L>evi !00 - L>ev 2j00 ) 
n (S D K,t,J- ^U^Kt,^')))" 1 ^) (12.16) 

This is a finite dimensional subspace of 

2 

Ker(Dev ll00 - Dev 2 ^) n ^„ +M ((£„ 5E,); (^ r(0) )*TX, (< T (0) )*TL) 

i=l 

(12.17) 

consisting of smooth sections. 

Definition 12.8. We denote by S^{E\,E^) the intersection of the I? orthogonal 
complement of (|12.16l) with (I12.17[) . Here the L 2 inner product is defined by (111. lip . 

Definition 12.9. We define (V^ 1 (1 ^,V^ 2 Ap^ fl J as follows. 



,(1)' 'T,2,(l)> ^T,( 1 ) ; 



^f.T.(o, fl )( V T,i,(i))-Paf, Ti(G) ^)(<r,(o).^F,i,(i)) 

+ E <T,(0) G ^(<T,(0))- 
— -oo(^p j2 ,(l)) = ^Pt,(X) 



(12.18) 



J Dev 00 (V^ 1(1) ) - Dev-oo^^y) = Ap p T{l) . (12.19) 
Moreover 

Aj4 >(1) ), (^3 i(1) , Aj4 i(1) )) e £ 2 ). 

Lemma 112.61 implies that such (V£ 1 n),V^ 2 mjAjjj,/.^) exists and is unique. 
Lemma 12.10. If S < <$i/10, tfien 

IK^dj.A^^)!]^ p; 4) < C 2 , m e- 5T , |A^ (1) | < C 2 , m e- 5T . (12.20) 
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This is immediate from construction and the uniform boundedness of the right 
inverse of ZX-.p d — (D.~,p Ei)U p „ , •). 

U i,T,(0) ^ i,T,(0) > y «,T,(0)' ' 

Step 1-2: We use (V£ 1 V£ 2 Ap p to find an approximate solution u p ^ 
of the next level. 

Definition 12.11. We define ,^{z) as follows. (Here E is as in (|11.12p .) 



(1) If z 6 Ki, we put 

(2) If z g K 2 , we put 



T,(l) 



(2) = E(u: 



2,T,(0) 



W.i? A (i)W). 



(3) If z = (t, t) e [-5T, 5T] x [0, 1], we put 
«T,(i)( T >*) =Xs fo*) 0^,1,(1) ( r >*) - Ap^ (1) ) 



+ X^( T ^)(^T,2,(l)( T ' f ) ~ A ^T,(1)) + U T,(0)( T ' < ) + A ^T,(1)- 



(12.21) 
(12.22) 

(12.23) 



We recall that 



x(0) (z) = u^ (f)) (z) on Ki and M2,t,(o)( z ) = u t,{o)( z ) 011 ^2- 



T,(l) ( e i,T,(0) + e i,T,(l)) ( e 2,T,(0) + e 2,T,(l))lli^ i5 < Cl,mM e 5,me 



-<5T 



Step 1-3: Let < /i < 1. We fix it throughout the proof. 

Lemma 12.12. There exists 82 such that for any 8 < 82, T > T(5,m,e5 jm ) there 
exists t p T ,jn € £"i ot^/i i/ie following properties. 

\\Bu p Tm - « iTi(0) + ef jTj(1) ) - (e p 
(Here Ci, m is £/ie constant given in Lemma \l2.2[ ) Moreover 

Proof. The existence of e^ T ^ satisfying 



(12.24) 



',(1) ( e i,T,(0)^~ e i,T,(l)) ( e 2,T,(0)^' e 2,T,(l)-'ll L m.5( i <"i u - R "2CST) < Cl,mM £ 5,me /10 

is a consequence of the fact that (|12.12|) is the linearized equation of (| 12 . 1 1 f) and 
the estimate (|12.20l) . More explicitly we can prove it by a routine calculation as 
follows. We first estimate on K\. We have: 



(0)' V T,1,(1) 



)) 



1 



9(E« T(0) ,0))+ / —„d(E(u p T(ovS V p 1(1) ))ds 



ds 



to)- 



9(E« x(0) ,0)) + (D i;T(o) 9)(^ li(1) ) 

Iq dr 2 



(12.25) 



+ 



ds 



d(E(u p 1TM ., 



rV p 1(1) ))dr. 



We remark 



1 f s d 2 - 
dS J, dr^ d{E ^r : 



rV p 
(0)' ' V T,1,(1) 



))dr 



(12.26) 



< C '3,m||V r ^ li(1) |||2 i+i s < C. 



-2ST 
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We have 

n 



^W.T.m.^d))) 

_L 



n 



B 1«,T,(0)) 



< o g- s U E t (E(u^ {oy sVl 1{1) )) ds 



n 



(12.27) 



d 2 



:II7 



(0)'' 'T,l,(l)' 



We can estimate the third term of the right hand side of (|12.27[) in the same way 
as in (|12.26j) . 

On the other hand, (I12.25[) implies that 



,T,(0)' K T,1,(1) 



"1,T,(0) 



-ST 



(12.28) 



Therefore, using (j!2.27|) and (|12.20[) . we have 

n Si(E(^ iT>(0) ,V^ 1-(1) ))^( E K,T,(0)' ^,1,(1))) 
n Bl(flf (Ti(0) ,0) 9 ( E ("l,T,(0)'^T,l,(l))) 

n ^i( E K t ro)'^ i (1) ))( e i,T,(o)) + n ^iK. T (0) ,o)( e i : 



T,(0)> 



< C 7 , m e' 



-2<5T 



Therefore using (|12.27l) we have: 

ll n B 1 (E(^ r(0 ),y^ 1 _ (1) ))^( E K,r,(o)' F T,i,(i))) 

- n Si(fiP T(0) ,0) 9 ( E (^l,T,(0)'^T,l,(l))) 

+ (^. T ,o ) ^)(<T,(0)^T,l,(l))ll^(^) < Cs,™^ 2 ^. 

By (|12.18l) and Definition [T231 we have: 

a(E« )T)(0)) o)) + (i? <T _ (o) a)(^ )1)(1) ) 

- (% T , (o) - E l)«,r i (0). l T,l,(l)) € S l(«l,T,(0)) 

on K\. 

|gZ5D| and (IT2"3T|) imply 



(12.29) 



(12.30) 



(12.31) 



in 



B i( E ( 1 ',T,( D ). V ?, IlW )) a ( E KT,(0)' l T,l,(l))' 



n B 1 («5', r((0) ,0) 5 ( E ("l,T,(0)'^T,l > (l))) 

+ n ^K, T , (ov o)^( E KT,(o)'°)) 

+ ni lKr o)(^, T , (0) 9)(^ P 1 , (1) )ll^(A' l) < c 9)i 



(12.32) 



-2ST 



Combined with (|12.25|l and (|12.26|) . we have 

'i:,(E(^ , 0) ,V£ (1) ))( a ( E ("l,T,(0)' y T,l,(l))))IU^(^i) 



linf 



',(0)'T,1,(1)' 
-2<5T ^ ^ „-<ST, 



(12.33) 



for T > T m if we choose TL so that C 



io, me 



-<5T„ 



< Ci m/io. 
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It follows from (|12.28|) and (|12.33|t that 

ll n Ei(B(af iT>(0) ,v^ (1 , (1) ))(^( e ("i,t,(o)' ^,1,(1))) ~ e i,T,(o)lli&(#0 - c U-,™e~ ST - 
Then (|12.24|l follows, by selecting 

e i,T,(l) = n Ei{E(< |Ti(o) ,y T ' |li(1) ))i E (' i 'T,(0}' l T,l,(l)) _ e i,T,(0))- 

The estimate on is the same. 

Let us estimate du T ,^ on [— T + 1,T — 1] x [0, 1]. The inequality 

H^ M T,(l)ll^ 5 ([-T+l,T-l]x[0,l]C£ T ) < Ci^ m ^5,me~ ST /10 

is also a consequence of the fact that (112.12[) is the linearized equation of (|12.11[) 
and the estimate (|12.20[) . (Note the bump functions Xg~ an d Xa are = 1 there.) 
On At we have 

du p TXl) = d(xZ(yr M1) ~ Ap T {1} ) + V£ M1) + u T {0) ). (12.34) 

Note 

\\9(Xa Ot,2,(i) ~ a P t ,(i))WlUAt) < C 3,me- 6T5 \\V£ U1) - Ap T (1) \\ L 2 m+i s{ATCS2) 

The first inequality follows from the fact the weight function e^.s is around e eTS 
on At- The second inequality follows from (|12.20j) . On the other hand the weight 
function ct.s is around e iTS at .At0 Therefore 

\\9(Xa(Vtmi) ~ ^Pt M ))WlI^(At^t) < Ci 3 , m e- 3TS . (12.35) 

Note 

Err 2,T,(o) = 

on At- Using this in the same way as we did on K\ we can show 

P(^T,i,(i) + 4(0))H^, a (^xC^) < C hm e~ ST e 5 ^/20 (12.36) 

for T > T m . Therefore by taking T large we have 

11*4,(1) IU^CAtCSt) < C!. m iJ,£ b . m e- ST /10. (12.37) 

(Note that the almost complex structure may not be integrable. So the almost 
complex structure may not be constant with respect to the flat metric we are 
taking in the neighborhood of pq. However we can still deduce (|12.37|) from (|12.36l) 
and (dSSSl).) 

The estimate on B T and on ([-5T, — T — 1]U [T+ 1, 5T]) x [0, 1] are similar. The 
proof of Lemma [12TT2] is complete. □ 

Step 1-4: 

Definition 12.13. We put 

Err i,T,(l) = Xx{d u T ,(l) ~ ( e i,T,(0) + e i,T,(l)))' 
Err 2,T,(l) = Xx(^ U T,(l) ~ ( e 2,T,(0) + e 2 : T : (l)))- 



^This drop of the weight is the main part of the idea. It was used in FOOOl, page 414]. See 
IFOOOll Figure 7.1.6]. 
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We regard them as elements of the weighted Sobolev spaces Z^^Ei; (u p T ^)*TX® 
A 01 ) and L^ 5 (S 2 ; {u p 2 T ,^)*TX® A 01 ) respectively. (We extend them by outside 
a compact set.) 

We put p p {1) = P p + Ap p T {1} . 

We now come back to the Step 2-1 and continue. In other words, we will prove 
the following by induction on k. 



p p 

U T,(k.) ~ U T,(0) 



Err p 

rjII i,T,(«) 



L m( K i het ) 



k-X„-ST 



< C 2 , m fi K L e 



-l -ST 



< C 



14, me 



-ST 



(12.38) 

(12.39) 
(12.40) 

< C 1 , m e 5 , m /i K e- 5T , (12.41) 

< Ci5, m /i K_1 e _<5T , for k > 1. (12.42) 



Remark 12.14. The left hand side of (|12.40j) is defined as follows. We define , K s 
by u p T — E(u p f K _xyV^ ( K j)- Then the left hand side of (|12.40j) is 

ll U T ) (K)lli^ + i, S ((ST,9S T );« >(K _ 13 )*TX,« ()i _ 1) )*Ti)- 

More precisely the claim we will prove is: for any t^^ m we can choose T m so that 
(|12.38l) and (|12.39l) imply (|12.41l) and qi2.42[) for given T > T m , and we can choose 
e 5 , m so that (|12.41l) and (|12.42[) for k implies (|12.38p and (|12.39j) for « + 1. (It is 
easy to see that (|12.38l) and (|12.39|) imply (|12.40|l .) 

Below we describe Steps k-1,. . . ,k-4. 

Step k-1: 

We first cut u^, / K _i) an d extend to obtain maps u P T ^ K _ 1 ^ : (S,-,9E^) — > (X,L) 
(i = 1, 2) as follows. 

■"i,t,(k-i)( z ) 

Xg"(r - T, (r, *) + X?(r - T, t)j^_ 1} if z = (r, t) G [-5T, 5T] x [0, 1] 

«_«(*) ifze^i 

if z G [5T,oo) x [0,1]. 

X^(t + T, t)< )M (T, t) + x'a (r + T, t)p[ K _ x) if z = (t, i) G [-5T, 5T] x [0, 1] 
u T,( K -i)( z ) if z e K 2 



■*T,(k-1) 

,Pt,(k-i) 



T,(«-l) 



if ze (-oo,-5T] x [0,1]. 

(12.43) 



Let 



^, ( »- 1 , a:L ™+l^« E -^)'(<T,( K -l))*^(<T,( K -l))*^) 



L m,s(^ l > ( U f,T,(K-l))" 



Tl ® A 1 



01 \ 



(12.44) 
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Lemma 12.15. We have 

ImiD^ ^ d) + Bk = L 2 m . s (Z i; (uIt^TTX ® A 01 ). (12.45) 
Moreover 

Dev hoo - Dev 2iOQ : (D^fl-^E^ © (D^dy 1 (E 2 ) -> T^^L (12.46) 
is surjective. 

Proof. Since , is close to tij in exponential order, this is a consequence of 
Assumption 110.31 

We denote 



□ 



K-l 

( 5e )i,T,(«-l) = ^ e i.T.(a)- 

Lemma 12.16. We have 

1 ^ D Kt, { ^~ ( <,, l( .-/ i )(( Se )i,T,(«-l)'))+ £ ' 

= L^(E l ;« iT(K _ 1) )*TX®A 01 ). 

Moreover 

-0evi jOO - Z?ev 2i00 

K^f, T , ( „_ 1J 5-(^; i!r , (w _ 1) ^i)((«)f >T>(B _ 1) ,-)))- 1 (^) 

is surjective. 
Proof. 



(12.47) 



(12.48) 



(12.49) 



re-l 
a=0 



i,T,(o) 



-<5T 



< £4.m + C 



1 5 , m 



(12.50) 



imply that (D^p^ ^ £Jx)(*x t (0)' ') ^ s smau m operator norm. The lemma follows 



i.t,( o; 

from Lemma Tl2. 151 

Note that Remark 112.71 still applies to Lemma Tl 2. 161 
Definition 12.17. Wc define {V^ t , >, V£ 2 ,y Ap^ , ,) as follows. 

^.M^AW) - (^,,, ( .- 1 ,^)(( Se )i,T,( K -l).^i,( K )) 

+ Err i,T,(«-l) 6 ^(«i,T,(«-l))- 



□ 



-Devi i00 (\^ 1(K) ) = £»ev 2 , 00 (F^ 2 = Ap£, ( 



(12.51) 
(12.52) 



(12.53) 



We also require 

Lemma 112.161 implies that such (V^ x V^? 2 Ap^ ^ x) exists and is unique. 

Remark 12.18. Note in (|12.53[) we use the same space $)(Ei, E 2 ) as in Definition 
112.91 We may use the orthogonal complement of 

2 

Ker(Dev ll00 - £ev 2j00 ) n ^(D^ ^ d- (D^ ^E^se)^ ^, O)" 1 ^) 
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instead. The reason why we use the same space as one in Definition 112.91 here 
is that then a calculation we need to do for the exponential decay estimate of T 
derivative becomes a bit shorter. Since u p „ , , is sufficiently close to u p „ rr .s, the 

1,1 ,\K) J 1,1 ,(0) 7 

unique existence of (V^ 1 / K yV£ 2 Ap p ^) satisfying (|12.51l) - (|12.53[) holds by 
(ILTSUJl . 

Lemma 12.19. If S < 5 X /VQ and T > T(6,m), then 

,P Ml _ / r> ,.k-1„-ST 



\\( V TMK)> A Pr,( K ))\\i% n+1 , s (s i ) < C2,mM K e" 



1„-<5T 



(12.54) 



Proof. This follows from uniform boundcdness of the inverse of (|12.48[) together 
with the k — 1 version of Lemma 112.121 (That is Lemma [12.211 ) □ 

This lemma implies (I12.38j) and (|12.39[) . 



Step k-2: We use (V^ 1 . V^ 2 Ap p ^) to find an approximate solution 



of the next level. 



>(«) 



*t,(«) 



Definition 12.20. We define w^( K )(z) as follows. 

(1) If z £ Ki, we put 

«T,(«)(*) = E ( fi l,T,(«-l)( 2! )> y T,l,(«)( 2! )) < 

(2) If z e if 2 , we put 

U T,( K )( Z ) = E (^2,T,(k-1)(^)' V 't,2,(«)( Z ))- 

(3) If z = (r, t) G [-5T, 5T] x [0, 1], we put 



+ xZ(T,t)(Vf MK) (T,t) - aj4 iW ) 



(12.55) 
(12.56) 

(12.57) 



We note that tij Jz) = u^, / k _ 1 n(^) on K\ and '"2 T / K _ 1 \(z) = 
on K%, 

(|12.40j) is immediate from the definition and (|12.38|) and (|12.39|) . since < \i < 1. 
Step k-3: 

Lemma 12.21. For each £5 > we have the following. If S < 62 and T > 

T{6, m, £5), then there exists ^ T / K \ £ Ei such that 



(Here Ci, m is as in Lemma \12.2\ ) Moreover 



-ST 



-1 -<5T 



(12.58) 
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Proof. The proof is similar to the proof of Lemma [12.121 and proceed as follows. 
We have: 



1 0„ 



= 3(E(fif,T,(«-i)> 0)) + j( ^d(E(ul jTt{K _ iy sV{ , , , , ) .,/, 
= 3(E(fi?, T ,(«-i).0)) + (^....^^w) 
+ 



(12.59) 



1 f s d 2 - 

ds J o ^ 5 ( E K,T,( K -i)' rt/ T,i,( K ))) dr - 



We remark 



ds 



o ,/( E K,T,(„- 1 ).^ 1 , W ))* 



^(^i) 



(12.60) 



We have 



l( E K,T,( K -l,^T P ,l,( K ))) 



= n 



l 8 n i 

e iK,t,(«-i)) T J 9 s UE i( E (4f,r, (s -i).<,i,(»))) 
II *(«f i r^)-^.(,- 1J ^)(-.^,l,w) 



(is 



(12.61) 



ds 
o Jo 



i) 



We can estimate the third term of the right hand side of (I12.61[) in the same way 
as (p^D]) . 

On the other hand, (|12.59[) implies that 



0( E ( fi l,T,(«-l). V T,1,{«))) " Se i,T,(K-l) 



Therefore 



lin^CEK r(K _ 1) ,u- 1(K) )) i9 ( E ("i,T,(«-i)' y T,i,(«))) 



n 



SiK iTi( „_ 1)i 0) S ( E ("i,T,(«-1)'^T,1,(k))) 



(12.62) 



(12.63) 



+ (^, T , (K _ 1) s i)Kr,( K -i)^T,i,( K ))ll^(^)^ C '7, m e ^ 
By (I12.51P we have: 

^( E ("l/7\( K -l)>°)) + (% r , (ft _ 1 ^)(^l, W ) 



(12.64) 



on ifi. 

Summing up we have 



<i, M )) (9(E KT,(K-l)^T,l,(«))))Hi 2 m (^i) 

< C 10 , m e- 25T A1 K - 1 < C lim e- 5T e 5, m /x7l0 



(12.65) 



for T > T„ 
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It follows from (|12.62|) that 

ll n lMEK (T , (K _ lv v£ liW ))(^^ < C a , m e~ ST fi^ 1 . 

Then (|12.58|) follows by putting 

e i,T,(«) = n iSi(E(«p T((K _ 1) ,yP iliW ))(^(E(u^ T!(re _ 1)! -sej^^jj 

Let us estimate du T on [— T, T] x [0, 1]. The inequality 

H^ M T,( K )ll£^. 5 ([-T,T]x[04]cSr) < Cl,mA l ' Ce 5,>Tse~' 5T /10 

is also a consequence of the fact that (112.12[) is the linearized equation of (|12.11|) 
and the estimate ([12.541) . (Note the bump functions Xb an< ^ Xa are = 1 there.) 
On At we have 

d< M = %^ AW " M^)) + ^,i,( K ) + ( 12 - 66 ) 

Note 

|9W (^, 2l(K ) " A^ (fi) ))||^(^ T ) < C 3 , m e^ T5 ||^ 2 (K) - A^ (k) ||^ +i 5( ^ TCS2) 

The first inequality follows from the fact the weight function e^j is around e 6TS 
on At- The second inequality follows from (|12.54j) . On the other hand the weight 
function eT,s is around e iTS at -4t0 Therefore 

POCW,^) " Mw^k^ArCEr) < ClS.ne-^V" 1 - (12-67) 

Note 

Err 2,T,(K-l) = 

on „4y . Therefore in the same way as we did on K\ we can show 

P(^t,i,(«) + <,(«-i))II^, 5 (^tCE t ) < C 1 , m e- 5T e 5 , mA1 720 (12.68) 

for T > T m . Therefore by taking T large we have 

W du TMhlJA T cs T ) < C ltm n K e 5 , m e- ST /10. (12.69) 

The estimate on B T and on ([-5T, — T - 1] U [T+l, 5T]) x [0, 1] are similar. The 
proof of Lemma Tl2. 211 is complete. □ 

Step k-4: 

Definition 12.22. We put 



Err i,T,( K ) = XX du P T {K) - J2 e i,T,(a) 
\ a=0 

Err 2,T,( K ) = X~X du T,(K) ~ ^2 e 2,T,(a) 



a=0 



llr This drop of the weight is the main part of the idea. It was used in IFOOOfl page 414]. See 
IFOOOll Figure 7.1.6]. 
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We regard them as elements of the weighted Sobolev spaces I? m (u p T j K j)TX® 
A 01 ) and L^ 5 (E 2 ; (u p 2 T ,,)*TX® A 01 ) respectively. (We extend them by outside 
a compact set.) 

We put = p^_ x) + Af4 - (K) . 

Lemma |T2~2T1 implies (|12.41|) and (|12.42[) . 

We have thus described all the induction steps. For each fixed m there exists 
T m such that if T > T m then 

lim ut , \ 

converges in ,5 sense to the solution of (110. 15[) . The limit is automatically 

of C°° class by elliptic regularity. We have thus constructed the map in Theorem 
110.101 We will prove its surjectivity and injectivity in Section [TJ] below. Before 
doing so we prove an exponential decay estimate of its T derivative. 

13. Exponential decay of T derivatives 

We first state the result of this subsection. We recall that for T sufficiently large 
and p = (pi, P2) G V± x l V% we have defined u p T ,y We denote its limit by 

vL = lim u%. , : (E T ,<9£ T ) -> (X,L). (13.1) 

The main result of this subsection is an estimate of T and p derivatives of this map. 
We prepare some notations to state the result. 

We change the coordinates of £j and St as follows. In the last section we put 

Ei = JTiU ([-5T,oo) x [0,1]) 

and use (r, t) for the coordinate of [— 5T, 00) x [0,1]. This identification depends 
on T. So we rewrite it to 

E 1 = if 1 U([0,oo) x [0,1]) 
and the coordinate for [0, 00) x [0, 1] is (r', t) where 

t' = t + 5T. (13.2) 



Similarly we rewrite 
to 



E 2 = ((-00, 5T] x [0,1]) UK 2 



E 2 = ((-oo,0] x [0,1]) (JK 2 

and use the coordinate (r" ,t) where 

t" = t - 5T. (13.3) 

We may use either (r', t) or (r", t) as the coordinate of Et \ (K\ U K^). 
Let 5 be a positive number. We have Ki C Et- We put 

X+ s = J ftT 1 U([0,5]x[0,l])cE T , 

(13.4) 

K 2 = ([—S, 0] x [0, 1]) U K 2 C Et- 

Here the inclusion .Ki U ([0, 5] x [0, 1]) C Et is by using the coordinate r' and the 
inclusion ([—S, 0] x [0, 1]) U K2 C Et is by using the coordinate r". 

We may also regard K^ s C Note that the spaces Kf s are independent of 
T, as far as 10T > S. 



80 KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 

We restrict the map u p T to Kf s . We thus obtain a map 



Glares^ : [T w> oo) x Vi x L V 2 -)■ Ma Pil+i ((JT+*, K+ b n 0E,-), (A, L)) 

by 

J Gluresi j s(T, p)(x) = Uj,{x) x G K\ 



1 



Glures ljS (T,p)(T',t) = u p t (t' , t) = u p t (t + 5T, t) 



Glures 2 ,5(r, = u£(x) x G K 2 . 

Glures 2i5 (T, p) (r" , t) = u p T (r" , t) = <4(r - 5T, t) 

Here Map L 2 i ((i4T I +s , Kf s n (X, L)) is the space of maps of class (m is 
sufficiently large, say to > 10.) It has a structure of Hilbcrt manifold in an obvious 
way. This Hilbert manifold is independent of T. So we can define T derivative of 
a family of elements of Map L 2 i ((A+ s , Kf s n 9Ej), (A, L)) parametrized by T, 

Remark 13.1. The domain and the target of the map Glures^.s depend on to. 
However its image actually is in the set of smooth maps. Also none of the construc- 
tions of u p T depends on to. (The proof of the convergence of (113. ip depends on to. 
So the number T m depends on to.) Therefore the map Glures^.s is independent of 
to on the intersection of the domains. Namely the map Glures^.s constructed by 
using norm coincides with the map Glures^s constructed by using L^ 2 norm 
on [max{T mi ,T„ i2 },oo) x V\ x L V 2 . 

Theorem 13.2. For each to and S there exist T(m), Ci6,m,Sj S > such that the 
following holds for T > T(m) and n + £ < to — 10 and £ > 0. 



V^Glures^ 



-ST 



(13.7) 



Here V™ is the n-th derivative in p direction. 

Remark 13.3. Theorem 113.21 is basically equivalent to }FOOOl| Lemma A1.58]. 
The proof below is basically the same as the one in [FOOOll page 776] . We add 
some more detail. 



Proof. The construction of u p T , x was by induction on k. We divide the inductive 
step of the construction of u p T ( K+1 ) from u p T , K \ into two. 

(Part A) Start from {Vj, x ^ K yV^ 2 ( K )i ^Pt («) ) ano - en0 - with Err^ T , . and Err^ T ^ . 

This is step k-2,k-3,k-4. 
(Part B) Start from Err^ T - ^ and Err^ T and end with (V^ ( re+ x)> 2 (re+i)' ^Pt i 

This is step (k + 1)-1. 
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We will prove the following inequality by induction on k, under the assumption 
T > T(m), £ > 0, n + £ < m - 10. 



^ r i .,K-l -5T 



V™— — V P 



V" — An p 



< Ci7 jln /i K e 



-1„-5T 



< C 



18,m.e 



-5T 



V7» " T?rr p 
Qi 

7™_r_ e p 



< C 19 



-5T 



,(=*) 



(Jfobst) 



< W9, mfl e 



(13.8) 

(13.9) 
(13.10) 

(13.11) 

(13.12) 



More precisely, the claim we will prove is the following: For each eg )m , we can 
choose T(m) so that (fTXS)) and jjEgp imply (fTXTTj) and (fl3~T2l for T > T(m), 
and we can choose C6, m so that ([13.111) and t|13.12[) for k implies (|13.8[) and (|13.9p 
for k + 1. (|13.10p follows from (TlXS)) and (fTBl?l) . 



Remark 13.4. We use L^ +1 norm on iQ f5T+1 only in formula ([13.101) . Note we 
use coordinate (i J ,t) on K^ 5T+1 \ K u and (r",t) on K^ 5T+1 \K 2 . We remark also 
thatZ T =K+ 5T+1 UK+ 5T+ \ 

Remark 13.5. Note that (V£ i , K * , Ap?n - ^) appearing in (113.8)) is an element 
of the weighted Sobolev space L^^, dSt)-, {u^^TX, (u p t (k _ 1) )*TL) 
that depends on T and p. To make sense of T and p derivatives we identify 

L 2 m+h sm, (^^^^TI, (< T , (K _ 1) )*TL) 

- L^ +1 , 5 ((Ei, 9S 4 ); u*TL) 

as follows. We find such that w P T r K _i) — E(uj, F). We use the parallel transport 
with respect to the path r i— > E(uj,rV^) and its complex linear part to define this 
isomorphism. The same remark applies to ([13. lip and ([13.121) . 

Remark 13.6. The square of the left hand side of (113. 8[) . in case i = 1, is : 

2 



0* 

V n ——V p 

9 dT l t < 1 <( k j 



m+l- 



E 



fc=0 7[0,oo)x[0,l] 



ei,T(r,t) 



dr'dt. 



Note that we apply Remark ll3.5l to define T and p derivatives in the above formula. 
The case i — 2 is similar using t" coordinate. 



(Part A) (See |FUOQll page 776 paragraph (A) and (B)].) 
We assume (fTXHj) and 
We find that 
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(1) 

Err'' i - i — it 77 t „■" 

for z £ K\. 

(2) 



i,T,( K )W = n^ KT(K _ i)) 9EK^ (K _ 1) (z),^^ (K) (z)) (13.13) 




=(1 - X (r' - 5T))a( X (r' - 4T)(^ 2 (k) (t' - 10T,t) - A^ (k) ) (13.14) 

+ V T,1,(«)( T ''*) + U T,Ck-1)( T '>*))' 

for (r', i) e [0, oo) x [0, 1]. (Note t' = t" + 10T and the variable of V£ 2 {k) 
is(r",i).) 

Here \ : M — > [0, 1] is a smooth function such that 



(13.15) 



Note that in Formulas (|13.8[) - (|13.12j) the Sobolev norms in the left hand side 
are L 2 n+1 _ i 5 (£i) etc. and are not L 2 n+1 etc. The origin of this loss of 

differentiability (in the sense of Sobolev space) comes from the term V£ 2 / » (r' — 
10T). In fact, we have 

for a fixed T\. Hence d/dT is continuous as -E^+i ~~ ^ -^m- We remark in (|13.8[) 
for i — 2 we use the coordinate (r",i) on (— oo,0] x [0, 1] to define T derivative of 

T,2,(k)- 

Taking this fact into account the proof goes as follows. 

We can estimate T and p derivative of Err^ T ^ , on K\ in the same way as the 
proof of Lemma 112.211 



Remark 13.7. The fact we use here is that the maps such as (u,v) E(«, v), 
(u,v) -> n^. (u) (u) are smooth maps from L 2 m+lloc xL 2 n+ls -> l£, +li4 or L^ +1Joc x 

5 — >• 5 and u — > <9u is a smooth map i^+i 5 ~~ ^ s- (Since we assume m 
sufficiently large this is a well-known fact.) Moreover the map T i-» u^, , _ t j and 
T i — ^ V7^ 1 , * are C f maps as a map [T(m), oo) — > L 2 n+1 _ e s with its differential 
estimated by induction hypothesis (113. 10p and (|13.8[) . 

We note that p h-> u p T ( K _r) is smooth as a map X/, V% — > L 2 n+1 s . 

The estimates of T and p derivatives of (|13.14[) are as follows. 
We first consider the domain r 1 G [AT + 1, oo). There we have 

M,T,(«)(^.*) =(! ~ X(r' - 5T))9(V^ 2 , (K) (r' - 10T,*) 
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By the same calculation as in the proof of Lemma 112.211 (|13. 16[) is equal to 

(1 - X(r' 5T)) jf 1 ds £ ^d(r(V£ MK) (r' - 10T) - A^ (k) ) 

+ K^, 1 , w (r / ,t)-A^ (K) ) 

+ <,(«-!) ( T '^)+ rA PT :(K) ) dr - 

(Note that we are away from the support of Using the fact that T H> 

are of class as a map to I? m+X _ t s , we can estimate it to obtain the required 
estimate (|13.11[) on this part. We remark T i-> (V£ 2 r K -±\> Apj, is C e with 

exponential decay estimate on T derivatives as a map [T(m), oo) — > L'^ n _ e+1 s . This 
follows from the induction hypothesis as follows. 



dT e i (dr") 1 ? T ' 2 '( K ' 



T=Ti 



(13.17) 



(13.18) 



The j-norm of the right hand side can be estimated by (|13.8[) . 

We next consider r' € [0, 4T +1]. There we have 

Err?,T,(«)(^>*) =%(^ - *r)(y£ MK) (/ - 10T) - A^ (k) ) 
+ VS MK) (r',t) + u P T{K _ 1) (r',t)). 
Note 

^4,(«-l)( T '>*)) = Err i,T,(K-l)( r ''*)' 

there. Therefore we can calculate in the same way as the proof of Lemma ri2.21l to 
find 

= Jl d*[ ^9(r(VS MK) (r',t) - Af TM ) + u^^r' ,t) + rAp^ (K) )dr. 

We can again estimate the right hand side by using the fact that the maps T H> 
(l^j ( K )( T ': *)i a Pt (k)) and T u t (k-i)( t '' are 01 C £ class as a map to L^ 1+1 _ ( 5 
with estimate (|13.10l) . 

Finally we observe that the ratio between weight function of a (£2) and of 

L 2 m+l s (St) is e 2T5 onr= -T (that is r' = 4T). We use this fact to estimate 
d{x{r' - 4T)(V^ 2 (k) (t' - 10T) - Ap£ , .)). We thus obtain the required estimate 
(fTXTTl) for Err^ T (K) on r' € [0,4T+1]. 

We thus obtain an estimate for Err^ T ( K )( T 'i 

The estimate of derivatives of ErrfJ T ( K )( T 'j t) is similar. Thus we have (|13.11[) . 
We note that z p iT ^ is independent of T as an element of Ei. Among z p iT r K \'&, 
the term z p iT ^ is the only one that is not of exponential decay with respect to T. 



12 Notc 8 is non-constant. So 8{r{V^ 2 , , (r' - 10T) - Ap£ (^HH^i {k) (t', t) - Ap£ , .) + 

U T (re— 1) ( T '> *) "t" r ^PT (re)) * S nonunear on r - 
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Once we note this point the rest of the proof of (113. 12j) is the same as the proof of 
Lemma H22U 

We finally prove (I13.10[) . On K\ we have 

U T,(k) = E ( U T,(k-1)> ^1 P T,(k))- 

So using n<l, (|13.10l) follows from (fl3~5)) on K x . 

On (V, t) G [0, 5T + 1) x [0, 1] we have: 

u P T(K) {T',t) 

+ U T 1 ( fi -l)( T '>*) 

= E ^,1, W (^.*) + (1 - X<Z - 4T )) E(^ A (a)(^ - 10T ' *) - A *4,(a)) 
a— 1 a— 1 

+ 4(o)( T ''*)- 

Then using a calculation similar to (|13.17|) we have (|13.8j) on (r',t) G [0, 5T+ 1) x 
[0,1]- 

Remark 13.8. In Ab Abouzaid used norm for the maps u. He then proved 
that the gluing map is continuous with respect to T (that is S in the notation of 
|Abj ) but does not prove its differentiability with respect to T. (Instead he used 
the technique to remove the part of the moduli space with T > Tq. See Subsection 
134.21 This technique certainly works for the purpose of |Abj .) In fact if we use 
L\ norm instead of norm then the left hand side of (|13.10p becomes L p _ 1 norm 
which is hard to use. 

Abouzaid mentioned in |Ab[ Remark 5.1] that this point is related to the fact 
that quotients of Sobolev spaces by the diffeomorphisms in the source are not 
naturally equipped with the structure of smooth Banach manifold. Indeed in the 
situation when there is an automorphism on £2, for example £2 is disk with one 
boundary marked point (— 00, t), then the T parameter is killed by a part of the 
automorphism. So the shift of V£ 2 ^ by T that appears in the second term of 
(|13.14p will be equivalent to the action of the automorphism group of £2 m such a 
situation. The shift of T causes the loss of differentiability in the sense of Sobolev 
space in the formulas (|13.8[) ~ p3.12p . However at the end of the day we can still 
get the differentiability of C°° order and its exponential decay by using various 
weighted Sobolev spaces with various m simultaneously. (See Remark 113.11 also . ) 

(Part B) (See jFOOOll page 776 the paragraph next to (B)].) 

We assume (p^T8|) - (|13. 12[) for k and will prove (fT3~8| and (fTTH))) for « + 1. This 
part is nontrivial only because the construction here is global. (Solving linear 
equation.) So we first review the set up of the function space that is independent 
of T, 

In Definition 112.81 we defined a function space S)(Ei,E2), that is a subspace 
of (|12.17[) . Since (|12.17[) is still T dependent we rewrite it a bit. We consider 
: (£j,9£j) — > (X, L) that is T- independent. 

The maps u p iT ^ are close to u p . (Namely the C° distance between them is 
smaller than injectivity radius of X.) We take a connection of TX so that L is 
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totally geodesic. We use the complex linear part of the parallel transport with 
respect to this connection, to send 
2 

L* mtS ((Zi, as,); (utfTX, «)*TL) 

i=l 

to 

2 
i=l 

Note that Ker(Z)evi. oc — Dev 2 ,oo) is sent to Ker(Z?evi !OC — Dev 2t00 ) by this map. 
Therefore we obtain an isomorphism between 

2 

Ker(Dev 1>00 - Dev 2t00 ) n ^((Ei, 0Ei); «)*TX, («?)*TL) (13.19) 

and 

2 

Ker(Devi >00 -DOT 2 ,oo)n©L^ itf ((E^ (13.20) 

i=i 

In case k = we send S](Ex, E 2 ) by this isomorphism to obtain a subspace of (|13.19[) 
which we denote by f)(Ei, E 2 ) by an abuse of notation. We send it to the subspace 
of (j!3.20|) and denote it by Sj(Ei,E 2 ; k,T). We thus have an isomorphism 

h, K , T :fi(Ei,E 2 )^Sj(E 1 ,E 2 ;K,T). 

We next use the parallel transport in the same way to find an isomorphism 

I 2 , K , T : L^(£ i; (uf)*TX ® A 01 ) ^(E,; « t (k) )*TI ® A 01 ). 

Thus the composition 

7 w°K, T , M) 9- ( £, «f. Tl(1 .- 1) ^)(w,T,(«-i).-))) °w 

defines an operator 

£> K , T : £(£i,£ 2 ) -> £„,5(Si; «)*TX ® A 01 ). 
Here the domain and the target is independent of T, k. 

Remark 13.9. Note D.-.p d—iD.-.p Ei)((se) p „ , .s, •) is the differential 

V,(«- i) v u i,r,( K -l) i/u ; «,T,(k-1)' / 

operator in (|12.12p and (|12.13[) . This differential operator gives the linearization of 
the right hand side of (|13.13p . 

We next eliminate T, k dependence of Ei . We consider the finite dimensional 
subspace: 

^(<t, (k) ) C Ll^{ul T{K) )*TX® A 01 ). 

Let us consider 

E i,( K ),T = I 2, Kl T( E i('"'i,T,( K ))) 

that may depend on T. However 

^,(0) = 7 2T«,t(^«,t,(o))) 
is independent of T since u? T , -. — 11? on K{. Let Er-^ be the L 2 orthogonal 
complement of E it(0) in L^js'i; (u p i T (k) )*TX ® A 01 ). 



so 
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We have 

Ei MlT 8 Efr 0) = L^,(E i; «)*TX ® A 01 ). 
Therefore the inclusion induces an isomorphism 

^(o) = L 2 m A^ {<)*TX ® A 01 )/i? i)(K)!T . 

We thus obtain 

S„, T :fl(£i,£2)->^(o). 
The induction hypothesis implies the following: 
(1) There exist C 2 Q tTn , C 2 i jm > such that 



(13.21) 



(2) 



C'2o, m \\V\\ Ll+i s < \\D , T (V)\\ L 2 m s < C 2hm \\V\\ Lli+i _ 
\\D K , T (V)-Do, T (V)h* , < C 21 , m e- 5T \\V\\ L * ±i . 



Moreover 



In fact, ()13.25p follows from 

Ql 

V n ——v p 

p dT e i ' T >(* 



< C 22 , m e- 5T \\V\\ 



<G 



23, me 



-ST 



p dT e l - T M 



-ST 



(13.22) 

(13.23) 
(13.24) 

(13.25) 

(13.26) 
(13.27) 



< C23, m e 

I^(|S,S+l]x[Q,l]) 

for any S € [0, oo). (See also the Remark 113.101 ) Note that the weighted Sobolev 
norm ||V"^rfi? r ( K )lli 2 1 5 (s») can be large because 

d 

—xb (^- r >*K )(K -i) 

is only estimated by e~ 3ST on the support of xti( T — T,t) but the weight ei,<s is 
roughly e 7TS on the support of Xe"( T — ?\^)- However this does not cause any 
problem to prove (113. 25)) . In fact the operator D k ^t is a differential operator whose 
coefficient depends on u p T , So to estimate the operator norm of its derivatives 
with respect to the weighted Sobolev norm, we only need to estimate the local 
Sobolev norm without weight of u p T that is provided by (|13.26|) and (|13.27p . 

We note that Dq,t is independent of T. So we write Dq. Now we have: 

-l 



D KfT = [(l + (D K , T -D )D )£>„. 

OO 

= ^ 1 ^(-l) fc ((^ T -^o))^o 1 ) 



k=0 



Therefore 



<C 24 , m e- s \\W\\ 



(13.28) 



(13.29) 



for £ > and £ + n < m. (Here we assume W is T independent.) Since 
(^i,( K+ i)^T P ,2,( K +i). A 4( K +i)) = {h, K , T oD^ T o /-^ T )(Err^ T(K) ,Err^ T)(re) ), 
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(fl3lT|) and (jlX29l) imply (fT3~8| and (jl3Jl) for k + 1. 

The proof of Theorem 113.21 is now complete. □ 

Remark 13.10. Let us add a few more explanation about the proof of (|13.24[) 
and (| 1 3.251) . Especially the relation between two operators D k t and D K: t- We 
consider the direct sum decomposition 

E il{K)>T © = L 2 m , s Vi; KT TX ® A 01 )- (13-30) 
Note that this is not an orthogonal decomposition. We take an isomorphism 

B iiW , T : L^E,; «)*TX ® A 01 ) -> L^(E i; «)*TX ® A 01 ) 
such that according to the orthogonal decomposition 

E m © ^(o) = Jw(£i5 («n* T1 ® A 01 ). (13.31) 

The restriction £?i,( re ),Tli;:>- ; i s the identity map and the restriction B^^^Ie, (0 ) 
is the canonical isomorphism 

given by the parallel transportation. Namely we put 
It is easy to prove 



B i,{K),T = Ai,(K),T ° n B (i(0) + n B^ C0) • 



||Bi, (s ),T(^) - V\\ L -2 m 5 < C 25 , m e- dl \\V\\ Lli 5 . (13.32) 

Moreover 

<C 26 , m e- ST \\V\\ L 2 . (13.33) 



„ 9 



Note that 



is the projection to the second factor in (|13.30[) and hence 

D^T=^E t{0) oB-l )T oD KtT . (13.34) 

We can use fl332|) . flUI and (Tl3~34f to prove (HT24)) . (Tl3~25l) . 



14. SURJECTIVITY AND INJECTIVITY OF THE GLUING MAP 

In this subsection we prove surjectivity and injectivity of the map GIut in The- 
orem 110.101 and complete the proof of Theorem 110. 101 13 l The proof goes along the 
line of |Dlj . (See also |FUj .1 The surjectivity proof is written in [FOn21 Section 
14] and injectivity is proved in the same way. f |FOn21 Section 14] studies the case 
of pseudo-holomorphic curve without boundary. It however can be adapted easily 
to the bordered case as we mentioned in [FOOOl, page 417 lines 21-26].) Here we 
explain the argument in our situation in more detail. 

We begin with the following a priori estimate. 



Here surjectivity means the second half of the statement of Theorem 110.101 that is 'The 
image contains M El+E2 ((S T , z); /3) £3 .' 
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Proposition 14.1. ([FOn2, Lemma 11.2]) There exist es, C25, m , 82 > such that 
if u : (£ T ,<9E T ) -> (X,L) is an element of M El+E2 ((Z T , z); /3) e for < e < e 3 
then we have 

l>U <C 27 , m e-^ 5T -W. (14.1) 

C"*([t-1,t+1]x[0,1]) 



c9r 



The proof is the same as |FOn2[ Lemma 11.2] that is proved in |FOn2[ Section 
14] and so is omitted. 

We also have the following: 

Lemma 14.2. M El+E2 ((St, z)\ P)e is a smooth manifold of dimension dimVi + 
dim V2 — dim L . 

This is a consequence of the implicit function theorem and the index sum formula. 

Proof of surjectivity. During this proof we take m sufficiently large and fix it. We 
will fix e and To during the proof and assume T > Tq. (They are chosen so 
that the discussion below works.) Let u : (Et,<9Et) ~~ * (X,L) be an element of 
A4 El+E2 ((T,t, z); /3) e . The purpose here is to show that u is in the image of Ghiy. 
We define u' t : (E i; -> (X, L) as follows. We put p% = u(0, 0) € L. 

' X £(T-T,t)u(T,t) + xg(T-T,t)p% if z=(r,t) e [-5T.5T] x [0,1] 
u(z) if z G ifi 

<P % if zG [5T,oo) x [0,1]. 

u' 2 {z) 

' xl (r + T, t)u{r, t) + Xa( t + T - t)Po if z = (r, *) e [-5T, 5T] x [0, 1] 
u(z) if z G 

X if ze (-00,-57] x [0,1]. 

(14.2) 

Proposition 114.11 implies 

lln^^ll^ 5(Si) < C 28 , m e- 5T . (14.3) 

Here we take 5 < 62 /10. On the other hand, by assumption and elliptic regularity 
we have 

IK " "*ll.*4 + i,«( E < C29, m e- (14.4) 
Therefore by an implicit function theorem we have the following: 

Lemma 14.3. There exists pi G Vi such that 

IK - lk +1 ,*(£0 ^ C30, m e' 5T , (14.5) 

P = (pi,p2) € V% Xl V 2 , and 

\Pi\ < C 3 i, m e. (14.6) 

(Note when p, L = 0, = u,-.) 
By (|14.5p we have 

|| U -<|| l , i+i 5(St) <C 32 , m e- 5T . (14.7) 

Here = G1ut(p)- 
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We take V G r((£ T , <9£ T ); {u p T )*TX; {u p T )*TL) so that 

u(z)=E(u p T (z),V(z)). 
We define u s : (T, T ,dT, T ) -> (X,L) by 

u s (z) = E(u T (z), #(z)). (14.8) 

(|14.7[) implies 

l|nf £l+iS2)(uS) ^ s ||L^ ^ ST ) < C 33 , m e- 5T (14.9) 

and 

< C 3i , m e- 5T (14.10) 
for each s G [0, 1]. 

Lemma 14.4. 7/T is sufficiently large, then there exists ii s : (£t,<9£t) — > (X, L) 
(s G [0, 1]) with the following properties. 

<9u s = mod (Si +S 2 )(u s ). 

(2) 

< 2C7 35 . m e- 5T . (14.11) 

(3) w s = w s for s = 0,1. 

Proof. Run the alternating method described in Subsection [T^] in one parameter 
family version. Since u s is already a solution for s — 0, 1, it does not change. □ 

Lemma 14.5. The map GIut : V\ x L V 2 — > M El+E2 ((£t, z); (3) e is an immersion 
if T is sufficiently large. 

Proof. We consider the composition of GIut with 

M E ^ ((S T , z); (3) e -> X+ s D flE,), (X, L)) 

defined by restriction. In the case T — oo this composition is obtained by restriction 
of maps. By unique continuation, this is certainly an immersion for T = oo. Then 
Theorem 113.21 implies that it is an immersion for sufficiently large T. □ 

Now we will prove that 

A = {s G [0, 1] | u s G image of Glu T } 

is open and closed. Lemma 114.21 implies that J\A El+E2 ((St, z)\ /3) £ is a smooth 
manifold and has the same dimension as V\ X l V% . Therefore Lemma 114.51 implies 
that A is open. The closedness of A follows from (|14.1ip . 

Note G A. Therefore 1 € A. Namely u is in the image of GIut as required. □ 

Proof of injectivity. Let p 3 = (p\, P2) G V\ Xl V% for j = 0,1. We assume 

Glu T (p°) = GIut^ 1 ) (14.12) 

and 

\\pi\\<e. (14.13) 
We will prove that p° = p 1 if T is sufficiently large and e is sufficiently small. We 
may assume that V\ Xl V% is connected and simply connected. Then, we have a 
path s H> p s = {pi , P2) G V\ Xt V2 such that 



ds 



da' 
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(1) p s = (P for S = 1, j = 0, 1. 

(2) 



d . 



< *i(e) 



where lim e _j.o ^i(e) = 0. 
We define V{s) £ r((£ T , <9£ T ); (u£)*TX; {u p °)*TL) such that 

u^(z)^E(u^(z),V(s)(z)). 



0. Therefore there exists such a 



(By (2) ity (z) is C°-close to vf T (z), as 
unique V(s) if e is small.) Note V(l) = V(Q) since w pl = u p 
u> e L> 2 = {w £ C I \w\ < 1} there exists V(w) such that 

(1) y( s ) = V(w) iiw = e 2 "^ 3 . 

(2) We put w = x + \f-iy. 
d 



Therefore for 



dx 



V(w) 



d_ 

dy 



V(w) 



< $ 2 (e) 



(14.14) 



where lim £ _>o 3*2 (e) = 0. 
We put u w (z) = E(u£(z), V(w)(z)). 

Lemma 14.6. If T is sufficiently large and e is sufficiently small then there exists 
u w : (St,9Et) — > (X,L) (s £ [0, 1]) with the following properties. 

(!) 

du w = mod {Ex +E 2 ){u w ). 

(2) 

< * 3 (e) (14.15) 



d_ 

dx 



dy 



with lim e _j. ^3( e ) = 0. 
(3) u w forw £ 3D 2 . 

Proof. Run the alternating method described in Subsection [12] in two parameter 
family version. □ 

Lemma 14.7. If T is sufficiently large and e is sufficiently small, there exists a 
smooth map F : D 2 — > V\ Xl V% such that 

(1) G\u T (F(w)) = u w . 

(2) If s £ [0, 1] then we have: 

F{e^^ =Is )=p s . 

Proof. Note that p 1— > G1ut(p) is a local diffeomorphism. So we can apply the proof 
of homotopy lifting property as follows. Let D 2 = {z g C | \z — (r — 1)| < r}. We 
put 



A = {r G [0, 1] I 3 F : -s- Vi x L V 2 satisfying (1) above and F(-l) 



}• 



Since G1ut(p) is a local diffeomorphism, A is open. We can use (|14.15|) to show 
closedness of A. Since £ A, it follows that 1 £ A. The proof of Lemma 114.71 is 
complete. □ 



The proof of Theorem 1 10. 101 is now complete. 



□ 
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Part 4. Construction of the Kuranishi structure 2: Construction in the 
general case 

15. Graph associated to a stable map 

We first recall the definition of the moduli space of (bordered) stable maps of 
genus zero. 

Definition 15.1. Let j3 £ H2(X, L;Z) and k,£ > 0. The compactified moduli 
space of pseudo-holomorphic disks with k + 1 boundary marked points and £ interior 
marked points with boundary condition given by L that we denote by Mk+i,e{P) is 
the set of equivalence classes of ((E, z, z 111 '), it), where: 

(1) E is a bordered semi-stable curve of genus zero with one boundary compo- 
nent 9E. 

(2) u : (E,<9E) — > (X,L) is a pseudo-holomorphic map of homology class /3. 

(3) z = (zo, . . . , Zk) are boundary marked points. None of them are singular 
points and they are all distinct. We assume that they respect the cyclic 
order of 9E. 

(4) z 111 ' = (zf*, . . . , z^ nt ) are interior marked points of S. None of them are 
singular points and they are all distinct. 

We say ((£, z, z 111 '), u) is equivalent to ((£', z 1 , z 111 *'), u') if there exists a biholo- 
morphic map v : E' — > E such that uo v = u' and v(z' i ) = Z{, v(zf ltr ) = z\ nt . 

Definition 15.2. Let a £ H2(X;Z) and I > 0. The compactified moduli space 
of pseudo-holomorphic sphere with i (interior) marked points that we denote by 
Mf(a) is the set of the equivalence classes of ((£, z* 111 *), u), where: 

(1) E is a semi-stable curve of genus zero without boundary. 

(2) u : S — > X is a pseudo-holomorphic map of homology class a. 

(3) z 111 ' = (z™*, . . . , z^, nt ) are marked points of E. None of them are singular 
points and they are all distinct. 

We say ((E, z 111 *), u) is equivalent to ((E', z 111 *'), u') if there exists a biholomorphic 
map v : E' — > E such that uo v — u' and w(zj nt ') = z| nt . 

The topology of A^'(a) is defined in [FOn2| Definition 10.3] and the topology 
of Mk+iAP) is defined in [FOOOlj Definition 7.1.42]. (See Definition EELI) 

It is proved in |FOn2l Theorem 11.1 and Lemma 10.4] that Aif(a) is compact 
and Hausdorff. JAk+i,i{/3) is also compact and Hausdorff. See [FOOOll Theorem 
7.1.43] and the references therein. 

We refer [FOOOll Section 2.1] for the moduli space Mk+x,i{P)- See also [Liu] . 

We consider the case when A" is a point and denote the moduli space of that 
case by A4k+i,e- We call it Deligne-Mumford moduli space. (This is a slight abuse 
of notation since Deligne-Mumford studied the case when there is no boundary.) 
We define Aif in the same way. 

Theorem 15.3. Aif(a) has a Kuranishi structure (without boundary) and Aik+i,e(P) 
has a Kuranishi structure with corners. 

Remark 15.4. (1) Theorem 1 15. 31 in case of A4f(a) is a special case of |FOn2[ 
Theorem 7.10]. In the case of M k +i,t{P), Theorem [TO] is [FOOOll The- 
orem 2.1.29]. 

(2) In the case of Mk+i,e(P) we need to describe the way how various moduli 
spaces with different k, £, (3 are related along their boundaries and corners, 
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for the application. See jFOOOll Proposition 7.1.2] for the precise state- 
ment on this point. It is easy to see that the proof we will give in this note 
implies that version. 

Below we give a detailed proof of Theorem ll5.3l The proof is based on the proof 
in |FOn2] . The smoothness of coordinate at infinity is useful especially in the case 
of M.k+i,i{/3). On that point we follow the method of [FOOOll Section 7.2 and 
Appendix A1.4]. 

Remark 15.5. We discuss the case of genus zero here. We can handle the case of 
moduli space of pseudo-holomorphic curves with or without boundary and of arbi- 
trary genus and with arbitrary number of boundary components, in the same way. 
The case of multi Lagrangian submanifolds in pairwise clean intersection can be also 
handled in the same way. To slightly simplify the notation we restrict ourselves to 
the case of disks, that is mainly used in our book |FOOOl] and spheres, that is 
asked in the google group 'Kuranishi' explicitly. In fact no new idea is required for 
generalization to higher genus etc. as far as the construction of Kuranishi structure 
concerns. 

In a way similar to |FOn2[ Section 8], we stratify M.k+i,i{P) as follows. For each 
element p = [(£, z, z 111 *), u] of Mk+i,t(0) we associate Q = Qp, a graph with some 
extra data, as follows. 

A vertex v of Q corresponds to S v an irreducible component of S. (It is either a 
disk or a sphere.) We put data j3 v = that is either an element of i?2(A, L; Z) 

or an element of H2(X; Z). 

To each singular point z of S we associate an edge e z of Q. The edge e 2 joins 
two vertices vi,V2 such that z € £ Vi . Note z can be either boundary or interior 
singular points. We also denote by z e the singular point of E corresponding to the 
edge e. 

For each vertex v we also include the data which marked points are contained 
in E v . 

Definition 15.6. We call a graph Q equipped with some other data described 
above, the combinatorial type of p = [(£, z, z 111 '), u]. We denote by Mk+i,e((3; Q) 
the set of p with combinatorial type Q . 

o 

We write A4k+i.e(f3) the stratum A4fc+i/(/3; pt), where pt is a graph without 
edge0 

We say that Q is stable if corresponding pseudo-holomorphic curve is stable. We 
say that Q is source stable if the marked bordered curve obtained by forgetting the 
map is stable. 

Let Q and Q' be combinatorial types. We say Q >- Q' if Q' is obtained from Q by 
iterating the following process finitely many times. 

Take an edge e of Q. We shrink e and identify two vertices vi, V2 contained in 
c. Let v be the vertex identified to vi, v 2 . We put /? v = P Vl + Pv 2 - The marked 
points assigned to vi or v 2 will be assigned to v. 



M-k+l is slightly smaller than the 'interior' of Mk+l e{@)- Namely elements of 

o 

Mk+i do n °t contain any disk or sphere bubble. On the other hand, elements of the in- 
terior of ,Mfc+i e(0) may contain sphere bubble. 
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Lemma 15.7. // 

M k+ i,e(P;G)nM k+ i4P;g') ? 0, 

then Q>Q' . 

The proof is easy so omitted. 

Sometimes we add the following data to Q. 

(1) Orientation to each of the edge. We call that Q is oriented in case we include 
this data[3 

(2) The length T c 6 R>o to each of the edges e. 

We say an edge e is an outgoing edge of its vertex v and incoming edge of its vertex 
v' if the orientation of e is goes from v to v'. By an abuse of terminology we say v 
is an incoming vertex (resp. outgoing vertex) of the e if e is an incoming edge (resp. 
outgoing edge) of v. 

We use the following notation. 

C®(Q) — the set of the vertices that correspond to a disk component. 
Cg(G) — the set of the vertices that correspond to a sphere component. 

c°(g) = c° d (g)ucUG). 

Cq(G) — the set of the edges that correspond to a boundary singular point. 
Cl(G) — the set of the edges that correspond to an interior singular point. 
C 1 {G) = CI{G)UCI{G). 

Here d,s,o,c indicate disk, sphere, open (string), closed (string), respectively. 

We define moduli space of marked stable maps from genus zero curve without 
boundary in the same way. We denote it by Mf(a) where a £ H 2 (X;Z). {i 
is the number of (interior) marked points.) In the same way we can associate a 
combinatorial type to it that is a graph G- In this case there is no C°(G) or C*(0). 

o cl 

We define Mf(a; £?), M t (a), in the same way. 

Let us introduce some more notations. Let p G M.k+i,e(j3). We put 

p = (r, W ) = ((E,z,z 4nt ), M ). 

Then we sometimes write y = y p , E = E p = E ? , z = z p = z r , i 111 * = i^ nt = zj nt . We 
also write u = Up. We use a similar notation in case p € A4f(a). 

Definition 15.8. We put 

Tp = {v : E p — > E p \v is a biholomorphic map, v(zp l i) = z p j, 

= z i p %u v ov = Up.} 

Y p = {v : Ep — > Ep \v is a biholomorphic map, v(zp^) — Zpj, 
3a e & e v{zfX) = u p ov = u p .} 

Here &g is the group of permutations of {1, ... ,£}. 



15.1 



(15.2) 



15 A 

ctually in our case of genus with at least one marked point there is a canonical way to 
orient the edges as follows. We remove z c from S. Then there is a component which contains the 
0-th boundary marked point (or first interior marked point if dT, = 0). If v is a vertex contained 
in e we orient e so that v is inward if and only if the corresponding irreducible component is in the 
connected component of S minus boundary marked points that contains 0-th boundary marked 
point. 

^This might be different from the usual meaning of the English word incoming and outgoing. 
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The assignment v > a defines a group homomorphism 

T+^&i. (15.3) 

When f) is a subgroup of &i we denote by rf its inverse image by (115.31) . We 
denote 

M k+1 , e (j3;Sj) = M w (j3)/Sj, 

where acts by permutation of the interior marked points. 

In case X is a point we write Mk+ij(f)) and define the groups rf , T+ for 
an element y £ Mk+u- Note that in our case of genus zero with at least one 
boundary marked point, the group r r is trivial. (However this fact is never used in 
this article.) 

We define a similar notion in the case of Aif etc. 



16. Coordinate around the singular point 

Let us assume that Q is an oriented combinatorial type that is source stable and 
f) is a subgroup of <3g. Let y = [E, z, z" lt ] £ M.k+i,t{&) w ^h combinatorial type Q. 
It is well-known that M.k+i.e{$j) is an effective orbifold with boundary and corners 
with its local model 2J(y)/Lf . Let us describe this neighborhood in more detail 
below. 

o 

For each v 6 C°(G), the element y determines a marked disk y v 6 Mk v +i,£ v - 
Here k v is the sum of the number of edges £ C^(Q) containing v and the number 
of boundary marked points assigned to v. £ v is the sum of the number of edges 
G C^(G) containing v and the number of interior marked points assigned to v. (In 
other words the singular points of E that is contained in E v is regarded as a marked 
point of y v .) 

o cl 

For each v £ C®(G), the clement y determines a marked sphere y v £ A4 e in the 
same way. 

Let QJ(y v )/rf v be the neighborhood of y v in Mk v + i,e v (fi) or in ■Mf respec- 
tively, according to whether v £ C^(G) or v £ C®(G)- The group rf acts on the 
product n^K?v)- The quotient 

23(y;S)/rf = I J] QJ(y v )l /rf 

\vec°(S) / 

is a neighborhood of y in Mk+i,e{G; $))■ 

A neighborhood of y in A4k+i,e(F)) is identified with 

3%;S)x( II (^,0,00] x n ((r o , 0) oo] xs 1 )/- I /rf. (16.1) 

V<=eci(S) / \ceci(e) // 

Remark 16.1. The equivalence relation ~ in (|16.1I) is defined as follows. (T, 9) ~ 
(T 1 , 9') if (T, 9) = (T 1 , 9') or T = V = oo. 
The action of Tf on 

{J (T e ,o,CX>]] X I J] ((fc^lxS 1 )/ 
veGCi(S) / \ceCi(e) 
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is by exchanging the factors associated to the edges e and by rotation of the S 1 
factors. (See the proof of Lemma Tl6. 91 ) 

We will define a map from (|16.1j) to Mk+i,e{f))- (See Definition 116.61 ) We need 
to fix a coordinate of E around each of the singular point for this purpose. For the 
sake of consistency with the analytic construction in Section |3l we use cylindrical 
coordinate. 

Definition 16.2. Let 

7T : 97l rv -> 93(y v ) (16.2) 

be a fiber bundle whose fiber is a two dimensional manifold together with fiberwise 
complex structure. This fiber bundle is the universal family in the sense of (2) 
below. We call (|16.2[) with extra data described below a universal family with 
coordinate at infinity if the following conditions are satisfied. 

(1) 9Jtf v has a fiberwise biholomorphic action and it is equivariant. 

(2) For X) 6 93(y v ) the fiber 7r _1 (rj) is biholomorphic to E,, minus marked points 
corresponding to the singular points of t). 

(3) As a part of the data we fix a closed subset M.^ c 9Jl fv such that it : —> 
93(y v ) is proper. 

(4) We consider the direct product 



93(y v )x |J (0,oo)x[0,l] 

c is an outgoing edge of v 

U |J (-oo,0) x [0,1] 

(J (0,oo)x5 1 



(16.3) 



U 



U 



e£Cl(S) 
outgoing edge of l 



|J (-oo,0) xS 1 . 



c is an incoming edge of v 

(Here and hereafter the symbols U and (J in (|16.3[) are the disjoint union.) 

As a part of the data we fix a diffeomorphism between *H fv \ and 
(|16.3[) that commutes with the projection to 93(y v ) and is a fiberwise biholo- 
morphic map. Moreover the diffeomorphism sends each end corresponding 
to a singular point z c to the end in (|16.3j) corresponding to the edge e. 

(5) The diffeomorphism in (4) extends to a fiber preserving diffeomorphism 

2JT rv = 93(y v ) x (E fv \ {singular points}). 

This diffeomorphism sends each of the interior or boundary marked points 
of the fiber of t} to the corresponding marked point of {t}} x E fv . However, 
this diffeomorphism does not preserve fiberwise complex structure. As a 
part of the data we fix this extension of diffeomorphism. 

(6) The action of an element of T+ on (| 16 . 3[) is given by exchanging the factors 
associated to the edges e and by rotation of the 5* 1 factors. 

Hereafter we sometimes call a coordinate at infinity in place of a universal family 
with coordinate at infinity. 
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Example 16.3. Let y v be S 2 with £ + 2 marked points 

Z = 0, Zl = OC,Z 2 = 1, . . . , Z i+1 = e W=T(*-l)/<. 

Let Sj C &1+2 be the subgroup &i consisting of elements that hx zq, z\. We assume 
that zo and z\ correspond to singular points of p. It is easy to see that = Zg. 
Then E fv \ {zo, zi} = K x S" 1 and the action of T?? is given by rotation of the S 1 
factors. 

Definition 16.4. Suppose we are given a coordinate at infinity for each of y v where 
y v corresponds to an irreducible component of p. We say that they are invariant 
under the F+ -action if the following holds. 
We define a fiber bundle 

tt: O OT Jv^ II ( 16 ' 4 ) 

vec n (e) vec n (S) 

as follows. We take projections riveC (g) ^(fv) — * ^J(Pv) and pull back the bundle 
(|16.2p by this projection. We thus obtain a fiber bundle over n V 6C°(S) ^(fv)- (|16-4|) 
is the disjoint union of those bundles over v G C°(Q). In other words the fiber of 
(|16.4p at (t) v : v £ C°(Q)) is a disjoint union of t) v 's. 

The fiber bundle (I16.4[) has a T+ -action. We consider its restriction to 

tt: © (OT rv \^ r J^ JJ 2J( ?V ). (16.5) 

vec°(e) v6C°(e) 

The group acts on the sum of the second factors of (|16.3[) by exchanging the 
factors associated to the edges e and by rotation of the S 1 factors. We require that 
(116.51) is invariant under this action. 

Moreover we assume that the diffeomorphisms in Definition 116.21 (4) (5) are F+ 
equivariant. 

Now we fix a coordinate at infinity for each of y v that is invariant under the 
T?? action. We will use it to define a map from (|16.1[) to a neighborhood of y in 
■Mk+i,e($j) as follows. Let (tj v : v e C°(Q)) and t) v € 2J(p v )- Take a represen- 
tative Er, v of r) v . We put K^, = £ 5v n The coordinate at infinity defines a 
biholomorphic map between U v6C ;o(g)) £g v \ K v and 



(J (0,oo)x[0,l] 

c is an outgoing edge of v 

U |J (-oo,0) x [0,1] 

c is an incoming edge of v 

U (J (0,oo)xS' 1 



(16.6) 



outgoing edge of v 



U 



(J (-oo,0) xS 1 . 



icoming edge of * 



We write the coordinate of each summand of (|16.6[) by (r^,t c ), (r",t c ), (T^,t' e ), 
«, <') respectively. (Here we identify S 1 = R/Z so t c € [0, 1] or t' e , % € E/Z.) 
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Now, let ((T ;e G Cl{Q)\ ((T c ,6> c );e G C^(G)) be an element of 

II (r.,0,00]] x [ H ((T e ,o,oo]x5 1 )/~ • (16-7) 
(Here 6» e G R/Z.) 

Definition 16.5. We denote the right hand side of ([T6J| by (f§, oo] x ((f c , oo] x 
S 1 ). 

We first consider the case T c =^ oo. We define r e for e G C 1 (5) and < e for 
e € Cl{Q) as follows. 

T e = - 5T e = t'I + 5T e , (16.8) 
t e = t' e = %-9 e . (16.9) 

We note that f|16.8[) . (|16.9I) are consistent with the notation of Section [131 We 
consider 

[-5T e ,5T e ] x [0,1] (16.10) 

for each e G C^(Q) with coordinate (r c ,i ) and 

[-5T C ,5T C ] x S 1 (16.11) 

for each e G C^(C7) with coordinate (r ,i ). 
We now consider the union 

U K ^ u U [-5T e ,5T e ] x [0,1] 

v£C ° (e) ceC ° 1(S) (16.12) 

U [J [-5T C ,5T C ] x S 1 . 
eeci(e) 

(|16.8p and f|16.9[) describe the way how we glue various summands in (I16.12[) to 
obtain a bordered Riemann surface, that is nonsingular in our case where T e oo. 

Definition 16.6. We denote by ¥((t) v ;v G C° (G)) , (T e ; e G C£(G)), (T o ,0 o );e G 
C].(G)) the element of A^fc+i/ represented by the above bordered Riemann surface. 

Hereafter we write rj = (i) v ;v G C (£)), f° = (T c ;e G C*(0)), f c = (T c ;e G 
C£(a)), and (9= (<9 ;e G C^(G)). Weputf = (f°,f c ). We denote ¥(tj, f°, (f c ,#)) = 

We next consider the case when some T e = oo. We define a graph G' as follows : 
We shrink all the edges e of G with T c ^ oo. Various data we associate to G' are in- 
duced by the one associated to G in an obvious way. The element <£>(rj, T°, (T c , 9)) 
is contained in Aik+i.e {G')- Namely we glue (| 16 . 1 2[) to obtain a (noncompact) 
bordered Riemann surface £'. Then we add a finite number of points (each corre- 
sponds to the edges with infinite length) to obtain (singular) stable bordered curve 
¥(rj, f°, (f c , 6)) such that ¥(rj, f°, (f c , 0)) minus singular points is £'. 

Thus we have defined 

* : II 9?(Fv) x (f °, oo] x ((f c , oo] x S 1 ) -> X fe+M . 

vec°(s) 

We define some terminology below. 
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Definition 16.7. We call as in (|16.12j) a component of the core of t) or of 
<&(rj, T°, (T c , 8)). Each of the connected component of the second or third term of 
(|16.12[) is called a component of the neck region. In case T is infinity, there is a 
domain identified with ([0,oo) U (-oo,0]) x [0, 1] or with ([0,oo) U (-oo,0]) x S 1 
corresponding to it. We call it also a component of the neck region. The union of all 
the components of the core and the neck region is $(t),T°, (T c ,9)) minus singular 
points. 

Remark 16.8. Note that M.k+1,1 has an &£ action by permutation of the interior 
marked points. A local chart of Mk+i,e at j; is of the form 23/r r , and a local chart 
of Mk+ij/6 e at [y] is of the form 2J/T+. 

Lemma 16.9. The map $ is equivariant. 

Proof. We first define a action on (|16.7j) . Note an element of T+ acts on the 
graph Q in an obvious way. So it determines the way how to exchange the factors 
of (|16.7I) . The rotation part of the action is defined as follows. By Definition 116.21 
(6) we can determine the rotation of the t e coordinate induced by an element of 
r+. Therefore by (|16.9[) the action on 8 C coordinate is determined. 

Once we defined r+ action on (|16.7|) the equivariance of the map is immediate 
from definition. □ 

Note that the space (116. 1|) has a stratification. (This stratification is induced by 
the stratification of (0, oo] that consists of (0, oo) and {oo}. The map $ respects 
this stratification and stratification of Mk+i,e by {M.k+i,i(G)}- Moreover $ is 
continuous and strata-wise smooth. We do not discuss the smooth structure of 
(fTBTT]) yet. (See Section[HJ)_ 

We remark that the map $ depends on the choice of coordinate at infinity. The 
next result describes how $ depends on the choice of coordinate at infinity. 

Let 

$! : J] 23 (1) (?v) x (f °,oo] x ((f c ,oo] x S 1 ) -> M k+1/ (16.13) 

vec°(e) 

be the map in Definition 116.61 Suppose 

So = 4i(9o,2®o.^)o) 
and Q<y is the combinatorial type of 2)o- Note Q<x) Q is obtained from G r by shrinking 
several edges. Therefore we may regard 

C l {Q m ) C C\Qi). 

Namely we can canonically identify e € C 1 (G f ) with an element of e G C 1 (Gs) ) if 

We take a coordinate at infinity of 2)o- By Definition 116.61 it determines an 
embedding 

¥ 2 : Yl 2J (2) (2)o,v) x (f°,oo] x ((f^oo] x S 1 ) -»■ M k+U . (16.14) 

veo»(5 9o ) 

Here an element of (ff , oo] x {{f^oo} x S 1 ) is ((T e ;e € C£(&g ), ((T e , 9 e ), e € 

CcHSajo))- 
We put 

*i2 = $i 1 °^2- (16.15) 
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We next define #12. Let (j v ) G riveco(s ? , ) 9j(2) (2)o,v)- We denote 06 € (Tf,co] x 
((Tf,oo] x S 1 ) to be the point whose components are all 00. Then $2((jv),o6) has 
the same combinatorial type G%) as 2}o- We define ^^((Bv)) S IIvec (S) 
and f (9' by 

l 1 " 1 (¥ 2 (( 3v ) ) c5o)) = (*? 2 (( 3v )) ! f',^). 
We note that T e ' = 00 if e G C^^o) C C 1 ^). Then we put 

*i 2 ((3v),T,e) = (*? 2 ((3v)),iV) (16.16) 

where 

T // = / T e ifeGC 1 ^) 

c \r c ' ifeec 1 (e r )\c 1 (g s)0 ), 

r= K ifceCi^o) 
\^ ifceC c 1 (g r )\C c 1 (^ ). 

Remark 16.10. If 2)o has the same combinatorial type as y then is the identity 
map. Note that even in the case 2)o = y the map $12 may not be the identity map 
since $j depends on the choice of coordinate at infinity. 

Let k TyC = 0,1,..., k e , c = 0, 1, 2, 

Q\k T \ 

dT^T 

We define d> %■ in the same way. We put 

dT k a J 

k T - T = k T : cT c , kg • T c = 2J ^.e^e. 

Proposition 16.11. In i/ie above situation we have the following inequality for 
any compact subset 9Jo(y, {?) o/QJ(y, (?) : 

< GLke-''^-^^, (16.17) 

/or I &t I, I fee I < urai/i |fc^| + \kg\ ^ 0, where the left hand sides are C norm (as 
maps on X)) and 6' > depends only on S and k. 

Remark 16.12. The estimates in Proposition 116. Ill holds strata-wise. Namely 
in the situation where some of T is infinity, we only consider kx , kg such that 
&T,e = kg, c = for the edges e with T c = 00. 

Remark 16.13. During the proof of Proposition 116. Ill and also during various 
discussions in later sections, we need metrics of the source and the target to define 
various norms etc. For this purpose we take a Riemannian metric on X and also 
a family of metrics of the fibers of (|16.2[) such that outside K v it coincides with 
the standard flat metric (via coordinates r and t). We include it in the data of 
universal family with coordinate at infinity. Since we use it only to fix norm etc. it 
is not an important part of that data. 



. . and define 

QkT.o 



n 



eec^tg) ° ±c 



Q\k T \ Q\k e \ _ 

j-($12 



Q T k T QQk e 



*1 2 ) 
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Proposition 116. ill is a generalization of [FOOOll Lemma A1.59] and will be 
used for the same purpose later to derive the exponential decay estimate of the 
coordinate change of our Kuranishi structure. We suspect Proposition 1 16 . ITl is not 
new. However for completeness sake the proof will be given later in Subsection 1251 

Remark 16.14. In case 2)o = y, Proposition ll6. Ill implies that there exists AT : 
9J O (?,0) -> R# cl &\ A9 : Q3 (f,£) -> (S 1 )* ^ such that T component (resp. 6 
component) of $21 goes to T + AT (resp. 9 e + AO) in an exponential order as T 
goes to infinity. (|16.17[) implies that rj component of $21 goes to X) in exponential 
order as T goes to infinity. 

Proposition 116.111 describes the coordinate change (change of the parametriza- 
tion) of the moduli space. A coordinate at infinity determines a parametrization 
of the (bordered) curve itself, since it includes the trivialization of the fiber bundle 
(|16.2[) . Proposition 116.151 below describes the way how it changes when we change 
the coordinate at infinity. 

Let $12 = W 1 1 o $ 2 be as in Proposition 116.111 and let (t)j,fj,9j) (j = 1,2) be 
in the domain of . We assume 



(tJi,Ti,0i) = $12(92, T 2 , # 2 ). 



(16.18) 



Let rp. g.-j be a curve representing ®j(t)j,Tj,9j). It comes with coordinate at 
infinity. By (|16.18l) and stability, there exists a unique isomorphism 



°(t)2,f 2) e 2 ) : S (t, 2 ,f 2 ,e 2 ) 



of marked curves. 

Let Ki j) be the core of £ 
that 



( 16 - 19 ) 

(2) (2) 

We take a compact subset K v q c K v such 

(16.20) 



for sufficiently large T\. 
(t) 2 ,f 2 ,9 2 ). Let 



Note that the sets and K v 2 q are independent of 



to K. 



(2) 
v,0 



be the space of C k maps with C k topology. The restriction of 0, ^ 
defines an element of it that we denote by 

Proposition 16.15. There exist C 2 ,hi T}~ such that for each eo € Cc(^?n 2 ) we have 
g\k T \ g\ke\ g 



112 



112 



g\k T \ g\k„\ g 



dT« T d9 2 



dT* T 09* 



ke 89 



2,e 



Res (% 2 A,e> 



<C 2 , k e~ s ^ : 



(16.21) 



< C 2 , k e~ 5 ^o. 



if each of T 2fi is greater than Tk and \hr\ + \ke\ - 
C 1 (g < , 2 )),92 = (9 2 , c ;eeC 1 c (g t)2 )). 

The first inequality also holds for eo € Cj(^g 2 )- 



n < k. Here T 2 = (T 2 ^ c ;e £ 
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We note that when all the numbers T2 jC are oo, $2(92, ?2, #2) has the same 
combinatorial type as 2)o- (Note $2 gives a coordinate of the Deligne-Mumford 
moduli space in a neighborhood of 2)o-) Then, integrating on T^ e , Proposition 
116. 151 implies: 



Corollary 16.16 

Q\k T \ g\k e \ 



< C 3 , k e 

c k 



-S2T2,, 



Q\k T \ Q\ke\ 

V t 1 r( Res ^(t)2 f 2 S 2) ) - Res(0(t,2,6o)) 



(16.22) 



c k 



ifT 2 . c > T 2imin > T k for all e and \k T \ + \k e \ + n < k. Here T 2 . min = min(T 2ie ;e G 

c\g, 2 )). 

In later subsections we also use a parametrized version of Propositions [THITT] and 
110.151 which we discuss now. 

Let Q be a finite dimensional manifold. Suppose we have a fiber bundle 

vr : ari£> -> Q v x QJ(r v ) (16.23) 

that is a universal family (|16.2[) when we restrict it to each of {£} x 2J(y v ) for 
£v G Q v . We put 

q= n 

vec°(S) 

Definition 16.17. A Q- parametrized family of coordinates at infinity is a fiber 
bundle (|16.23[) and its trivialization so that for each £ = (£ v ) the restriction to 
{£ v } x 57 (fv) gives a coordinate at infinity in the sense of Definition 116.21 

Suppose a Q-parametrized family of coordinate at infinity in the above sense is 
given. Then we can perform the construction we already described for each £ and 
obtain a map 

$2 : Q x J] 2J(r v ) x (f °, 00] x ((f c , 00] x S 1 ) -> 7W fe+ i,^. (16.24) 
vec°(e) 

Note that for each £ G Q it gives a diffeomorphism to a neighborhood of y in 

Suppose we have a (unparametrized) coordinate at infinity that is a fiber bundle 

vr : DJl^J -> 07(r v ) 
equipped with trivialization. It induces an embedding 

li : J] ^(fv) x ^o-™! x ((^o C ,°°] x ^) -Mfc+M- 
vec°(e) 

They induce a map 

$12 :Q x J] 23(r v ) x (f °', 00] x ((f c ' ; 00] x S 1 ) 

1 ; (16.25) 
-> [] 2J(r v )x(f °,oo]x((f c ,(^]x5 1 ) 
vec°(e) 
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by the formula: 

!i(!i 2 (£,t),f,^) = I 2 (£,t,,r,£). 

Here Tq" and Tq' are sufficiently large compared with Tq and Tq . 
Moreover we have a family of biholomorphic maps: 



(£,t),T,< 



T,6 



T',e 



(16.26) 



Here (t/,T',0') = $ 12 (£, t), T, 0) and Sl''^, S^' C : (2) are marked bordered curves 

T,9' T ,6 

representing $i(<I>i 2 (£, p, T, #)) and $ 2 (£, p, T, 0), respectively. 
Lemma 16.18. FFe /iave C4 C5 & smc/i £/iat; 



^($ 12 (£,tj,r,0)-* 12 (t,,r,0)) 



< C 4 , fee - 5 ( fe ~- f +^- fc ) (16.27) 



/or I A* |, Ifc^l, < fc, &/ eac/i o/T e zs greater than T&. T/ie Ze/£ /land sides ore C k 
norm (as functions on t)). Moreover for each eo € (^(^2) we Tiawe 



v e fcs v™ — — 



Q T k T QQk e dT c 



Vj«V£- - 



Res(t) 



(C,t>,T- 



Res (°(5, 5 ,f,e)) 



(16.28) 



5, fee 



if eac/i 0/ T c is greater than Tc and \k^ \ + \kr\ + | k$ \ + n < k. 
The first inequality of 116. 28\) also holds for Cq G C^(Gt) 2 )- 



Note that (|16.27p . (|16.28p are parametrized versions of Propositions [T6. 111116.151 
respectively. For the proof, see Section l25l 



17. Stabilization of the source by adding marked points and 

obstruction bundles 

Let ((£, z, -?" nt ), u) = (p, it) G -M.k+i,e(l3]G)- We assume that Q is stable but is 
not source stable. In Section [3] we assumed that the source is stable. In order to 
carry out analytic detail similar to the one in Section [3] in the general case, we 
stabilize the source by adding marked points. In other words, we use the method 
of |FOn2| appendix] for this purpose rl 

Remark 17.1. We note that the method of |FOn2, appendix] had been used earlier 
in various places by many people. A nonexhausting list of it is |Wo[ Proposition 
7.11, Theorem 9.1], [FOn2l appendix], |LiTil begining of Section 3 and the proof of 
Lemm a 3.1], (SSJ page 395], |F()()()11 page 424], |F()()()5I Section 4.3]. See also 
[Ru2l (3.9)]. 



We recall: 

Definition 17.2. An irreducible component y v = (S 
unstable, if and only if one of the following holds: 
(1) Fv e Mk,+i,i y and fc v + 1 + 2£ v < 3. 



) of r is said to be 



16 years of experience shows that the method of IFOn2l appendix] is easier to use in • 
applications than the method of [FOn2l Section 13]. 
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(2) y v <E Mf v and £ v < 3. 

There is at least one boundary marked point in case y v is a disk (y G Mk+i,i 
and k + 1 > 0), and at least one interior marked point in case y v is a sphere. (This 
is because it should be attached to a disk or to a sphere.) Note we assume £ > 1 in 
case of Aif.) Therefore there are three cases where y v is unstable: 

(a) y v is a disk. y v G -Mfc v +i/ v and fc v = or 1. l v = 0. 

(b) y v is a sphere. y v G .M^ and ^ v = 2. 

(c) y v is a sphere. y v € Mf and £ v = 1. 

Remark 17.3. In the case of higher genus there are some other kinds of irreducible 
components that are unstable. For example, T 2 without marked points is unstable. 
We can handle them in the same way. If we consider also A4^(a), then .A/Jq 1 also 
appears. 

Definition 17.4. ( |FOn2[ Section 13 p989 and appendix pl047]) A minimal stabi- 
lization is a choice of additional interior marked points, where we put one interior 
marked point w v of S v for each y v satisfying (a) or (b) above and two interior 
marked points uv,i, uv,2 for each y v satisfying (c) above, so that the following 
holds. 

(1) w v i^, nt . w Vi i,w V] 2 ^ z^ nt . They are not singular. 

(2) u is an immersion at w v , w v ,ii ^v,2- 

(3) Let v G ri u s such that wE v = S v / . Suppose y v satisfies (a) or (b) above. 
Then vw v = v'w y i for some v' G ( «. Suppose y v satisfies (c) above. 
Then there exists v' € r/~ , such that vio v j = i/uv i for i = 1,2. 

(4) iu Vjl ^ u'w v ,2 for any v' G r^ u) . 

(We add three marked points in the case of -Mp 1 -) 

Definition 17.5. A symmetric stabilization is a choice of additional marked points 
w = (wi, . . . , u^') <= Int S, such that: 

(1) uln z 1 "* = 0. 

(2) for i 7^ j. 

(3) it is an immersion at each Wi. 

(4) (£, z, w U z 411 *) is stable. 

(5) For each v S T^. u « there exists cr^ G ©£<, such that 

v(Wi) = We v{i) . 

We note that a minimal stabilization induces a symmetric stabilization. Namely 
we take 

{vw v | i! G u x, y v satisfies (a) or (b)} 

U {vw v j | v G rt >,i = 1,2, y v satisfies (c)}. 

Since the notion of symmetric stabilization is more general, we use symmetric sta- 
bilization in this note. Symmetric stabilization was used in [FOOQ5] . 
We write 

y U w = (£, z, z 411 * U w) 

when y = (E, z, z 111 *). 
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Remark 17.6. In our genus zero case, Definition 117.51 (4) implies that the au- 
tomorphism group of ( T,,z,£ nt U to) is trivial!!! So we can define an injective 
homomorphism 

a : r (? , u) -> S/i (17.1) 

by 

v(Wi) = W cr ( l ). 

(Here is the symmetric group of order We denote by £j(y, u ) the image of 
()17.1|) . In a similar way we obtain an injective homomorphism 

a :T+ u) ^e e x6 t . (17.2) 

We denote its image by S)t f u y 

We use the notion of symmetric stabilization of y e Al^+i G) to define the 
notion of obstruction bundle data as follows. 

Definition 17.7. An obstruction bundle data (£ p centered at 

p = ( h u) = ((£,z,z- nt ), W ) G M k+l .MG) 

is the data satisfying the conditions described below. 

(1) A symmetric stabilization to — (toi, . . . ,wi>) of (j,u). We denote by Gwut 
the combinatorial type of wU f. 

o 

(2) A neighborhood QJ(y v Uto v ) of y v Uto v = (£ rv , z fvi i^ nt U to v ) in ^fc v +i,i v +£; 

o cl o o cl 

or A4i +l , . Here y v G Aik v +i,e v or G 7W f +£ ; is an irreducible component 
of y and w v is a part of to that is contained in this irreducible component. 

(3) A universal family with coordinate at infinity of y v U to v defined on 23(y v U 
to v ). (We use the notation of Definition QiOl) We assume that it is invariant 

under the T, , .'" % action in the sense we will explain later. 

(4) A compact subset K° hst such that K° hst x 23(y v U to v ) is contained in M. fv , 

which is defined in Definition 116.21 (3). We assume that they are ^rp^ u \ 

invariant in the sense we will explain later. We call K° hst the support of 
the obstruction bundle. 

(5) A rj G 2J(y v Uto v )-parametrized smooth family of finite dimensional complex 
linear subspaces Ep tV (t),u) of 

r (Int K° hst ;u*TX <g> A 01 ). 

Here To denotes the set of the smooth sections with compact support on 
the domain E 5v induced by rj v G ^?(jv U to v ). We regard u : E fv — > X 
also as a map from £«„ by using the smooth trivialization of the universal 
family given as a part of Definition 116.21 (5). 

We assume that (J) vgC <o( g ) E v is invariant under the r^utHu) ac tion in 
the sense we will explain later. 



is 



In the case of higher genus, we may include the triviality of the automorphism as a part of the 
definition of the symmetric stabilization. If we do so then l|17.1|l is still an injective homomorphism. 
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(6) For each v 6 C^(Gp) and rj v S 2J(y v U w v ) the differential operator 

D u 8 :L 2 m+ljg (C£^,d^);u*TX, u*TL) 

L 2 m ^ v ;u*TX®A Q1 )/E p ^,u) 

is surjective. (We define the above weighted Sobolev spaces in the same 
way as in Section [IT] See Section [19] for the precise definition in the general 
case.) 

If v € C° (£? p ) and rj v S 9J(y v U w v ), the differential operator 
D u d:L 2 m+1 ^ v ;u*TX) 

->L^(E 9T ;u*TX(g)A 01 )/£p )V (tj,u) 

is surjective. 

(7) The kernels of (|17.3j) and (|17.4|) satisfy a transversality property for evalu- 
ation maps that is as described in Condition 117.81 

(8) For each Wi <G S v we take a codimension 2 submanifold T>i of X such that 
u(wi) £ T>i and 

Moreover {T>i} is invariant under the T p action in the following sense. Let 
v € rjj~ and v(wi) = uv-t) then 

V % =V a{l) . (17.5) 
(Note u(tOi) = u{w a (^) since w o u = u.) 

Condition 17.8. Suppose a vertex v G C°(^ p ) is contained in an edge e G C\{Q P ). 
Let z e be a singular point of £ r corresponding to the edge e G (C? p ) . We define 

ev v , e : L^ +v ((E, T ,0E^);u*TX,u*TL) -> T„ (2e)J L (17.6) 

by s i — ^ ±s(z c ) where we take + if v is an outgoing vertex of e and we take — if v 
is an incoming vertex of e. If v € C%(Gp) and e £ C^(Q P ), then we define 

ev v , : L 2 n+1 J(^,d^);u*TX,u*TL) -> T u(Zc) X (17.7) 

by the same formula. In a similar way we define 

ev v , c : i4 +M (£„ v ; u*TX) -+ T u(Zc) X, (17.8) 

if e € Cl(Q p ) and v e (Q p ) is its vertex. 

Combining all of (|17.6I) . (|17.7|) . (|17.8[) we obtain a map: 

CV S P : L 2 m+li5 {{^d^)-,u*TX,u*TL) 

® Lm+l, <s(^9v) u*TX) (17.9) 
vec°(£?„) 

r u(Zo) L® T u(Ze) X. 

eGCi(e p ) eeCi(S„) 

The condition we require is that the restriction of evg p to 

KerD Uv d 

vecf(e P ) 

is surjective. 
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Remark 17.9. In [FOOOlj we used Kuranishi structures on M.k+i,l{fi) so that 
the evaluation maps ev : A4k+u((3) L k+1 x X 1 are weakly submersive. To 
construct Kuranishi structures satisfying this additional property, we need to re- 
quire an additional assumption to the obstruction bundle data. Namely we need 
to assume that the evaluation maps at the marked points 

k I 

ev: i^ +li5 ((E 1)v ,aE 1)v ); U *TX, W *TL)^[] T ^) Lx n T «W" t ) X 

vGC°(S p ) »=o <=1 

are also surjective. But we do not include it in the definition here since there are 
cases we do not assume it. 

We next explain the precise meaning of invariance under the action in (3), (4), 

(5). The invariance in (3) is defined in Definition 116.41 The Tjft?}* action on &y v 
is induced by its action. (See Definition 116.41 ) So we require (the totality of) K° hst 

is invariant under this action in (4). To make sense of (5) we define a r, y ^\ 
action on 

r (Int K° hst ;u*TX ® A 01 ). (17.10) 

vec°(e) 

If v £ r (f [5^ u) then wS v = E v / for some v' and AT°, bst = vK° hst by (4). Moreover 
u o v = u holds on S v . Therefore we obtain 

v, : T (Int K° hat ; u*TX ® A 01 ) S r (Int A'°, bst ; u*TX ® A 01 ). 

They induce a ^ action on (| 1 7. 10[) . Note that this is the case of the action at 
w U p = (icUf,u). When we move to a nearby point (rj, u), the situation becomes 
slightly different, since v*rj = rj holds no longer. We have a smooth trivialization of 
the bundle (|16.2I1 . (Definition 116.21 (5).) Namely we are given a diffeomorphism 

v : K v (t)) -> K v ,(t)) 

between the cores. (Here we write K v (t)) in place of K v to include its complex 
structure.) However this is not a biholomorphic map. On the other hand 

v : if v (t)) -> K v <{v*V>) 

is a biholomorphic map by Definition 116.21 (1). Therefore we still obtain a map 

v, :r (Int A'° bst (l]);ii*TI ® A 01 ) 

= r (Int i^°/ bst («*rj); (u o w _1 )*TA ® A 01 ). ' '''' ' ' 

Definition 117.71 (5) means 

v* (E 9}V (t),u)) = E p , V '(v*r),uov~ ) = E p y(v*X),u) 

where the map appearing at the beginning of the formula is the map (|17.11[) . 

Remark 17.10. The condition (8), especially u(wi) £ X>,, is assumed only for p 
and w. For the general point Q3(r) v Uu\-) this condition is not assumed at this stage. 
We put this condition only at later step (Section [20] See also Definition 1 18.11 ) and 
only to the solutions of the equation. 

Lemma 17.11. For each p there exists an obstruction bundle data £ p centered at 
P- 
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Proof. Existence of symmetric stabilization is obvious. We can find Ep tV (p U Wp) 
for v e C°(Q 'puwp) satisfying (7), (8) by the unique continuation properties of the 

linearization of the Cauchy-Riemann equation. We can make them r ^ invariant 
by taking the union of the images of actions. Then we extend them to a small 
neighborhood of p U Wp in a way such that (7), (8) are satisfied. We make them 

TpuiSp invariant by taking average as follows. Let r> = (t) v ) such that t) v € 23(t v UuJ v ). 
Using the trivialization of the bundle (| 16 . 2[) we can define 

% : ^P.v^ r(S niV ; u*TX ® A 01 ). 
vec^Spuuip) veco(S) 

Note for v £ ^ the equality u* o J'^ = J' vt) o v* may not be satisfied. However 
since o J' = 3' p o we may assume 

\\ v *°% -%t,°v*\\ 
is small by taking 2J(y v U w v ) small. Therefore 

ff 1 pUtTJp , 

is injective and close to 3' p . We hence obtain the required Ep(t)) by 

E p (t)) =Im2f„. 

The existence of the codimension 2 submanifolds T>i is obvious. □ 
The obstruction bundle data determines 

E P (t),u)= E p<v (t),u)c i^^j^TX^A 01 ) 
vec»(6 puiip ) veC»(e» U)3t ] 

for t) € QJ(jrUw). This subspace plays the role of (a part of) the obstruction bundle 
of the Kuranishi structure we will construct. To define our equation and thickened 
moduli space we need to extend the family of linear subspaces E p (-) so that we 
associate E v (q) to an object q which is 'close' to p. We will define this close-ness 
below. (This is a generalization of Condition 110.41 ) 
We use the map 

$ : Y[ 2J(y v U w v ) x (f °,oo] x ((f c ,oo] x S 1 ) -> M k+x , t+l >. 
vec^Spuwp) 

(See Definition 116.50 Let 2) = <£>(t),T, 0) be an element of Mk+i,i+t that is 
represented by (Saj , % , 5m* U By construction (|16.12[) we have 

S 2J = |J Kfu \J [-5Te,5T e ]x [0,1] 
vec°(g puaf ) eecl(g puaf ) 

U |J [-5T C ,5T C ] x S 1 . 

We called the second and the third summand the neck region. In case T c = oo the 
product of the union of two half lines and [0, 1] or S" 1 is also called the neck region. 
See Definition 116.71 
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Definition 17.12. Let v! : (Eg,dEg) — > (X,L) be a smooth map in homology 
class /3. We say that (Eg,?/) is e-close to p with respect to the given obstruction 
bundle data if the following holds. 

(1) Since 2) = $(t),f,&) the core C Eg is identified with C E„. We 
require 

|ii - u'| c io( K ?>) < e (17.12) 

for each v. (We regard u as a map from Eg by using the smooth trivializa- 
tion of the universal family given as a part of Definition 116.21 (4).) 

(2) The map u' is holomorphic on each of the neck region. 

(3) The diameter of the v! image of each of the connected component of the 
neck region is smaller than e. 

(4) T > (T 1 for each e. 

Remark 17.13. We use metrics of the source and of X to define the left hand side 
of (IT7T21 . See Remark MM 

Remark 17.14. We note that Definition 117.121 is not a definition of topology on 
certain set. In fact, '(Eg,?/) is close to p' is defined only when p is an element of 
■Mk+i,e{P), but (Eg, u') may not be an element of Mk+i,e(P)- 

Even in case (Eg, u') € Mk+i,e((3), the fact that (Eg, it') is e-close to p does not 
imply that p is e-close (Eg,?/). In fact, if (Eg,?/) is e-close to p then Q p >~ C/g. 

On the other hand, we have the following. If (Eg,?/) € A4fc+i^(/3) and is e%- 
close to p and if (Eg/,?/') is e2-close to (Eg, it'), then (Eg/, it") is ei + o(e2)-close 
to p. (Here lim £2 _>.o 0(^2) = 0.) 

Let 2) = $(rj,T,0) and u' : (Eg,9Eg) — » (X,L) be a smooth map in homology 
class (3 such that (Eg,?/) is e-close to p. We assume that e is smaller than the 
injectivity radius of X. Let v e C°(Q). 

Definition 17.15. Suppose that we are given an obstruction bundle data (£p cen- 
tered at p. We define a map 

J&.CD.t.') : B P.v(fc«) -> r (Int^ v obst ;( W ')*TX® A 01 ) (17.13) 

by using the complex linear part of the parallel transport along the path of the form 
t 1 — ^ E(u(z), ti>), where E(m(z),w) = u'(z). (Note this is a short geodesic joining 
u(z) and u'[z) with respect to the connection which we used to define E.) Here we 
identify 

Jf v obst CKvCE,, K° hst C K v C Eg . 
We write the image of (|17.13l) by E PiV (Z),u'). 

The map -^ P „) (g „n is r^u^'u) invariant in the sense of Lemma 117.161 below. 

Sit <. Sjf , 

Note we have an injective homomorphism "/ ^ u * — > &i x ©£' such that the "/ ^ » 

action on the elements of 2J(yU?Z?) is identified with the permutation of the I marked 

points in y and ^' marked points w. (See (|15.2p .) For v £ ^uu^ u \ we define w*2) by 
permuting the marked points of 2J in the same way. If (2), it') is e-close to p then 
(u*2J,i/) is e-close to p. Let v' be the vertex which is mapped from v by v with 

respect to the r, f ^ u ) action of Q. (See the discussion about Definition 117.71 (5) 
we gave right above Remark \1 7.1 00 We remark that i>*2J = $(w*t}, v*T, u*0). By 
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using diffeomorphism in Definition I16.5[ we have a map v : t) — > v*t). Note there 
exists a map (diffeomorphism) v Er, that permutes the marked points in 

the required way. However this map is not holomorphic in general. It becomes 
biholomorphic as a map v : £(, — > T, Vtt) . 

Lemma 17.16. The following diagram commutes. 



Ep^iv^uov- 1 ) 1 » > T Q (IntK°}> st {v*Z));(u' ov-^-yTX ® A 01 ) 

(17.14) 

Here we define v' by v(K v ) = K v > . 

Proof. The lemma follows from the fact that parallel transport etc. is independent 
of the enumeration of the marked points. (Note the left vertical arrow is well-defined 
by Definition[lL3(5).) □ 

Corollary 17.17. 

V A E p , v (Z),u')\ = E PtV (v*Z),u' or 1 ). 

\v6C°(S) / v6C°(a) 

This is a consequence of Lemma \1 7 . 1 61 and Definition 117.71 (5). 

We next show that the Fredholm regularity (Definition 117.71 (6)) and evaluation 
map transversality (Definition 117.71 (7)) are preserved when we take (2), it') that 
is e-closc to p. (See Proposition 117.221 ) To state them precisely we need some 
preparation. 

Let 2) = <E>(rj, T, 9) be an element of Mk+i,£+e' that is represented by (£<g, %, Zj^U 
w<2)). We denote by £/<g the combinatorial type of 2J. (Here Gt) is the combinatorial 
type of rj and G<r> is obtained from Q n by shrinking the edges e such that T c ^ oo.) 
Let v G C" (Qy ) . We have a differential operator 

D u , iV d : Ll l+u ((^ v ,d^ % y,(uTTX, (u')*TL) 

In case v S C®(Gs)) we have 

D u ,, v d : L 2 m+M (£ 3 , v ; {u'fTX) L 2 m ^ v ; (u'yTX ® A 01 ). (17.16) 

Definition 17.18. We say (2),«') is Fredholm regular with respect to the ob- 
struction bundle data (£ p if the sum of the image of (|17.15|) and E p _ v (%),u') is 
L 2 m 5 (S2) V ; {u')*TX ® A 01 ) and if the sum of the image of ([17T6| and £J p>v (2)X) 
is Ll l S {^-{u'YTX®K m ). 

Using this terminology, Definition ll7.7l (6) means that (y,u) is Fredholm regular 
with respect to the obstruction bundle data £ p . 

We next define the notion of evaluation map transversality. 

Definition 17.19. A flag of Q is a pair (v, e) of edges e and its vertex v. Suppose 
Q is oriented. We say a flag (v, e) is incoming if e is an incoming edge. Otherwise 
it is said outgoing. We denote by z c the singular point corresponding to an edge e. 



(17.15) 
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For each flag (v, e) of Gz) , we define 

ev v , c : Z4 +M ((£2, v ,d£2) v ); (u')*TX, (u')*TL) -> T u , {Za) L, (17.17) 
if v e C°(C/<g), e G Cq(02)) in the same way as (|17.6[) , 

ev v ,c ■.L^ +l ^^,d^)-{u l yTX,(u l yTL)^T u , (Za) X, (17.18) 
if v e C°(Q<y), e € Cl(G<ri) in the same way as (|17.7[) . and 

(u'JTJC) T u , (2e) X, (17.19) 



ev v 



m+ 



if e € C* (^jjj) in the same way as (|17.8[> . 
Combining them we obtain 

ev S? , : L 2 m+hS ((^,d^);(u'rTX,(u'rTL) 
vgc2(s ?1 ) 

ii+i^^,;!"')*™) (17.20) 
t u , m l® T„, (Ze) x 

eeci(g ? i) ceci(e ?) ) 

Definition 17.20. Suppose (2),u') is Fredholm regular with respect to the ob- 
struction bundle data £ p . We say that (2),w') is evaluation map transversal with 
respect to the obstruction bundle data £ p if the restriction of (117. 20j) to the direct 
sum of the kernels of (|17.17[) . (|17.18l) and of (|17.19|) is surjective. 

Using this terminology, Definition 117.71 (7) means that (p, u) is evaluation map 
transversal with respect to the obstruction bundle data (£ p . 

Proposition ll7.2^1 below says that Fredholm regularity and evaluation map transver- 
sality are preserved if (2), u') is sufficiently close to p. To state it we need to note 
the following point. 

When we define e-close-ness, we put the condition that the image of each con- 
nected component of the neck region has diameter < e. But we did not assume a 
similar condition for p and (£ p itself. So in case when this condition is not satisfied 
for p, there can not exist any object that is e-close to p. Especially p itself is not 
e-close to p. 

However, we can always modify the core K v so that p itself becomes e-close to 
p as follows. We take a positive number i?( v ,c) f° r each flag of Q and write R the 
totality of such i?( v ,e)- We put 

K+* = K V U |J (0,i? (ViC )] x [0,1] 

(v, e) is an outgoing flag 



U 

u 



|J [-%,„), 0) x [0,1] 



e€Oj(S) 



|J (0,i? (v , c) ] xS 1 



(17.21) 



(v, c) is an outgoing flag 



U |J [-R (Vte) ,0)xS\ 

oeci(S) 
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Definition 17.21. We can define an obstruction bundle data £ p centered at p 
using K+ R in place of K v . We call it the obstruction bundle data obtained by 
extending the core and write <£p R . We call (|17.21l) the extended core. (In case we 
need to specify R we call it the -R-extended core.) (|17.21j) is a generalization of 

(HOD. 

Proposition 17.22. Let p £ M.k+i,l{0) an d be an obstruction bundle data 
centered at p. Then there exist e > and R with the following properties. 

(1) u') is e-close to p with respect to £p R , then (2), v!) is Fredholm regular 
with respect to <Bp R . 

(2) If (2), u') is e-close to p with respect to <£p R , then (2), u') is evaluation map 
transversal with respect to &t R . 

(3) p is e-close to p with respect to <£p R . 

Proof. By using the fact that the diameter of the u' image of the connected compo- 
nent of the neck region is small, we can prove an exponential decay estimate of u' 
on the neck region. This is an analogue of Lemma Tl4. II and its proof is the same as 
the proof of [FOn21 Lemma 11.2]. Then the rest of the proof of (1),(2) is a version 
of the proof of Mayer- Vietoris principle of Mrowka |Mrj . See [FOOOll Proposition 
7.1.27] or [Full Lemma 8.5]. (3) is obvious. □ 

So far we have discussed the case of bordered genus zero curve. The case of 
genus zero curve without boundary is the same so we do not repeat it. 



18. The differential equation and thickened moduli space 

To construct a Kuranishi neighborhood of each point in our moduli space A4k+i.e(fi) 
or A4f(a), we need to assign an obstruction bundle to each point of it. To do so 
we follow the way we had wr itten in |FOn2| end of the page 1003] and |FOOQl| 
end of the page 423-middlc of page 424]. The outline of the argument is as fol- 
lows. For each p £ -Mk+i.i{0) we take an obstruction bundle data £ p . We then 
consider a closed neighborhood 2U P of p in Aik+i.e(P) so that its elements together 
with certain marked points added is e p -close to p with respect to <Bt R . Here we 
choose e p and <£t R so that Proposition 117.221 holds. We next take a finite number 
of p c £ Mk+i,i(P) such that 

(Jlnt2B Pc =M k +iAP)- 

c 

For p £ Mk+i,i(fl), we collect all E Pa such that p c satisfies p £ W Pc . The sum will 
be the obstruction bundle £ p at p. Now we will describe this process in more detail 
below. 

We first define the subset 2U P in more detail. We note that in Definition 117.121 
we need £ + £ v interior marked points to define its e-close-ness to an element p £ 
Mk+i,i(P). (Here £ p is the number of marked points we add as a part of the 
obstruction bundle data € p .) We start with describing the process of forgetting 
those £p marked points. 



^Higher genus case is also the same. 
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Definition 18.1. We consider the situation of Definition HLH Let 2J = $(tj, f, 6) 
and let v! : (£<g , <9£*2)) — > (X, L) be a smooth map in the homology class (3 that is 
e-close to p. We say (2J,u') satisfies the transversal constraint if for each Wi £ w 
we have 

u'(Wi) £ V Pti . (18.1) 

Let us explain the notation appearing in the above definition. We have iu p , the 
additional marked points on £ p as a part of the obstruction bundle data (Bp. The 
element t) is in a neighborhood 2J(y P U u> p ). (This neighborhood 2J(y p U Wp) is also 
a part of the date <£ p .) (f , 0) is as in Definition MM Thus 2J = ¥(rj,f ,0) is a 
bordered genus zero curve with k + 1 boundary and £ + ^ p interior marked points. 
(£p is the number of points in w p .) We denote by w Pt i the (£ + i)-th interior marked 
point. (It is ?-th among the additional marked points.) For each i = 1, ...,£p, we 
took 2? Pi i that is transversal to u p (E p ) at Up(wi) as a part of the data (£ p . 

Lemma 18.2. For eachp E Mk+i,i(P) o,nd an obstruction bundle data l£ p centered 
at p there exists e p such that the following holds. 

Let q = (y q ,w q ) £ M.k+i,i(fi) ■ We consider the set of symmetric marking w' p of 
fq with #u?p = tp , such that the following holds. 

(1) There exists rj e QJ(y p U w p ) and (f , 9) £ (T§, 00] x ((f c , 00] x S 1 ) such that 
t q Uw'p =¥(n,f,0). 

(2) (y q U w' p ,Uq) is €p-close to p. 

(3) (y q UWp,Uq) satisfies the transversal constraint. 

Then the set of such w'p consists of a single T p orbit if it is nonempty. Here we 
regard Tp C &v by l\j and Tp acts on the set of w'p 's by permutation. 

The proof of Lemma 118.21 is not difficult. We however postpone its proof to 
Section [2"01 where the transversal constraint is studied more systematically. 

We are now ready to provide the definition of 2Up C A4k+i,e((3). 

First for each p £ A4k+i,e(P) we take and fix an obstruction bundle data <£ p . 
Let Wp be the additional marked points we take as a part of €p . We take e v so that 
Proposition 1 17. 2 21 and Lemma \1 8 . 21 hold . Moreover we may change (£ p if necessary 

so that Proposition 117.221 holds for <£+" = <£„. 

Definition 18.3. 2B + (p) is the set of all q £ Mk+\,i{P) such that the set of w' p 
satisfying (l)-(3) of Lemma 118.21 is nonempty. The constant e p (which is often 
denoted by e Pc or e c ) is determined later. (See Lemma [18.161 fRemark I18.17[> . 
Proposition MM Lemma MJM Lemma [20T71 Sublemma MHE (Remark |20T9Q 
See also 2 lines above Definition 121.101 ) We note that 2U + (p) is open, as we will 
see in Subsection [20] See Remark [20.201 

We choose a compact subset 2U P C 2U + (p) that is a neighborhood of p. We take 
2Up that is a compact subset of Int 2U P and is a neighborhood of p. 

We take a finite set {p c | c € £} c Mk+i,t{P) sucn that 

|Jlnt2U!L =M*+m09). (18.2) 

We fix this set {p c | c £ £} in the rest of the construction of the Kuranishi 
structure. From now on none of the obstruction bundle data at p for p ^ £ is used 
in this note. 
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Definition 18.4. For p G Mk+i,i(P), we define 

£(p) = {ce£\peW p J. 
We also choose additional marked points w£ of y p for each c G £(p) such that 

(1) There exist rj G 2J(y Pc U w 9c ) and (f , 9) G (f °,oo] x ((f c ,oo] x S 1 ) such 
that y p U w£ = $(t),f,0). 

(2) (y p U w£,w p ) is e Pc -close to p c - 

(3) (y p U w^,u p ) satisfies the transversal constraint. 

Lemma 18.5. For each p there exists a neighborhood U of it so that if q G U then 

C(q) C £(p). 

Proof. The lemma follows from the fact that 2U Pc is closed. □ 

We next define an obstruction bundle £ p for each p = (y p ,it p ) G Mk+i,e(fl). 
Take c G £(p). Let u/g be as in Definition 118.41 By Definition 117.151 the map 

7 K,Ul>u^) : E P*AVo u e ) -> r (Int X° bst ; u* p TX ® A 01 ) (18.3) 

is defined. Here y p U w£ = <f(t) c , f c , C ) and t) c G 23(y Pc U u? Pc ). Note if° bst C K v C 
y Pc . We have also K° hst C y p since w p c U j: p = $(rj c , T c , 6>* c ). 

Lemma 18.6. The image E c (p) of A 18. 3)) depends only on p G 52U^" c and is mde- 
pendent of the choices of wf. satisfying Definition \18.4\ (l)-(3). 

Proof. This is a consequence of Corollary 117.171 and Lemma 118.21 □ 

Definition 18.7. We define 

ce€(p) 

For 21 c £(p) we put 

f a (p) = ^£; c (p). (18.5) 

c62l 

The defining equation of the thickened moduli space at p is 

dup = mod £ C ( p )(p). 

We need to extend the subspace £ C ( p ) (p) to a family of subspaces parametrized by 
a neighborhood of p. Before doing so we need the following. 

Lemma 18.8. By perturbing E Pc (that is a part of the obstruction bundle data 
<Bp c ) we may assume that 

£ c (p) n £ c ,(p) = {0}, 

if c, d G £(p) and c ^ c! . 

Proof. The proof will be written in Section 1271 □ 

Now we start extending the equation (I18.4|) to an element q in a 'neighborhood' 
of p. We do not yet assume that q satisfies the transversal constraint (Definition 
118. 1[) . So to define E c (q) we need to include w' c for all c G <£(p) as marked points 
of q. We also take more marked points Wp to stabilize p and take corresponding 
additional marked points w' p on S q . The marked points w p are used to fix the 
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coordinate to perform the gluing construction in section 1191 w' c is used to define 
the map (118. 3|> . Thus they have different roles. 

A technical point to take care of is the following. We may assume that the l c 
components of w\ are mutually different, for each c. (This is because l c components 
of Wp a are mutually different.) However there is no obvious way to arrange so that 
u>£ Ow)?, = for c 5^ d . Note, in the usual stable map compactification, at the point 
where two or more marked points become coincide, we put the 'phantom bubble' 
so that they become different points on this bubbled component. For our purpose, 
the proof becomes simpler when we do not put a phantom bubble in case one of the 
components of w% coincides with one of the components of w c , for c ^ d . Taking 
these points into account we define M.k+i,(l,l p ,(t c )){fi, p) e f below. 

We first review the situation we are working in and prepare some notations. Let 
p € Mk+i,i{0). We defined C(p) in Definition 118.41 For c <E £(p) we fixed an 
obstruction bundle data (£ Pt , centered at p c . Additional marked points w Vc is a part 
of the data l£ Pe . We put l c = #w c . We also put e c = e Pc where the right hand side 
is as in Lemma [18.21 As mentioned before we take £ Pc so that Proposition 117.221 

holds for 2+^ = <£ Pc . 

Definition 18.9. A stabilization data at p is the data as follows. 

(1) A symmetric stabilization u> p = (w P) i, . . . , Wp.i v ) of p. Let £ v — #Wp. 

(2) For each Wp.i (i = 1, . . . , £p), we take and fix 2? p .j such that it is a codimen- 
sion two submanifold of X and is transversal to u p at it p (u> p .i). We also 
assume Up(w P: i) € T^p,i- 

(3) We assume that {2? Pl i | i — 1, . . . ,£p} is invariant under the r p action in 
the same sense as in Definition 117.71 (8) (| 1 T. 5|) . 

(4) A coordinate at infinity of p U w p . 

(5) Wp n w v c = for any c e £(p). 

(6) Let K° h ^ 1 be the support of the obstruction bundle as in Definition 117.71 

(4). (Here v e C°{G 9e ).) Since y p = $(t),f ,9) we may regard K° h f C E p . 
We require 

^ v ob c st C |J lntK v ,. 

Here the right hand side is the core of the coordinate at infinity given by 
item (4) Definition [TEH 

A stabilization data at p is similarly defined as the obstruction bundle data 
centered at p. But it does not include K° hst or E p v . The stabilization data at p 
has no relation to the obstruction bundle data at 

p0 

We fix a metric on all the Deligne-Mumford moduli spaces. Let 23 eo (pUw p ) be the 
eo-neighborhood of pUw p in Mk+i,t+t p (G(puw p )) where G(puw p ) is the combinatorial 
type of p U w p . 

Definition 18.10 (Definition of ilk+^^^^^p; Q3) e f ). We fix a stabilization 
data at p and an obstruction bundle data centered at p c for each c € £(p). Let 
23 C £(p). For each c € ®(p) we chose n?? in Definition 118.41 

2 "ln case p = p c we have both stabilization data and obstruction bundle data at p. The 
notation top is used for both structures. They may not be coincide. We use the same symbol 
for both since this can not cause any confusion and the case p = p c does not play a role in our 
discussion. 
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For e > and f = (f§,f§) = (T e ,o : c G C l {Q v )) we consider the set of all 
(2), u' , (w' c ; c G 58)) such that the following holds for some R. 

(1) There exist rj G 2J eo (p U uJ p ), (f, ff) G (f °, oo] x ((f c , oo] x S 1 ) such that 

Z) = $(t),T,9)eM k+1 , e+tp . 

(2) u' is eo-close to « p on the extended core K+ R of £ p in C 10 -topology. We 
use the coordinate at infinity of p U w p that is included in the stabilization 
data at p, to define this C 10 close- ness. 

(3) Moreover we assume that the diameter of the v! image of each neck re- 
gion of £<g is smaller than eo. We assume furthermore that v! is pseudo- 
holomorphic in the neck regions. (The neck region here is the complement 
of the union of the extended cores K+ R .) 

(4) We write 2) = 2) U u> p (2J) where w p (2J) are £ p marked points that corre- 
spond to Wp. We assume that (2Jo U w' c , u') is eo-close to pUw? in the sense 
of Definition 117.121 after extending the core of p U by R. 

We say that (2)W, u'W, (w c {1) ;c G 03)) is weakly equivalent to (Z)W,u ,( - 2 \ (w c {2) ;c G 
23)) if there exists a bi-holomorphic map v : 2)W — > 2j( 2 ' such that 

(a) u'W = u '(2) o v. 

(b) v(w'}f) = w c,^ c (i)' where cr c G &e c . 

(c) v sends the i-th boundary marked point of ^Q^ 1 to the i-th boundary marked 
point of 2)( 2 ). v sends 1-st,. . . ,£-th interior marked points of to the 
corresponding interior marked points of 2)' 2 ). v sends £+1,. . . ,£+k,. . . £+£ p - 
th interior marked points of 2J (1) to the £ + a(l),. . . ,£ + <r(k),. . . £ + a(£ p )-th 
interior marked points of %)^ 2 \ where a G &t p - 

We denote by ilk+i,(e;£ p ,(i c ))(fi,p] 23) c f the set of all weak equivalence classes 
of (2), it', (w' c ;c G 23)) satisfying (l)-(4) above. (Here we use the weak equivalence 
relation defined by (a), (b), (c).) 

We say that (aj^u'W, {w c (1) \c G 23)) is equivalent to (2J (2) , u' (2) , (w c (2) ; c G 23)) 
when a — o~ c — identity is satisfied in (a)-(c) above in addition. Let 

be the set of equivalence classes of this equivalence relation. 

Lemma 18.11. We may choose eo sufficiently small so that the following holds. 
Suppose (SrjW, u'^\ (w'c 1 \ c G 23)) is weakly equivalent to (2) 1 - 2 ' , u'( 2 \ (w c ^ ; c G 
23)) in the above sense and fS U) = $(t) W) ,f <j),0<J)) e Mk+i,e+t r - Then we have 

for some v G T p C &i p . 

Proof. The proof is by contradiction. Suppose there exists a sequence of positive 
numbers e , Q -> and a , (t) 0) ' a , r (j '^ Q , (j) ' Q ), (w c 0),a ; c G 23)) for j = 1, 2 and 
a = 1, 2, . . . such that: 

(1) The object K 1)>a , (t) (1) ' Q , T W< a , 6^' a ), (w c {1) ' a ; c G 23)) is weakly equiva- 
lent to the object (u' (2) a , (r/ 2 )< Q , f ^- a , 9^- a ), (w c {2) ' a ; c G 23)). 

(2) 2)W< a = l(t,Ci),»,f g M fc + M+V 
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(3) The objects (u[ j)a , (t)<J)< a ,f^' a ,9^' a ), (w c Uha ;c € 23)) are representatives 
of elements of Hk+i,(e;i f ,(i c ))(0,P;^) £O at f o - 

(4) There is no v € T p satisfying (t)( 2 )>°, f &< a , $ 2 )'°) = v*{r)( 1 ^ a ,f^- a ,6^- a ). 

We will deduce contradiction. By assumption there exist R a — > oo and biholomor- 
phic maps v a : 2) (1) ' a -> 2J (2),a such that 

(I) W {2) a o v a - u' {1) . a \ cl0{K +R a) < eo,a- 

(II) The diameter of u',-s a image of each connected component of the comple- 
ment of the union of the extended cores K+ Ra - is smaller than eo, a - 

(III) v a (w' c { } ha ) = w'^J^, where a c € 

(IV) v a sends the i-th boundary marked point of 2)M> a to the i-th. boundary 
marked point of 2}' 2 ^ a . v a sends 1-st,. . . ,^-th interior marked points of 
2)M' a to the corresponding interior marked points of 2)( 2 ^ a . v a sends £ + 
1,. . . ,£+k,. . . £+£ p -th interior marked points of 2) (1) ' a to the £+a a (l),. . . ,£+ 
cr a (k),. ..£ + a a (£p)-th interior marked points of 2)( 2 )'°, where a a € &i p . 

By (I) and (II) we may take a subsequence (still denoted by the same symbol) such 
that v a converges to a biholomorphic map v : S p —> S p such that u p ov = up. Then 
(III) and (IV) imply that v e T p . 

So changing 2)( 2 )' a by v we may assume v = identity. Therefore v a converges to 
identity. The stability then implies that v a is identity. This contradicts to (4). □ 

Definition 18.12. Let q+ = (2J, u', «; c e 23)) € iifc+i,(*,*„(*e))(# p; 23) £o ^. We 
define 

^c(q + ) C r (Int ^ v obst ; {u'fTX ® A 01 ) 
vec°(S(2))) 

as follows, where (?(2J) is the combinatorial type of (2),m'). We regard K° hst as a 
subset of 2J. We note that pUiiJJ is e Pc -close to p c U w Pc and (2J U u') is eo-close 
to p U w% in the sense of Definition 117.121 Therefore we have 

Ck),(?)u™>0 : ^P.,v(tJc,«o) -> r (Intif v obst ; {u'fTX ® A 01 ). (18.6) 

Here p c = (p c , u c ) and 2) U = $(rj c , T, 0). We regard isf° bst as a subset of y c also. 
(Note that the core of 2) is canonically identified with the core of rj c .) Then we 
define 

EM + ) = E ^% aU ^^i E PoA^u c )) (18.7) 
vec°(e(2))) 

and put 

For 21 C 23 we put 

£ a (q+) = 5> c (q+). (18.9) 

Remark 18.13. When we define E c (q + ), we use the additional marked points w' c 
and wT Pc that are assigned to p c . So this subspace is taken in a way independent 
of p. This is important to prove that the coordinate change satisfies the cocycle 
condition later. We explained this point in |Fu6[ the last three lines in the answer 
to question 4]. 
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The next lemma is a consequence of Lemmas 118.111 and 117.161 

Lemma 18.14. Suppose that (2)^\ u'^ l \ (uic ; c € 58)) is weakly equivalent to 
(2)( 2 \u'( 2 \(u?c (2) ;ce 58)) andv is as in LemmaMJL Weputq+W = (5JjO'),u'tO, (w c (j) ;c G 
58)). Tften 

£ c (q + < 2 >)=i,,iS c (q+«). 

Now we define: 

Definition 18.15. The thickened moduli space ■Mfc + i i (^ |)i (^ o ))(/3;p;2l;58) eo ^ is 
the subset of ilfe+i,(^^ t ,,(^ c ))(/S;p; 58) e ^ consisting of the equivalence classes of el- 
ements q+ = (52), u', (w' c ;c e 58)) e U k +i,(e,i p ,(e c )){i3;P; ®) eo ,f that satis fy 

9m' = mod£2i(q+). (18.10) 
In case 21 = 58 we write M fe+ i,(^ p ,(^))(/3;p;2l) e0) ,f o . 

Lemma 18.16. Assume 21 7^ 0. M^e can choose eo, e Pe sufficiently small and To 
sufficiently large such that the following holds after extending the core of p U w v . 

(!) -(f q + = (2),«',K;ce 58)) is in iik+l,(l,t p ,{t c ))(P'iP]^) eOt f then the equa- 
tion \18.10\) is Fredholm regular. 

(2) If q+ = (2),ii',«i c € 58)) is tn 1,(^,(4)) (# Pi ^e ,f then c l + * s 
evaluation map transversal. 

(3) p elX fc+ i, (fA , (4)) (^;p;5B) £oifo . 

Here the definition of Fredholm regularity is the same as Definition 117.181 and 
the definition of evaluation map transversality is the same as Definition [T7j~9l The 
proof of Lemma 118.161 is the same as that of Proposition 117.221 

Remark 18.17. More precisely we first choose e Pc so that Lemma \l 8 . 1 61 holds for 
q+ = p U w p . (The choice of e Pc is done at the stage when we take 3Jt + (p c ) in 
Definition 118.11 ) Then we take eo small so that the Lemma 118.161 holds for any 
element q+ of tt k +Ui,i p ,(e c ))(fcP; ^) eo> f - 

Corollary 18.18. //eo, e Pc small then M.k+i,{l,l p ,{l c )) W\ Pi 2Cj ^8) eo f ^ as a s * rac_ 
ture of smooth manifold stratawise. The dimension of the top stratum is 

dha.M k +i,i(P) + 2 ^ 4 + 2£ p + ^ dim M E c . 

Here dim A4k+i,e(f3) is a virtual dimension that is given by 

dim.M fc+M (/?) = fc + l + 2^-3 + 2^08). 

(/i(/3) is the Maslov index.) The dimension of the stratum M,k+i,{l,t p ,(l c )) {Pi Pi 21; 58; G) £ f 
is 

dim.M fe+M (/3) +2 *c + 2lp + dim R £; c - 2#C C 1 (S) - #C*(0). 
ce<8 cem 
T p acts effectively 011 Mk+i,(e,e p ,(e a )){P;P;^;^) eo t f - 

Corollary 118.181 is an immediate consequence of Lemma 118.161 implicit function 
theorem and index calculation. 

Remark 18.19. We can define the topology of M.k+i,(t,t p ,(e e ))(0;p;%; 58) e f Q in 
the same way as the topology of JAk+i,e(/3). We omit it here and will define the 
topology of M.h+i,{t,t p ,{i c )){P'iP', 21; 58) eQ f Q in the next subsection. (Definition ll9.4l ) 



118 



KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 



So far we have described the case of A4k+i,t(P)- The case of Mf(a) is similar 
with obvious modification. 

19. Gluing analysis in the general case 

The purpose of this section is to generalize Theorems ll0.10l and ll3.2l to the case 
of the thickened moduli space Mk+i,(£,£ p ,(£ e ))(/3;p;2V) eo f o we defined in the last 
subsection. Actually this generalization is straightforward. 

We first state the result. Let Q p be the combinatorial type of p. We first consider 
the stratum M.k+i,(£,£ p ,(£ c ))(/3;p;%L;Gp)e - We did not include To in the notation 
since this parameter does not play a role in our stratum. (Note T C! o is the gluing 
parameter. We do not perform gluing to obtain an element in the same stratum as 
p.) We write 

T4+i,(£,£ p ,(f o ))(/3;P;2t;Q3;e ) = X fe+1 , ( , /p , (£c)) p; 21; S; ^ p ) eo . (19.1) 

This space in this subsection plays the role of Vi x L V~2 in Theorem 110.101 In case 
03 = 21, we put 

Vk+i,(£,£ f ,(t c ))(!3; p; 2t; e ) := Vk+i,(t,t f ,(e e ))(P; P; 21; eo). 

Lemma 19.1. V^ + x,(*,£ (^ o ))(/3;p;2l;Q3;eo) has a structure of smooth manifold. 

Proof. This is a special case of Corollary |18.18l and is a consequence of Lemma [18.2l 
(2) and (3). We give a proof for completeness. 

Let c € <£(p)- Since p -< p c , there exists a map it : Q p — > Q p . For each 
we obtain an element p c ,v' G ■A / tfe v , +1 ,.^(/3v') and p c ,v' U w c>v i € 
^fc v ,+i,£ v +f c v , (A")- F° r v e Cl{Q p ) the union of p CiV ' for all v' with tt(v') = v 
is an element p CiV G A / Jfc v+1 ^ v (/3 v )- Together with the union of «? CjV ''s it gives 
p CjV U uJ C)V € A^fc v+1 / v +f c V (/3 V )- The obstruction bundle data centered at p c in- 
duces one centered at p CiV in an obvious way. 

Let p v € Mk v+1 1 (Pv) be an element obtained by restricting various data of p to 
the irreducible component of y p corresponding to the vertex v in an obvious way. 
We have additional marked points w£ v by restricting u>£ . Then p v U w;£ v is e c close 

tO p CjV U W c ,v 

We have taken the additional marked points u> p on p. Let w p , v be a part of it 
that lies on the irreducible component p v Then p v U w p , v <E M.h v+ i,£ v +£ p V (A0- 

Using p CjV , w C:V , Pv, w p>v , wf. v etc., we define Mk v +i,(i v ,e P:V ,(e c ,v)) (Am Pv; 21; 2$; point) eo . 
(Note that p v is irreducible. So the corresponding graph is trivial, that is the 
graph without edge.) We note again that p v is irreducible and is source stable. 
So the thickened moduli space M-k v +i,(£ v ,£ p v ,(i c V ))(A; Pv', 21; 23; point) £o is the set 
parametrized by the solutions of the equations 

du = mod £95(1/) 

together with the complex structure of the source. By Lemma [18.2l f2) the linearized 
operator of this equation is surjective. Therefore M.k v +1M V ,£ P V ,U C v ))(fivi Pv! 21; 23; point) £l 
is a smooth manifold on a neighborhood of (p v ,w p . v , (wj')) for each v € C°(£ p ). 
(Note that we add marked points so that there is no automorphism of elements of 
■Mk v +i,e v (f3v)- So it is not only an orbifold but is also a manifold.) The case v € 
Cg(0p) can be discussed in the same way and obtain M. c ^ e ^ ^(/3 V ; p v ; 21; 23; point) eo , 
that is also a smooth manifold. 
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We take the product of them for all v <E C (Q P ). By taking evaluation maps we 
have 

]J ^J)v+i,(4A,v,(4,v)) (Pvl Pv; 21; *8; point) eo 

v6C°(S p ) 

x II ■ M (l^,.,(4,v))(^;Pv;2t;®;point) £0 

vec°(s P ) 

2 

n l * n x ^ 

Lemma [18.2l (3) implies that this map is transversal to the diagonal set Ilcec^Sp) ^ x 
rieGC 1 ^ = L# c °@*} x X# c c( g *\ The inverse image of the diagonal set is 

The gluing we will perform below defines a map 
Glu:^ +1 ^ ( ^ !( , c)) (/3;p;2l;®; ei ) x (f°,oc] x ((f c , TO ] x S 1 ) 

-> M k+ 1 , (ti p , (4 ) ) (/?; P ; 21; 03) eo fo . 

For a fixed (T, 0) we denote the restriction of Glu to Vfc+iv// ,(^ c )) (/3; p; 21; 05; ei) x 
{(f,^}byGlu (fr) . 

Definition 19.2. A4fc+i,(^,« t ,,(^ c ))( J i3; p; 21; 93; (T, 0)) £ j? is a subset of the space 
•Mk+i,(e,e p ,(e c ))(P', P; 21; 03) eo j* consisting of the equivalence classes of (2J,u') such 
that 2) = <I>(r), T, 8) where the combinatorial type of rj is Gp- In case 21 = 03, we put 

Xw,(y P ,(4))(ft P; a ) £0 ,f = ^fc+l,(W».(«) P ; a; a )ea,7t ' 

Theorem 19.3. For each sufficiently small £3, and sufficiently large T , there exist 
£2, £4 and cl equivariant map 

Glu (f 9) :V k+i,(£,i P ,^a)) (ft P; 2t; 03; e 4 ) 

_ ^ (19.3) 
-> ^fc+i,(/,/p,« c )) W; P; 21; 33; (T,% 2 

which is a diffeomorphism onto its image. The image of Ghi,f a contains the space 
Xfe+i,(£/ p ,(4))(/5;P;2t;O3;(f,0)) £ 3. 

Here T being sufficiently large means that each of its component is sufficiently 
large. Theorem 119.31 is a generalization of Theorem IIP. 101 

Definition 19.4. We define a topology on M k +i,(e,e p ,(i c )) W'i P; 21; 03; (T, 9)) t for 
e < £3 and To large so that Glu is a homeomorphism to the image. 

It is easy to see that this topology coincides with the topology that is defined in 
the same way as the topology of JAk+i,i{/3). 



To state a generalization of Theorem ll3.2l that is the exponential decay estimate 
of T derivatives, we take R and the extended core K$ as in (|17.2ip . By restriction 
we define a map 

M k+lM j pMc)) (f3; p; 21; 03; (f , 6))^ 

-> C°°((^+ J? , K+* n 0£ p , v ), (X, L)). 
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We compose it with Glu^ ^ and obtain GlureSp?,^ v ^. 

Theorem 19.5. For each m and R there exist Tim), C a 3 and 5 such that the 

following holds for T° > T(m), T£ > T(m) and n + \kr\ + \k$\ < m — 10 and 
\k T \ + \k e \>0. 



V™ = — Glures,^ « „ 3 



L 2 



<C 6rnn e- s '^- f+ ^ fc l (19.5) 



Here V™ is the n-th derivative in p € ^fe+i, (*,.)) p; 21; 23; £2) direction and 
5' > depends only on 6 and m. 

The proofs of Theorems 119.31 and 119.51 occupy the rest of this subsection. We 
begin with introducing some notations. Suppose that (y p ' + , u p , (w%)) is a represen- 
tative of an element p of Vk+xj^g „,(4))(/3; P; 21; eo). We put S rP ,+ = £ p . Its marked 
points are denoted by z p , i 111 *^ and Wp, w p . Here w's are additional marked points. 
We divide each of the irreducible components S p of S p as 



RP\J |J (0,oc)x[0,l] 

oeci(S) 

c is an outgoing edge of v 

U |J (-oo,0) x [0,1] 

c is an incoming edge of v 

U (J (0,oo)xS' 1 

e is an outgoing edge of v 

u y (-00,0) x s* 1 , 



(19.6) 



'coming edge of i 



where the coordinates of the 2-nd, 3-rd, 4-th, and 5-th summands are (r^te), 
«,i e ), (t^.Oj and «,*"), respectively. Here G (0,oo), < e (-00, 0). 

We call the end corresponding to e the e-th end. 

We recall 



r e - r' e - 5T e = r'l + 5T e , (19.7) 
ie - t' e = t'i-e e . (19.8) 



We put 



^ l-^v> — ^^|c-th neck region- 

We denote by £tg = S p - - a representative of 2} = <I>(r), T, 9). The curve S p - is a 



union 



(J X p U |J [-5T ,5T ] x [0,1] 

veC°(Sp) e£Ci(S) 

U (J [-5T ,5T ] x 5 1 . 

eeCi(S) 

The coordinates of the 2nd and 3rd terms are t and t c . 

We call [-5T e , 5T C ] x [0, 1] or [-5T e , 5TJ x S 1 the e-th neck. 



(19.9) 
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In case T c — oo, the curve E^, - contains ([0, oo) U (—00, 0]) x [0, 1] or ([0, 00) U 

(—00, 0]) x S 1 corresponding to the e-th edge. We call ([0, 00) x [0, 1] (or xS 1 ) the 
outgoing e-th end and (—00, 0] x [0, 1] (or S 1 ) the incoming e-th end. 
We call K v the v-th core. 

The restriction of u p to K v is written as The restriction of u p to the e-neck 
is written as u p . 

For each e, let vi and V2 be its incoming and outgoing vertices. We have 

lim u£ (T e ,t e )= hm u£ (r e ,t e ), (19.10) 

and (|19.10j) is independent of t e . We write this limit as p?. We take a Darboux 
coordinate in a neighborhood of each p? such that L is flat in this coordinate. We 
choose the map E such that (|1 1 .131) holds in this neighborhood of p?. 
For e € Cl(G p ) with T e ^ 00, we define 

A,t = [-T e - 1, -T c + 1] x [0, 1] c [-5T„, 5T C ] x [0, 1], 

£ c ,t = [T e -l,T e +l] x [0,1] c [-5T C ,5T C ] x [0,1], (19.11) 

X etT = [-1.+1] x [0,1] c [-5T ,5T ] x [0,1]. 

In case e € C*(£? p ), the sets A?,t, B e ,T, %e,T are defined in the same way as above 
replacing [0, 1] by S 1 . 

If v is a vertex of e then A e ,T, &e,T, <^c,t may be regarded as a subset of E£ also. 

Let xTai X^a ^ e sm ooth functions on [— 5T e , 5T ] x [0, 1] or [— 5T C , 5T C ] x S 1 
such that 



We define 



We define 




(19.13) 



(19.14) 



We extend these functions to - and E£ so that they are locally constant on its 
core. We denote them by the same symbol. 

We next introduce weighted Sobolev norms and their local versions for sections 
on E£ as follows. We define a smooth function e v ,a : E£ — > [1, oo) by 

= 1 on K v , 

— e 5 l r o+5T | if r c > 1 — 5T C , and e is an outgoing edge of v, 
e v ,s{T Cl t e ) { £ [1, 10] if t < 1 — 5T e , and e is an outgoing edge of v, 
= e <5 l T ~ 5T °l if r < 5T C — 1, and e is an incoming edge of v, 
G [1, 10] if r > 5T — 1, and e is an incoming edge of v. 

(19.15) 
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We also define a weight function ef s : - — > [1, oo) as follows: 

' =e S\r D -5T D \ ifl<r e <5T e -l, 
= e «|r+5T e | if -1 > T > 1 - 5T C , 

ef 5 (r e ,t e ) < = 1 on K v , 

G [1, 10] if |r c - 5T C | < 1 or |r e + 5T | < 1, 

€ [e 5T "VlO,e 5T ^] if|r c |<l. 

The weighted Sobolev norm we use for L 2 m «)*TI (8) A 01 ) is given by 



(19.16) 



S T2 



V / e v , 5 |V fc S | 2 vol S P. 

— /VP 

fc=0 ^ 



(19.17) 



Definition 19.6. The Sobolev space L^ +M ((££, <9££); «)*TX, «)*T£) con- 
sists of elements (s, iT) with the following properties. 

(1) v — (v c ) where e runs on the set of edges of v and v c G T p p(X) (in case 
e G C£(0)) or u e G T pS (L) (in case e G Cj(0)). 

(2) The following norm is finite. 

m+l 



iiMiik +M =E y iv fc S i 2 voi S! + ^ 

' ■ ■' ' ' ' ' ,A '- c: edges of v 

e v , 5 |V fc ( S -Pal( Wc ))| 2 vol S P. 



k=0 
m+l 



(19.18) 



c-th end 



(19.19) 



+ E £ 

fc— e: edges of v 

Definition 19.7. We define 

D ™Q,- i 2 n+1 , 5 ((Se,9Se);K)*TX,«)*Ti) 

-+ T p ?L® T p? X 
eGCi(e P ) eeci(g p ) 

as in ([17.200 . 

Definition 19.8. We denote the kernel of qi9.19[) by 

L^ +v ((E^0£>);K)*rX, (u p )*TL). 
We next define weighted Sobolev norms for the sections of various bundles on 

s f,r Let 

u ':(xydzy^(x,L) 

be a smooth map of homology class /? that is pseudo-holomorphic in the neck region 
and has finite energy. (We include the case when v! is not pseudo-holomorphic in 
the neck region but satisfies the same exponential decay estimate as the pseudo- 
holomorphic curve.) We first consider the case when all T c =^ oo. In this case E^. - 
is compact. We consider an element 

8 G L m+1 ((E£ g, dXt -); (u'TTX, (u')*TL). 
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Since we take m large, the section s is continuous. We take a point (0, l/2) e in the 
e-th neck. Since s € L^ +1 its value s((0, l/2) c ) € 7 1 u /(( 0il / 2 ) c )X is well-defined. 

We take a coordinate around p p % such that in case e G C„({/) our Lagrangian 
submanifold L is linear in this coordinate around p§. We use this trivialization 
to find a canonical trivialization of TX in a neighborhood of p?. We use this 
trivialization to define Pal below. We put 



Mil* 



m+1 . 

E E / K iv fc S | 2 voi E? 



m+1 



k=0 



EE/, 



e f JV fe (s - Pal(s(0, l/2) e ))\ 2 dt e dr e 



(19.20) 



c-th neck 



-r ^\\smi/2) c ))\\' . 

C 

For a section s G w*TA (g) A 01 ) we define 



771 

i^ = E 

fe=0 



/ e T 5|V fe s| 2 vol S P . (19.21) 

J si - ' f - s 
T.e 



We next consider the case when some of the edges e have infinite length, namely 
T c = oo. Let C^ inf (G p ,f) (resp. C^ inf (G p , f )) be the set of elements e in C^(G P ) 
(resp. Cl(G p )) with T c = oo and let C£' fin (S p , f ) (resp. C^" 1 ^, f )) be the set 
of elements e <E Cj({/j,) (resp. C^(Gp)) with T c 7^ 00. Note the ends of E^. - 

correspond two to one to C^ ,lnf (G p ,T) U C*' inf (C? p , T). The ends that correspond 
to an element e of C£' inf {Gp, ? ) is ([-5T C , 00) x [0, 1]) U (-00, 5T C ] x [0, 1]) and the 
ends that correspond to e G C*> ini (Gp, f ) is ([-5T G ,oo) x S 1 ) U (-00, 5T e ] x S 1 ). 
We have a weight function e v ^(r Cl t Q ) on it. 

Definition 19.9. An element of 

L 2 m+1 ,s((zy ; (u'TTX, {u'YTL) 

is a pair (s, w) such that 

(1) s is a section of (u')*TX on E^, - minus singular points z D with T c = 00. 

(2) s is locally of L^ +1 class. 

3 On s the restriction of s is in (u'YTL. 

i ,0 

(4) u = (v e ) where e runs in C 1,mf (<7p,T) and v e is as in Definition 119.61 (1). 

(5) For each e with T c = 00, the integral 



m+1 
fc=0 



m+1 

E 

fc=0 



e v ,,5(T c ,io)|V' £ (s(r c ,t G ) - Pal(v c ))\ 2 dT e dt e 
ev,5(r e , i c )|V fe (s(r c , i e ) - Pal(w c ))| 2 (ire^e 



(19.22) 



is finite. (Here we integrate over t c G [0, 1] (resp. £ e G S" 1 ) if e G C^ inf {Q p ,f) 
(resp. eeC^^.f)). 
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We define 

\\( a .v)\\i, m+i6 = (fToti + Yl fnt + ini 2 - ( 19 - 23 ) 

cGC 1 - inf (e P ,f) eec 1 ^(g p ,f) 

An element of 



L^(S^;(u')*TX®A 01 ) 
is a section s of the bundle (u f )*TX A 01 such that it is locally of L^-class and 



m poo r 

/ / e v , 5 \V k s(T c ,t c )\ 2 dT e dt e 
k=Q Jo Jt. 

m -Q - 

XI / / e v ,a|V fc (s(T c ,te)| 2 dT c dic 



(19.24) 



fc=0 

is finite. We define 

\\s\\i ks = mm+ E cm. (19.25) 

eeCi.taf(S p ,f) 

For a subset W of or T, p f s we define j(lVcE;) , ll s ll^, 5 (wcsj ? ) b Y 

restricting the domain of the integration (|19.2ip . (|19.20l) . (|19.23|) or (|19.25|l to W. 

Let ( S „^) g L 2 m+l s ((XP,dXP);(uP)*TX,(uP)*TL) for j = 1,2. We define an 
inner product among them by: 

(((si,Ui),(s 2 ,W 2 ))) L 2 

= X / ef -Pal(«i,e),S2 - Pal(w2, e )) 

eGCHep)^ 0- * 11 nock (19.26) 

+ / ( S 1> S 2)+ X ( W l.c,W2,c)- 

Now we start the gluing process. Let us start with the maps 

for each v so that (u£;v€ C (£/ p )) consists an element of Vk+i t u,t p ,u c ))(0; p; 21; £2)- 
Let (f, -9) G (T§, 00] x ((f c , 00] x S 1 ). For k = 0, 1, 2, ... , we will define a series of 
maps 

ut : (£'_ . 9S P - ? ) -> (A, L) (19.27) 

K,m«) ( E v,3££W(X,L) (19.28) 

and elements 

<,m«) € Ec = © ^< v (19 - 29) 

v6C°(SpJ 

Note -E CiV C L(AT V ; w* c TA <E> A 01 ) is a finite dimensional space which we take as a 
part of the obstruction bundle data centered at p c . 
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Moreover we will define VZ - , . for v £ C°(Gn) and Ap p - -. for e £ C 1 (Ga)- 
The pair {{Vfg Y , R C)i i^P^fffu)^ 1S an e ^ ement °f the weighted Sobolev space 

The construction of these objects is a straightforward generalization of the con- 
struction given by Section [TSl and proceed by induction on n as follows. 

Pregluing: We first define an approximate solution uZ, ^ . For e £ C 1 (Q p ) we 

denote by v^_(e) and v_>(e) its two vertices. Here e is an outgoing edge of v<_(e) 
and is an incoming edge of v_>.(e). We put: 

u p = f x£"n««_(c) ~Pc) +X^A«L(c) ~Pc) +Pc on the e-th neck 
U f,e,(o) y u p on K v . 

(19.31) 

Step 0-3: We next define 

Here we identify E c = E c (u^) on K v by the parallel transport as we did in Definition 
118.121 See also Definition 117.151 Note that du p is contained in ®E C since (u p ;v € 
C°{Q 9 )) is an element of Vfc +lj ^ Ai(fc)) (/3; p; 21; e ). 
We put 

se p - -=y e p ,-, (19.33) 

T,e,(o) c,T,e,(o) v ; 

Step 0-4: We next define 

y!~v9u p - - , , on the e-th neck if e is outgoing 

Ac ^ T,0,(O) to b 

Err p - - = I \fydu p -. - x on the e-th neck if e is incoming (19.34) 

v,r,e,(o) I ■ r,e,(o) ° v ; 



<9m p - -• , , — se p . , on K v . 
r,e,(o) T,e,(o) 



See Remark USUI 
Step 1-1: We put 



Xte( r c - T c, *c)u^ e - (0) (r c , t c ) + x^ B (r e - T e , £ e )p p 

if z = (r e , £ e ) is on the e-th neck that is outgoing 

= < X^ A ( T c - T c *e)^g. (0) (r, t) + xt^( T c - T c, *e)p£ 

if z = (r e , i e ) is on the e-th neck that is incoming 

_ p - - Az) if z e # v - 

(19.35) 

We denote the (covariant) linearization of the Cauchy-Riemann equation at this 
map u p - - , , by 

1 v,T,8,(0) 

(19.3b) 

^L 2 m ,(S v ;(/ fi(o) )*Tl®A 01 ). 
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We next study the obstruction bundle E c . We recall that at ^ . the obstruc- 
tion bundle E c (u^, g ^) was defined as follows. (See Definition 1 18. 121 ) We use the 
added marked points w p and consider E^. -U w p . Here, by abuse of notation, we 
include the k + 1 boundary and I interior marked points in the notation E^ - . (The 
additional marked points w p and w p are not included.) By assumption E^. -U w p is 

(e c +o(eo))-close to p c . Therefore the diffeomorphism between cores of E Pc and of 
E^ - is determined, by the obstruction bundle data £ Pc . Using this diffeomorphism 
and the parallel transport we have 

^.W,/^.«w : E "to°> Uc) ^ r(x - ( u ?mo/ tx 8 A01 )- ( 19 - 37 ) 

The notation in (|19.37[) is as follows. There is a map tt : Q Pc — > Q p shrinking several 
edges. For v € C°(Q P ) we put 



£ c ,v = E, 



c,v' 



'ec u (B Pc ) 

tt-(v')=v 



where E c<v > is the obstruction bundle that is included in the obstruction bundle 
data £ Pc at p c . It determines E C}V (t) c , u c ) — ©v'ec°<s Pc ) E c y(x) c , u c ). Then (|19.37[) 

t(v')=v C 

is defined by Definition 117.151 



Remark 19.10. In Definition 118.91 (6) we assumed that the image of K° h ^ by the 
diffeomorphism mentioned above is always contained in the core of E^, (Here 



^obst 

nvji piiiDin auyj\^j lo always ^vihjclill\z*jl 111 iuic wii: ui 

K° h ^ is the support of E c ,v) Note by the core we mean the core with respect to 
the coordinate at infinity that is included as a part of the stabilization data at p 
here. 

The vector space E c (u p ~ - ) is the sum over v € C°(Q P ) of the images of (|19.37p . 

We next consider the obstruction bundle at u p - - .A technical point we need 

v,T,e,(o) 1 



to take care of here is that the obstruction bundle we use is notE c (]J v&C o^g^ u p ^ - - . Q . 

but is slightly different from it. Let K° h ^ C K v C E^ - be the image of the set 

K° h ^ by the above mentioned diffeomorphism that is induced by the stabilization 
data at p. We remark that we may regard K v as a subset of T, p also by using the 
stabilization data at p. Moreover on K v we have u p - - = ut - . So we have 

v,T,e,(0) T,0,(0) 

Image of ([T337D c T(K V ; {v, p fl{Q) YTX ® A 01 ) 

= r(K v ;(^ (o) )*TA®A 01 ). ( 19 - 38 ) 
vec°(e P ) 

Definition 19.11. Wc regard the left hand side of (119.381) as a subspace of 

© T ( K -Kma/ TX ® A01) 

v6C°(S p ) 

and denote it by 

© ^<,f,W C © ^(S v ;(< f ,, (0) )*TA^A-). 
vec o (ep) vec°(a P ) 
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We also define 

cea vec (ep) 
Remark 19.12. The reason why E' c {u? f - ) ^ E c (u p fff ) is as follows. The 
union of the domains of u p ^ ^ over v is E p . When we identify the core of E p 
with the core of EJ^ -, we use the additional marked points u> p included in the 
stabilization data at p. We now consider the two diffeomorphisms: 

if° b c st — ► Core of E^ - — > Core of E p (19.39) 

K° h t — ► Core of E p . (19.40) 

We note that the diffeomorphism of the second arrow of (|19.39f> is defined by using 
the additional marked points w p . The other arrows are defined by using the addi- 
tional marked points w Pc . Therefore in general (|19.39[) ^ (|19.40p . The definition 
of E'(u p - J uses n09l and the definition of E c (u p - - J uses JTODl . This 

v,T,8,(0) v. T. 8,(0) 

phenomenon does not occur in the situation of Part [3J This is because we took 
p = p c in Part [3] 

Remark 19.13. In the situation of Part[3]we have Err p - - = on the core K y . 

v,T,8, (0) 

However this is not the case in the current situation. In fact, by definition we have 
V Err p - - = dut - , - se p - - , , (19.41) 

^ v,T,8,(0) T,0,(O) T,8,(0) y ' 

vec°(e p ) 

and 

se p - = V e p - - = du p (19.42) 
T,e,(o) ^-~> c.T.e, (o) v v ' 

cea 

on K v . Moreover u p = u p ~ - on X v . However (|19.41|) is nonzero because the way 

how wc identify an element e p - - , , € E r as a section on X v arc different between 

J c,T,e,(o) 

the case of u p and of u p - - , s . Namely, in (119.411) we regard e p - - , s (that is a 
v T,e,(o) •-" ' ' to c,T,e,(o) y 

part of se p ) as an element of E c (u p - - ). In (119.421) we regard e p - - , as an 

1 T,8,(0) ; cy T,8,(0) ; ' ' b c,T,0,{O) 

element of E c {u p ). 

We identify K v C E p - - with K v C E£ by using the stabilization data at p. 

T ,8 

Thus e p - - , . in (119.411) is also regarded as an element of E'JuP). So Err p - - is 

c,T,0,(O) ' ' b cV v; v,T,8,(0) 

nonzero on because of E' c {u p ) ^ E c (u p ). But this difference is of exponentially 
small. Namely we have the next lemma. 

Lemma 19.14. Put T m - m = min{T e | e £ C 1 (^ p )}. Then there exists T m such that 
the following inequality holds 



f)\k T \ Q|fc s | 

V"i-^^Err p - - 

dT k T d9 k <> v > T > e >(°) 



< C 7 . m e- 5T ^ (19.43) 

-|* T |-|*el- 1 .* V v ' 



/or + | A;e | < m — 10 and T mul > T„ 



The proof is given later right after the proof of Lemma 119.231 

In Definition 119.111 we defined £ p v a (-) for • = u p - - . We next extend it to 

nearby maps. Let u' v : (E P ,9E£) — > (X, L) be a smooth map which is sufficiently 
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close to u p f g ^ in C 10 sense on K v . We define £' pv <%(u' v ) as follows. We identify 
K v with a subset of El - by using the additional marked points Wp. Take any 
u" : (El <9£l -) — > (X, L) that coincides with it^, on K v and is enough close to 
Up so that E c (u") = ® v , eC Q (g p ) Ec,v>(u") is defined. We put 



EcAu")= E c y{u") 



v'ec"(s Pc ) 

,r(v') = v 

By definition, E c ^(u") is independent of u" but depends only on u' v and is in 
r(fC v ; (u' v )*TX (g) A 01 ). Again using the diffeomorphism which is defined by the 
marked points Wp we identify this space as a subspace of r(E£; (uJ,)TX (g) A 01 ). 
That is by definition E' c v (u' v ). (This is the case v € Cg(Sp). The case of v € C s (£ p ) 
is similar.) We put 

Cat^) = E^.vK). £p,a( u ') = XI £ p,v,aK)- (19.44) 
cesi veC°(S p ) 

Let 

n £ ; a (v) : ^(^Kr^A^A 01 )^;^') 

vec°(e p ) 

be the L 2 -orthogonal projection. We next define its derivation by an element 
« = («v)G r((^,9SC);«rTX ! «)*TL)© r(£$; «)*TX) 

by 

(£) < ^ )2[ )((A V ) ! (« v )) = A(n £ ^ 2i(EKiSt , v)) (A v ))| s=0 (19.45) 
as in (|12.9[) . where 

A v ei 2 m ,K;«)*rj®A 01 ). 

We use the operator 

V * D &P d(V) - (IV _ ^, a )(«^ y) (19.46) 

v,T,8,(0) v,T,8,(0) ri J i"i(.UJ 

as the linearization of the Cauchy-Riemann equation modulo £L. 
We recall that 

I4 +M ((£', aE"); e - ( /TX (fi£ . (o) )*TL) 

is the kernel of (IT9T9)) for u£ - = (u* f ?(0) ) v ec°(s p )- The direct sum of (ITO1) 
induces an operator on L 2 m+ [ j((E", flE');' (^ /(o) )*TX, (^. (Q) )*Ti) by restric- 
tion. 

Lemma 19.15. XTie sttm o/ £/ie image of the direct sum of the operators l[19.46\ ) 
on 



21t 



Here we consider &a and not Note we are studying the Cauchy-Riemann equation for 

<A P -. _. . The obsutruction space EL (u p — ) is sent to £m («1 _. ) by the identification using 

t,s,(o) av v,T,e,(p)' v T,e,(o) 



the stabilization data at p. 
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and the subspace £' p ^{u^ - ) is 

vec°(e P ) 
?/ T is sufficiently large. 

Proof. This is a consequence of Lemma 118.161 □ 

Lemma 119.151 is a generalization of Lemma 112.61 
Definition 19.16. The L 2 orthogonal complement of 

in 

^ +li5 ((s^9S0;(% (0) )*rx,(^ (0) )*Ti) 

is denoted by S)(p, T, 6). 

We take T = 66 = (oo, . . . , oo) and write Sj(p) = S)(p, do, #o)- Then the restric- 
tion of (|19.46|) to Sj(p) induces an isomorphism to 

vec°(e p ) 
for sufficiently large T. 

Definition 19.17. We define for v G C a (G p ) and A^ fr for e G 

C 1 (^p) so that ((V^ -. ) v , (Ap p - - ) c ) G is the unique element such that 

and 



(19.47) 



where ±oo = +oo if e is outgoing and = — oo if c is incoming. 
Step 1-2: 

Definition 19.18. We define u f g ^i z ) as follows. (Here E is the map as in 

ma .) 

(1) If z e K v , we put 

u p ~ s , Az) = V(u p -. s , Az),VZ s , Az)). (19.49) 

(2) If z = (r e ,i e ) G [-5T e , 5T C ] x [0, 1] or 5 1 , we put 
u f/,(i)( rc ' to ) =x ^-W,B( 7 ""'* e )( V f,r,v_(e),(i)( Te '*°) ~ Ap o : f,e : (i)) 

+ X^(e)^(7-e,*e)(^ v _ f (r.,te) - Ap^g. ) (19.50) 



T,0,(O) V ' e ' ^e,T,e,(l) 
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Step 1-3: Wc define: 



<r,(i)=^,«(E(^,, (oV ^ ?iVt(1) )(» E («^ ( o).% v , ( i))) 



and 



(19.51) 
(19.52) 



T,e,(l) T,8,(0) T,6,(l) 

Step 1-4: We take < fi < 1 and fix it throughout the proof of this subsection 
Definition 19.19. We put 

on the e-th neck if e is outgoing 



Err*—,, = {Xt x du% s 



v,T,0,(l) 



e ' x f/,(l) 
<9u p - - , , — ««' 

T,0,(O) 



on the e-th neck if e is incoming (19.53) 
on K v . 



T,e,(i) 

We extend them by outside a compact set and will regard them as elements of 
the function space L^ 5 (££; (u p -.^ ( ^)*TX ® A 01 ), where u p - - will be defined 

in the next step. 

We P ut K,fm = <f ,*» + A <f 

We now come back to Step 2-1 and continue inductively on k. 
The main estimate of those objects are the next lemma. We put -R( v ,c) = 5T C + 1 
and R = (i?( VjC )). 

Proposition 19.20. There exist T m , Cs. m , Cg. m , Cio, m , £5. m > and < [i < 1 
swc/i i/zai i/ie following inequalities hold if T c > T m for all e. We put T = (T e ; e € 
C\G V )) and T min = min{T | e € C 1 ^)}. 



( (Vi - ), (Ap p - - ) 



(A» p - - " 



P P 
T,6,{k) T,S,(0) 



Err p 

v,T,e,(«) 



L m(^? bSt ) 



< 




(19.54) 


< 




(19.55) 


< 


(-^9, me , 


(19.56) 


< 


W0,m£5,m/^ e 


, (19.57) 


< 


(-^io,m/^ e , 


(19.58) 



t,b,(k 

where we assume n > 1 in il9.58)) . 

Proof. The proof is the same as the discussion in Subsection [T^] and so is omitted 

□ 

(|19.54p implies that the limit of u p ~ - ^ ^ converges as k goes to oo after C k 
topology for each k if T c > T^+w for all e. We define 



G\u fiS {p)= Um u» f>l{K) 



u p * 

TM 



(19.59) 



22 Actually we need some new argument for the case re = of H19.57I I. We will discuss it later 
during the proof of Lemma ll9.22l 
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(fT937| and (fl9~58|) imply 



T,e Z-^i t,o,{k) y T,e> 



K=0 



Therefore 



We thus have defined Glu^ g. 



We next prove Theorem 119.51 The main part of the proof is the next lemma. 

Proposition 19.21. There exist T m , Cn, m , Ci2,m, (7i3,m, Ci4,m, £2,m > and < 
/i < 1 smc/i i/iai i/ie following inequalities hold if T c > T m /or all e. 
£e< eo G C^{Qn)- Then for each Ut, kg we have 

^ Q\kr\ g\k e \ g 



-((V? - ) (Av p - - )) 
p dT k T dO k ° dT ca vv T,e,v,( K ) ; ' v *Va(«)^ 

<C 11 , mA1 K - 1 e-' 5T "o, 



l 2 . . (e?) (19-60) 



V" 



fl|fer| «|kel Q 



< C"n, m /i K x e 



1„-<5T , 



p ar£r 00*. ar co r,e,(« 



< Ci2,me 



-<5T C , 



m+l-|fc T |-|fc £) |-l,5 V 



V 



Err p - „- , 



P ar*r d6 % » dT C0 v,t,8,(«) 



, / f K — (5T C . 

< W3,jn,e6,mM 6 1 



l _|fc„|_|fc„|_l,S 



V n - - — e p 



<C 14 , m /i K " 1 e-^, (19.64) 



i-ifc^i-ifefli-i 



(if° bst ) 



(19.61) 
(19.62) 

(19.63) 



for \kr\ + \k$\ + n < m — 11. 

Let eo G (Gp). Then the same inequalities as above hold if we replace g§— by 



Proposition UEM ^ Theorem [W5[ Note if fc Co ^ or 6 Co ^ then 

k T -f+k g -f c < 2fcmax{T c | fc T , 7^ 0, or fce iC ^ 0}. 

It is then easy to see that Proposition 119.211 implies Theorem 119.51 by putting 
5' = 5 /2k. □ 

Proof of Proposition \19.21\ The proof is mostly the same as the argument of Sub- 
section 1131 The new part is the proof of the next lemma. 

Lemma 19.22. Let e G C^(Q P ). We have 
^ g\k T \ g\k B \ g 



Err p - - 
p g T k T g k e gT eo v,r,e,(0) 



< C 15 , m e~ 5n o (19.65) 



L 2 , „ (SJ) 
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an 



d 



f)\k T \ f)\k B \ a 

y« u u g rr P 

p g T k T d Qk e d6 C0 v,f Mo) 



Proof. We recall (|19.34|) . 



<Ci 5 , m e~ 57 V (19.66) 



L 2 , (S£) 
m-|fe T |-|fen|-l,J 1 ' v ' 



xV,x^ u % g 0n tne e_tn nec ^ if e i s outgoing 

Err v f e (o) = ^ x ^x® u f e (o) 011 the e_th neck if e is incomm g (19.67) 

We first estimate Err^ - - on the neck region. Let e € (C? p ) is an outgoing 
edge of v. Let v' be the other vertex of e. We have 

E <f,e, ( o)(«) 



= (1 - X {< - 5T e ))dU + (1 - X « - 6T ))(<«,Q -P P o) 

+ X « - 4T e )«, {r' e - 10T e , t' c + 9 C ) - p£ 



(19.' 



Note that we use the coordinates (T^,t' c ) for u p and (r",ig) for u p ,. (See (|19.7|) . 
([T9T8]) .) The function x is as in f)13.15|) . 

If e ^ e, then d/dT CQ or ^/a6» Co of ^19W) is zero. 

Let us study d/dT e or d/d9 c of (|19.68|) in case eo = e. We apply d/d9 e to the 
third line of (|19.68|) to obtain 

(1 - X « - 5T e ))^-0( X ft - 4T c )<,(t c - 10T e ,< + C )) 

c (19.69) 
= (1 - X (r c - 5T c )) X (r - AT e )d(J^u p v ,(Ti - 10T e ,t' e + 9 c )^j . 

Support of (I19.69P is in the domain 4T - 1 < t' c < 5T C + 1 that is -6T C - 1 < < < 
— 5T e + 1. There the C m norm of u p , is estimated as 

ll M v'llc""([-6T c -l,-5T c + l)) < Cn. m e~ 5To<Sl . 

On the other hand, the weight function e v .s given in (| 19 . 1 5[) is estimated by e 5To<5 
on the support. (See (|19.15[) .) Therefore this term has the required estimated. 
(Note S < (5i/10.) The other term or other case of the estimate on the neck region 
is similar. 

We next estimate Err p ~ - on the core. As we explained in Remark 1 1 9 . 1 31 this 

is nonzero because of the difference of the parametrization of the core. So to study 
it, we need to discuss the dependence of the parametrization of the core on the 
coordinate at infinity. Proposition 116.151 Corollary 116.161 and Lemma 116.181 give 
the estimate we need to study. 

We consider p c and the obstruction bundle data £ Pc there. Let Q c be the combi- 
natorial type of p c . Note p £ 2U Pc and (y p Uw£,w p ) is e Pc -close to p c . Let£/(p,c)be 
the combinatorial type of (r- p Uu>£, u p ). By Definition 1 1 7 . 1 21 ( 1 ) we have Q c >- Q(p, c). 
Let 

ypUuJP =!(tji,fi,0i). 
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Note that the singular point of p corresponds one to one to the edges e of rji such 
that Ti,e = oo. 

For each v' € C°(£7 Pc ), we denote the corresponding core of £p c by K^,, We may 
also regard 

K, c s p . 

Let 7r : Q Pc — > Q p be a map shrinking the edges e with T c ^ oo. We put v = 7r(v'). 
Then there exists -R such that 

K%, C (19.70) 
Here the right hand side is the core of the coordinate at infinity of p, that is included 
in the stabilization data of p. The inclusion (|19.70j) is obtained from the map t)^ _ f g 
appearing in Lemma 116.181 as follows. 
We put 

{v(i) \i=l,...,n c , v } = {v' eC°(g Po ) |7r(v')=v}. 
We consider the union 



We consider £ p - that is a domain of ut - . The parameter p includes both 
the marked points w p c and Wp. By forgetting Wp we have an embedding 

(Here the parameter Wp (that is a part of p) plays the role of the parameter £ G Q 
in Lemma \l 6. 181 ) 

By forgetting we have an embedding 

p,v,p,T,# v j° g 

We consider -K^J^* C ^(i) ^ na t * s a com P ac t se t we fixed as a part of the 
obstruction bundle data centered at p c . By Remark 119. 1Q[ we may assume 

Therefore taking union over i = 1, . . . , n CjV we obtain 



^ -rfl—O" 1 — ° TT ^ -rfl- h^n^ifv (19.71) 
(p,c),v,p,T,e p, v ,p,T,e I. c - v w-f- T ' e J 

We denote this map by 

ReS (Vc),v,p,TV) G ^(^,0,^). 

We can estimate it by using Lemma 116.181 that is a family version of Proposition 
116.151 and Corollary MM (See Lemma MM below.) 

We next describe the way how ^ v p f g an d its estimate are related to the 
estimate of Err p - - , , . We first recall that 

v,T,0,(O) 

by assumption. We denote by e p ^ - the sum of its E c ^ v components over v. It is 
actually independent of T, 9. So we write it c p , Q % here. We remark that we identify 

^vCr (if v ;«)*Tl®A 01 ) 
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using the obstruction bundle data centered at p c . Here K v C Eg. (Note that the 
combinatorial type of X) is the same as p.) 
In (|19.31[) . we used to obtain a map 

T,6»,(0) v T,P Tfi> v ' ; 

Moreover ut = u p - , on K v . However 

v T,e,(o) 



as subsets of 



£ c , v «) ^ ^v(^,- (0) ), 



T(^ v ; «)*TX ® A 01 ) = T(X V ; (u' mo) )*TX ® A 01 ). 



In fact, E c . v (u^ - ) is defined by the diffeomorphism 0( p c ) v p <f e an< ^ ^c.v(uC) i s 
defined by the diffeomorphism t)(p )C ) iV)Plt 5s. 



Therefore, by definition, Err p - - , on if v is 

v,T,e,(o) 

^4 ,(9,(0) ~~ 5] C c,(0) = X! ( e c,'(0) _ e c; 



where e c.'(o) e ©veco(e P ) ^c,v(^ e - (0 J and e p | 0) € © 



as follows 



(19.72) 

vec°(e p ) E c,v(uP) are defined 



e c,'( 1 o)( t '(p,c),v,p,f,e( 2: )) - Pal ti, c „W,«?(e( M) ,,, p ,f 1 fW(((o))' 



e p ' 2 

C c,(0) 



(0(p, C ),V, P ,do(^)) = Pal « Pc ,v( Z ),«C(« (p ,c),v,p,oo(^)( e C,(0)) 



(19.73) 



Thus Lemma T19.23I below implies 



Err p - - , 

v,t,s,(o) 



8,m^l,m^ 



This is the case n = of (|19.57[) on if v . 

Proposition 1 1 6 . 1 51 implies the estimate (|19.65l) and (|19.66[) on K v . The proof of 
Lemma Tl9. 221 is complete assuming Lemma 119.231 □ 

Lemma 19.23. There exist C\$ : k, Tk such that for each e E C^(Gp) we have: 



glM Q\k e \ Q 



< Ci 5 , fc e' 



(19.74) 



<C 1 , k e'^ T ^. / 



c k 



whenever T2. c is greater than and \hr\ + \kg\ + n < fc. 
T/ie /irsi inequality holds for e € C^(Q P ) also. 

Proof. It suffices to prove the same estimate for V p v p f g and t> c p f§- Note 
/J G Vfc+i,^^ (^ c ))(/3;p; 21; eo) contains various data. We use only a part of such a 
data. We below recall the parameter space which contains only the data we use 
below. 

Let Q3(y p U w%) be a neighborhood of r p U in the stratum of the Deligne- 
Mumford moduli space that consists of elements of the same combinatorial type 
as r p U w%. We also take 2J(y p U w p ) and QJ(y p U w£ U w p ) that are neighborhoods 
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in the stratum of the Deligne-Mumford moduli space of y p U w v and y p U w p U w p , 
respectively. 

We can take those three neighborhoods so that there exist Qi an d Q2 such that 
Qi x 23(y p U w p c ) S QJ(y p U^Uui^ftx 23(y P U w p ) (19.75) 
and that the isomorphisms in (|19.75[) is compatible with the forgetful maps 

2J(y p U w p c U w p ) -> QJ(y p U w£) 

and 

QJ(y p U w p c U u?p) -> 2J(y p U w p ). 
We consider the universal family 

9#(y p U w p U uJp) -> 23(y p U w p U w p ). 

Together with other data it gives a coordinate at infinity. We take any of them. 

Using (|19.75p . this coordinate at infinity of ZpL)wf,L)Wp induces a Q\ -parametrized 
family of coordinates at infinity of y p U w p and a (^-parametrized family of coor- 
dinates at infinity of y p U w p . (See Definition 116.171 for the definition of a Q- 
parametrizcd family of coordinates at infinity.) 

Compared with the given coordinate at infinities of y p U wf. and of y p U Wp we 
obtain the maps D p v f g and X> c p fg- Therefore Lemma 119.231 follows from 
Lemma [HIIll □ 

We thus have completed the first step of the induction to prove Proposition 
119.211 The other steps are similar to the proof of Theorem 113.21 

When we study T e and 9 e derivatives and prove Lemma ll9.21[ we again need to 
estimate the T c and 9 D derivatives of the map 

This map is defined by using the diffeomorphism t>^ ^ v p f g- Therefore we can 

use Lemma Tl 9. 2 31 in the same way as above to obtain the required estimate Q 
The proof of Proposition 119.211 is complete. □ 

Proof of Lemma \19.1J\ We can prove Lemma 119.141 by integrating the inequality 
in Lemma QUI □ 

Thus we have proved Theorem 119.51 

We can use it in the same way as in Section[T3]to prove surjectivity and injectivity 
of the map Glu^ g. 

To show that Glu^ g is T^-equivariant, we only need to remark that if p c £ <£(p) 
then Tt C TZ c . (In fact all the constructions are equivariant.) 

The proof of Theorem 119.31 is complete. □ 

Remark 19.24. We close this subsection with another technical remark. Theorems 
[T9731 and IT931 imply that 

Glu: V^i,^,,^)^; ei) x (f°,oo] x ((f c ,oo] x S 1 ) 

-> Xfe+i,(^ p ,(£ c ))(/3; p; si; < B) eo fo 



2 ^We remark that E c is a finite dimensional vector space consisting of smooth sections with 
mpact support. So estir 

easy using 

Lemma [1923 



compact support. So estimating the effect of change of variables of its element by 0^ c j v ^ g is 
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is a strata-wise C m diffcomorphism if T^o for all e is larger than a number depending 
on m. Using Theorem 1 1 9 . 5 1 we can define smooth structures on both sides so that 
the map becomes a C m diffeomorphism. (See Section [5U We will use s c — T^ 1 as 
a coordinate.) 

Note that the domain and the target of Glu have strata-wise C°° structure 
However, the construction we gave does not show that Glu is of C°°-class. This is 
not really an issue for our purpose of defining virtual fundamental chain or cycle. 
Indeed, Kuranishi structure of C k class with sufficiently large k is enough for such 
a purpose. (C 1 -structure is enough.) 

On the other hand, as we will explain in Section [26l Theorems 119.31 and 119.51 
are enough to prove the existence of Kuranishi structure of C°° class. Except in 
Section [26l we fix m and will construct a Kuranishi structure of C™ class. For this 
purpose we choose T e ^ so that it is larger than Tio m . Therefore our construction 
of Glu works on L?n_, . i x . 



20. Cutting down the solution space by transversals 

In SectionQjJl we described the thickened moduli space M.k+\,(i,i v ,(t e )){@\ Pi 2t> ®) e 
by a gluing construction. Its dimension is given by 

dim7W fc+li(£A!(£c)) (/3;p;2l;Q3) £ofo 

= virdim.Mfc+i/(/3) + diniR £ % + (2£ p +2^4) 

ce<8 

= k + 1 + 21 + p(p) - 3 + dim R £ a + (2£ p + 2 ^ Q. 

Note that the dimension of the Kuranishi neighborhood of p in M.k+i,i{P) must 
be virdirruA / lfc+i/(/3) + diniK Therefore we need to cut down this moduli space 
•Mfc+i.(o p .(£ c ))(/3; P; 2tj 25) e f to obtain a Kuranishi neighborhood. We do so by 
requiring the transversal constraint as in Definition 118.11 We will define it below 
in a slightly generalized form. (For example, we define it for (y, u) such that u is 
not necessarily pseudo-holomorphic but satisfies the equation du = mod £s&(u) 
only.) 

Let p e M k +i,t{P) and 7^ 21 C «B C £(p). We consider a subset 03" C 03 
with 21 C *8 _ . Let w p = (wp.i, . . . , Wpj p ) be a symmetric stabilization of y p that 
is a part of the stabilization data at p. Let / C {1, . . . , lp} and we consider Wp = 
(wp t ii is/). For simplicity of notation we put I = {1, . . . , £p}. We assume that 
Wp is already a symmetric stabilization of y p . It induces a stabilization data at p 
in an obvious way. We thus obtain M k+l ^ t - (/3; p; 21; 23™) eQ f Q . 

Definition 20.1. An element (5J, u', «; c 6 03)) of ■M )b+1 , ( ^ p ,(^ )) (ftp;2l; Q3) £(j)fo 
is said to satisfy the (partial) transversal constraint for w p \ Wp and *B \ Q3 _ if the 
following holds. 

(1) If i > ip then u'(w'p ti ) £ V Here u; p 4) i = 1,. .. ,£ p denote the (£+ l)-th, 
. . . , (£ + £p)-th interior marked points of 2). 

(2) If c G Q3\Q3" and* = 1,.. . , 4 then u'{w' ci ) G V c<i . Herew^ = [w' c>1 , . . . ,w' cA 



'This is an easy consequence of implicit function theorem. 
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We denote by 

M fc+1>( ^, (4)) (^;p;2t;»)^^ 

the set of all elements of the thickened moduli space M.k+i,(i,i p ,(t c )){@]p',%L't ®) eo f 
satisfying transversal constraint for Wp \ Wp and 23 \ 23 _ . 

Our next goal is to show that M.k+i,{z,z v ,{z c ))(l3', P; 21; 23) p 1 is homeomorphic 
to M k+1 , e r uySfi', P: 21; < &~)e t - (Proposition l20.4l ) To prove this we first define 
an appropriate forgetful map. 

Definition 20.2. Let (£),«', («&c € 23)) G Mfc+i.^.^GS; p; 21; 23) £o fo . Note 
2} = 2Jo UiUp and w p consists of £ p interior marked points. We take only £p of them 
and put Wp and put 2J~ =2)oU i/Jp~. We assume that 2J~ is stable and y p U Wp is 
also stable. We also assume that T p preserves w p as a set. We define the forgetful 
map by: 

fotQt^-.^-(^,u',(K;ce 23)) = (2T,u',(«r c ;ce«B-)). (20.1) 

Lemma 20.3. TTie map forget^ sg-.^ defines 

M fc +i,(« p ,(f c ))(/3;p;2l;«S) eo fo ^ X fc+1( ^- (£c)) (/3;p;2l; S")^ ^. 

Ttas map is a continuous and strata-wise smooth submersion. The fiber is 2(£ v — 
^p) + 2X)ce58\s- ^ c dimensional. 

Proof. We note that 2J~ is still stable. (This is because y p UWp~ is stable.) Therefore 
forget^ < s -. qSp preserves stratification. Note we forget the position of the £ p — 

ip + J2ce < b\<b~ ^ c mar ked points. There is no constraint for those marked points 
other than those coming from the condition that (2), u') is eo-close to (r. p U w v , Up) 
and (2)o U w' c , u') are eo-close to p U wf. for all c 6 A. These are open conditions. 
Therefore this map is a strata- wise smooth submersion and the fiber is 2(£ p — £p) + 
2J2 C £ < b\ < b- ^ c dimensional. □ 

Proposition 20.4. The following holds if eo,6p c are sufficiently small. 

w~ 23 — 

(1) The space A4k+i,(e.e p ,(i c )){fl', P; 21; 53) p ~ is a strata-wise smooth subman- 
ifold of our thickened moduli space Mk+i.(£,£ p ,(e c ))(P] P; 21; 23) eo f of codi- 
mension 2(£ p —£p)+2 Y2ce<B\&- 

(2) The restriction o/fotget<g sg-.^ ^- induces a homeomorphism 

w~~ 03 ~ _ 

M k+lMApAla)) {i3; p; 21; 23)^ -> M k+1(l l - (tc)) {i3; p; 21; 23 ) eo ^ 

t/iai is a strata-wise diffeomorphism. 

Remark 20.5. Note that if c e B then p g 9JT Pc and e c is used to define 9Jt Pc . (See 
Definition [TO]) 

Proof. We consider the evaluation maps at the (ip — £p) + X) c e03\03- ^ c mar ked 
points that we forget by the map forget^ tg-.^j It defines a continuous and 

strata-wise smooth map 

M fc+li( ^, ( , o)) (/3;p;2t;53) eoifo ^ \*"^. (20.2) 
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We consider the submanifold 

n v p>* x n ii v ^ ( 2 °- 3 ) 

i=f- + l c£<B\<B- i=l 

of the right hand side of (|20.2|> , By Proposition ^ 7.22l f2). the map (|20.2|) is transver- 
sal to ()20.3|) at p if £ Pc is sufficiently small. Therefore we may assume (|20.2[) is 

u? — 23 — 

transversal to (|20.3p everywhere. Since M. k +i (It (i )l(/8;|J;2t;58) is the in- 

verse image of (|20.3[) by the map (|20.2[) . the statement (1) follows. 

By choosing eo sufficiently small we can ensure that the image under the map 
(|20.2[) of each fiber of the map forget^ gj-.^j intersects with the submanifold 
(120.31) at one point. Moreover by stability the elements of M k+l ^ r (/?; p; 21; 33~) f( 
have no automorphism. The statement (2) follows. □ 

We next consider a similar but a slightly different case of transversal constraint. 
Namely: 

Definition 20.6. An element (2)X, «;c € 35)) of M k+li{iyifiiic)) {/3;p; 21; 33) eQ ^ 
is said to satisfy the transversal constraint at all additional marked points if the 
following holds. Let wL it i = 1, . . . , £p denote the (£ + l)-th, . . . , (£ + £p)-th interior 
marked points of 2J. We put w' c — (w' c l , . . . , w' ce J. 

(f) For alH = l,...,£p we have u'(w' p i ) € ~Dp,i- 

(2) For all c € 33 and i = 1, . . . ,£ t we have u'(w' c i ) € O c ,i- 
We denote by -M*+i,(^,,(< c )) p; 21; *B)*™ S the set of all elements of the thick- 
ened moduli space ■M-k+i,{l,l p ,{l c ))(fi'iP\^) ®) e t satisfying transversal constraint 
at all additional marked points. 

Lemma 20.7. TTie set A4 fe+li (^ pi (£ c )) (/3; p; 21; 33)*™ s is a closed subset of our 
space M.k+\,{l,t p ,{i c )){fi'-iP',%-', ®) eo t anc ^ * s a strata-wise smooth submanifold of 
codimension 2£p + 2 J^cgs 

Remark 20.8. We note that the map Glu is a homeomorphism onto its image of 
the thickened moduli space M.k+i,(e,e p ,(t c ))(P)p;%i] 33)'™ s . 

Proof. By Proposition 120.41 it suffices to consider the case 21 = 33. By the way 
similar to the proof of Proposition 120.41 we define 

M k+ueMic)) (l3-,p^) eo ^ ^X4+E cea *e (20.4) 

that is an evaluation map at all the added marked points. Note at point p, when 
we perturb the added marked points w' v and w' c we still obtain an element of 
the thickened moduli space. This is because the map u p is pseudo-holomorphic. 
Therefore, the evaluation map (|20.4I) is transversal to 

tp i c 

II H A - (20.5) 

i=l c£»i=l 

at p. It implies that (|20.4[) is transversal to (|20.5I) everywhere on A^fe + i j (£ i £ pi (£ c ))(/3;p;2t) e 
if eo is small. Since Aik+i,(e,e p ,(e c )) (ft Pi 2l)* ra |f is the inverse image of (|20.5[) by 
the map (|20.4[) . the lemma follows. □ 
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Definition 20.9. We denote by M k +i,(t,t p ,(t e )) (P; p; 2l)* ra | s n s _1 (0) the set of all 
(2), u', (w' c ; c € 21)) <E Mf.+x,(e,e p ,(e a ))(P'i Pi 2t)* ra ^ such that u' is pseudo-holomorphic. 

Our space ^^1,(^,(4)) (A p;2l)* ra ^ s ns~ 1 (0) is a closed subset of the moduli 

space M k+ue! e Vi(ic)) (j3ip;%)l2? o - 

By forgetting all the additional marked points we obtain a map 

foiBrt^fc+i^^^pja^njB-HOj-^Mfc+M^). (20.6) 

We recall that we have injective homomorphisms 

cG2l 

T+^e e x & lp x ni- 
cest 

The group rjj~ acts on M.k+i,(t,t p ,(t c )) (P] P; 21) e ^ as follows. We regard C 
&i x ©£ p x n cea ■ Tnen the action of on Mk+i, (*,<,, ,(40) (P\ P! a )e ,f is b y ex_ 
changing the interior marked points. It is easy to see that M-k+i,{i,e P Mc)) (P> P> 2l) tra |f 
is invariant under this action. Therefore (|20.6p induces a map 

fMfe+i.^.^Cftp^^ns-^o^/rp^Mfc+i,,^). (20.7) 

Remark 20.10. The map (|20.7|) induces a map 

08; p; 2lQ n ^(O)) /r+ -> M fc+M (/?)/6,. 

See Remark 116.81 We can use this remark to construct an invariant Kuranishi 
structure on Mk+i,e{P)- 

Proposition 20.11. The map {20.7^ is a homeomorphism onto an open neighbor- 
hood of p . 

Proof. The geometric intuition behind this proposition is clear. We will give a 
detailed proof below for completeness sake. We first review the definition of the 
topology of M k +i,t(P) given in |FOn2[ Definition 10.2, 10.3], jFOOOll Definition 
7.1.39, 7.1.42]. 

Definition 20.12. Let p Q = ((£„, z a , 4 nt ), u a ), p^ = ((£, 2, ? nt ), u) € X fe+M (/3). 

We assume (E , z , z^ nt ) and (E, z, z 111 *) are stable. We say that a sequence ((£„, z , z^ nt ), it a ) 

stably converges to ((E, z, z 111 *), u) and write 

lims p a = poo 

a— > oo 

if the following holds. 
(1) We assume 

lim (E Q ,z Q ,zi nt ) = (E,z,z int ) 

a— >oo 

in the Deligne-Mumford moduli space A4k+i.e- We take a coordinate at 
infinity of (E, z, z 111 *). It determines a diffeomorphism between cores of E a 
and of E for large a. 
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(2) For each e we can extend the core appropriately so that there exists ao such 
that (2), (3) hold for a> a . 

K - w| C i( Core) < e. 

Here we regard u a and u as maps from the core of S a and £ by the above 
mentioned diffcomorphism. 

(3) The diameter of the image of each connected component of the neck region 
by u a is smaller than e. 

Definition 20.13. Let p a = ((£„, z a , 4 nt ), u a ), poo = ((£, z, z 4 "*), u) G A* fe+M (/3). 
We say that p a converges to poo and write 

lim p a = poo 

a— J-OO 

if there exist £' > and q Q = ((£„, z„, 4 nt U z+- int ), u a ), qoo = ((£,z,^ nt U 
^+' int ),u) G Alfc+i.wO 3 ) such that 

lims q a = (20.8) 

a— >oo 

and 

for0et (fe+1 . w , )(fe+1;£) (q a ) = p a , for0et (fe+1 . w , )(fe+1;£) (qoo) = Poo- (20.9) 
Here 

fovQet {k+1 . e+e , h{k+1 . e) : X fc+ i, w <(/3) -> A^ fc +i,^(^) 

is a map forgetting (£+ l)-st,. . . ,(^ + ^')~ s t (interior) marked points (and shrinking 
the irreducible components that become unstable. See [FOOOll p 419].) 
Now we prove the following: 

Lemma 20.14. //e 0; e Pc are sufficiently small, then the image of {20. 7| ) is an open 
subset of Mk+i,i(fi). 

Proof. Let 

P / €Nrt((%i,(^ 1 (aWi'iaQ n «" 1 (o))/rp) 

and p a G Mk+i,l(P) snch that lim a ^oo Pa = p'- We will prove 

p o Gf^rt((M fc+ll(/(/)> , (/e)) C8;p;a)^n«- 1 (0))/r^ 

for all sufficiently large a. 
We put p' = (2)oX) and 

(2)o U uf p ,u', (w' c ; c G 21)) G X fc+ i, (Vp ^ c)) (/3; P; 21)^ n s" 1 ^). 

Wealsoputp a = (y Pa ,ii Pa ). By Definition l20.12l there exists q Q , qoo G Mk+i,£+e>(f3) 
such that (j2"0Tg)) holds and 

for0et (fc+1 . w , )i(fe+1 .^(q a ) =p a , fot0et (fc+1 . w , )](fe+1 .^(q oo ) = p'. (20.10) 
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Let z+' lnt C y qa , z^ lnt C y qoo be the interior marked points that are not the marked 
points of p a or of p'. By perturbing q a and qoo a bit we may assume 



C&1=1 (20.11) 

i=l cG2U=l 

We consider the map £ qoo — > Sp' that shrinks the irreducible components which 
become unstable after forgetting (i + l)-th,. . . , (£ + ^')-th marked points z^' lnt 
of y qoo . By (|20.11[) none of the points w' p , w' c are contained in the image of the 
irreducible components of £ qoo that we shrink. Therefore w' p ,w' c C X P ' may be 
regarded as points of S qoo . 

Then by extending the core if necessary we may assume that w' p , w' c are in the 
core of £ qoo . Here we use the coordinate at infinity that appears in the definition 
of lims q a — q^. 

a— > oo 

We note that 

We also note that u qa converges to it qoo in C 1 -topology on the core. Moreover it qoo 
is transversal to T> P i (resp. T> c ^) at w qoc (w p i) (resp. u qtx {w' ci )). Therefore, for 
sufficiently large a there exist w' a p i; w' a c i <E S qa with the following properties. 

(i) 

(2) uq.« c , i )eX> C|i . 

(3) lim^oow^,, = w' pi . 

(4) lima^oo w a c i = w' c l . 

Here in the statements (3) and (4) we use the identification of the core of E qa 
and of £ qoo induced by the coordinate at infinity that appears in the definition of 
lims q a = qoo. We send w ' i by the map E qa — > E P(i and denote it by the same 

symbol. We thus obtain w' ap C E Po . The additional marked points w' a c i induce 
w' a c C S Pa in the same way. 

Using (l)-(4) above and the fact that u qa converges to u qoo in C 1 -topology we 
can easily show that 

(y Pa u vf a>p ,up a , « c ; c e 21)) e M k+1>(iMtc)) (P; p; 21)^ n s" 1 ^) 

for sufficiently large a. Thus we have 



Pa = fotget((y Pa u w a , p ,w Pa ,(w a , c ;c e 21))) 

G fH^(^(^ fe+1 , ( ^, ( , c)) (/3;p;2l) t ; o a ^ ns-^O))/^ 

for sufficiently large a. The proof of Lemma T20. 141 is complete. □ 
Lemma 20.15. If eo is sufficiently small, then the map {20. 7| ) is infective. 

(n) (n) 

Proof. The proof is by contradiction. We assume that there exists eg with e — > 

as ri — > oo, and 

(%;(n),o U ^■ ; ( ri ),p ) ^, (n) , (i3j.( n)iC ; c € 21)) 

e^fc+L^.^j^PjaWf ns-^o) (2ai2) 
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for j = 1,2. Here we extend the core of the coordinate at infinity of p by R( n ) — > oo 
to define the right hand side of (|20. 12|) . We assume 

(2)l;(«),0, U[. (n) ) ~ (2) 2 ;(n),0, «2;(n)) (20.13) 

in M k +i,t{P) but 

[(?)i;(n),o Uw' 1;( „ )!p , (w' 1;(n):C ; c e 2t))] 

in ((A^ fc+ i i (f ! f P! (£ c ))(^;p;2l) t ^5 ls - n s^ 1 (0))/r p . We will deduce contradiction. 
c ____ e ° ' 

The condition (|20.13[) implies that there exists i>( n ) : Eg^ , n) — > £<g 2 with 
the following properties. 

(1) ur„) is a biholomorphic map. 

( 2 ) u 2;(n) ou (n) = U 'l;(ny 

(3) w (n) sends fc + 1 boundary marked points and £ interior marked points of 
2)i;(ra),o to the corresponding marked points of 2)2;(n),o- 

We take a coordinate at infinity associated to the stabilization data at p. Then 
(|20.12j) implies that the core of 2)j ; (n) .0 (j = 1)2) is identified with the extended 

core (K^) +R( - n '> of p. This identification may not preserve complex structures but 
preserves the k + 1 boundary and £ + £' interior marked points. Therefore 
induces 

v (n) : -> 

where i4Tg v is a compact set such that «4 , •> p f) fflL) c i € i^o.v (We may extend 
the core so that we can find such Kq v .) 

We may take ii(„) — > 00 so that the Uj.r n ) i ma g e of each of the connected 
components of the complement of (i^|) +fl (™) has diameter < eg . 

We consider the complex structure of S p on (.fCJ) + - R (™> and denote it by j p . Then 
we have 

lim \\(v (n) )*j p - j p \\ f =0 (20.15) 



where i27, -> 00 is chosen so that v in )((K^) + <">) c 
On the other hand by Property (4) above we have 

lim \\uo V{n) -u\\ ( +n - s =0. (20.16) 

We use (I20.15P and (|20.16|) to prove the following. 

' taking a subsequence ij 

Yirn \\v(n) - v'Wci^k^+S) = 



Sublemma 20.16. After taking a subsequence if necessary, there exists v' G T p 
such that 



71— J-OC 



for any R. 

Proof. Since vt n \ is biholomorphic with respect to a pair of complex structures 
converging to (jp, jp), we can use Gromov compactness to show that it converges 
in compact C°° topology outside finitely many points after taking a subsequence if 
necessary. Let v' be the limit. By the Property (2) above we have u o v' = u. 
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On the irreducible component of y p where u is not constant, we use u o v' = u 
together with the fact that Vr n \ is biholomorphic to show that there is no bubble 
on this component. Namely V( n \ converges everywhere on this component. 

The irreducible component of y p where u is trivial is stable since p is stable. We 
note that v' preserves the marked points of p. It implies that v' is not a constant 
map on this component. Then using the fact that vr n \ is biholomorphic we can 
again show that there is no bubble on this component. 

We thus proved that v/ n -\ converges to v' everywhere. It is then easy to see that 
v' G r p . □ 

By replacing (2J 2; (n),o U w' 2 . (n)p ,u' 2 , {w' 2 . (n)c ; c G 21)) using the action of v' G T p , 
we may assume that 

lim || tt( n ) -identity || c i (k p ) = 0. (20.17) 

Thcn > U Hn)( W Hn),p.d^ U Un)( W Un),p.i) G V P,i "^P^ 

U (n)Ol;( n ),M> ) = W 2;(n). V ^ (20.18) 

We next take coordinate at infinity associated to the obstruction bundle data 
centered at p c . Then we can think of the restriction tv n ) : Kq c v — > K^ a , which 
satisfies 

lim \\v( n ) — identityllj-jifrj-tJc 1 = 0. (20.19) 

(In fact, we may take R so that for each v 6 C°(Q Pc ) we have v' <E C°(Q P ) such 
that K»° C {Kl,)+ R .) 

Tlien > U i;(«)( U 'i;(«)x, l )' M 2;(n)( U; 2;(n), C , l ) € V c,i imply 

v (n)(w[.( n)cl ) = w' 2 . (n)cA . (20.20) 

Property (1),(2) and (|20.19[) . (|20.20j) contradict to (|20.14j) . The proof of Lemma 
120. 151 is complete. □ 

Lemma 20.17. If eo, e Pc are sufficiently small, then {20.7^ is a homeomorphism 
onto its image. 

Proof. It is easy to see that the map (|20.7| is continuous. It is injective by Lemma 
120.151 It suffices to show that the converse is continuous. The proof of the continuity 
of the converse is similar to the proof of Lcmma l20.14l We however repeat the detail 
of the proof for completeness sake. Let 

(?P.U< pi u Pa1 « c ;ce 21)) G A4 fe+1 , ( ^ (4)) (/?;p;2l)^ n^fO) 

and 

(h- U w^ p ,u Px , «, )C ; c G 21)) G M k+h{iMic)) (/?; p; 21)^ n s" 1 ^). 

We put poo = (y Poc ,u Poc ), pa = (tp a ,u Pa ) and assume 

lim p a = p^ (20.21) 

a— too 

uiMk+iAP)- 

By Definition 120.121 there exist q a ,qoo G Mk+i,t+i'{P) such that (|20.8|) and 
fotget (fe+M+£ , )i(fc+1:£) (q a ) = p Q , forrjet (fe+1;£+£ , )i(fe+1:£) (q 00 ) = poo- (20.22) 

Let z£' lnt C y^ a ' mt , ^o' lnt C y qoo be the marked points of q a , qoo that are not marked 
points of p Q or of p^. By perturbing q Q and qoo a bit we may assume (|20.11[) . 
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We consider the map £ qoo — > X Poo that shrinks the components which become 
unstable after forgetting (I + l)-th,. . . , (£ + £')-th marked points z£j mt of y qoo . By 
(|20.11[) none of the points p , w'^ c are contained in the image of the components 
of E qoo that we shrink. So w'^ p , w'^ c C X P ' may be regarded as points of £ qoo . 

Then by extending the core if necessary we may regard that p , w'^ c are in the 
core of £ qoo . Here we use the coordinate at infinity that appears in the definition 
of lims q a = qoo- 

a— > oo 

We remark that u qoo (w / ocl c t ) € £> c .;. We also remark that u qa converges to it qoo 
in C 1 -topology on the core. Moreover u qoo is transversal to 2? p .i (resp. 2? c .i) at 
( w 'oo p i) ( res P- M qoc ( w 'oo c i))- Therefore, for sufficiently large a there exist 



a 



w a.p,ii w a,c.i € £q a with the following properties. 

(1) «q.«p,i)el>p 1 i. 

(2) Wq.K C)i )eP C)i . 

(3) Kma^w'l^i = «4, )P)i . 

(4) lii^^w^j = ^4^. 

Here in (3)(4) we use the identification of the core of S qa and of S qoo induced by 
the coordinate at infinity that appears in the definition of lims q a = qoo. We send 

a— > oo 

w a p i by the map S qa — > E Pa and denote it by the same symbol. We thus obtain 
w" p C £ Pa . The additional marked points u>" ci induce w" c C £ Pa in the same 
way. 

Sublemma 20.18. w" a p i — w' a p i and w" c i = w' a c i if eo and e Pc are small and 
a is large. 

Proof. Note {^p a Uw a , Va , u Pa ) and (y Poo UWoo iPoo , u Poo ) are both eo-close to (y p , w v , u v ) . 
Then we can choose eo small so that (3) above implies 

for sufficiently large a. We can also show that 

d(w' a ,c,i, w a,c,i) ^ 3 (°M + £pj 

in the same way. (Here lim eo _j.o °( e o) = 0.) On the other hand we have w qa (w;^ p J S 
~D p.ii u qa {w' a c i ) € 2? c ,i. They imply the sublemma. □ 

Remark 20.19. In the last step we need to assume e Pc small. More precisely 
when we take e Pc at the stage of Definition ll8.3l we require the following. 

If d{w' ci ,w^ i ) < 4e Pc , w' Ct i,w" ti e s p an d u p( w 'c,i) € 2? c ,i, u p (ty^) <E 2? c ,i, then 
u>' ■ = w . 

We next choose eo so small that the same statement holds for p a , with 4e p 
replaced by 3e Pc . 

Now (3) (4) above imply 

lim (y Pa Uvj',u Pa ,(w';ce 21)) = (y Poc U w'^ u Poo , (w'^ ; c e 21)) 

a— ^oo r ' 

in Mfc+x,^,^))^^-^)^ nr^O) as required. □ 
The proof of Proposition 120 . 1 II is complete. □ 
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Proof of Lemma \18.2\ Lemma ll8.2l is actually the same as Lemma BO . 1 51 except the 
following point. We remark that at the stage when we state Lemma fl 8. 2 1 we did not 
prove Theorems 119.31 and 119.51 In fact, to fix the obstruction bundle E c we used 
Lemma 118.21 However the argument here is not circular by the following reason. 

When we prove Lemma 118.21 we take an obstruction bundle data centered at 
p only, the same point as the one we start the gluing construction. We use the 
obstruction bundle induced by this obstruction bundle data to go through the 
gluing argument fproof of Theorems ll9.3l and ll9.51 ) We do not need the conclusion 
of Lemma Tl8. 21 for the gluing argument. Then we obtain Glu. We use this map to 
go through the proof of Lemma 120.151 and prove Lemma 118.21 □ 

Remark 20.20. In Definition 118.31 we mentioned that we prove open-ness of the 
set 2U + (p) in Subsection [20] Indeed it follows from Lemma \20. 141 We remark that 
open-ness of 2U + (p) was used to define the set £(p) and so was used in the proof of 
Theorems 119.31 and 119.51 However the argument is not circular by the same reason 
as we explained in the proof of Lemma 118.21 above. 



21. Construction of Kuranishi chart 
In Lemma \'2Q. 31 Proposition 120.41 Lemma r20.71 strata-wise differentiable struc- 
tures of the spaces Mk+i,(e,e p ,(£.)) (/3;P;2l;<8) >L andX 

^0 i *■ ) 

or maps among them are discussed. These spaces are actually differentiable man- 
ifolds with corners and the maps are differentiable maps between them. As we 
mentioned in [FOOOll page 771-773] this is a consequence of the exponential de- 
cay estimate (Theorems 113.21 and 1 1 9 . 5[) . We first discuss this point in detail here. 
Let V r fc+1 , (V)j)( ^ )) (/3;p;2l;«B;ei) be as in (119.11). We put 



v fc+ i,(£,£ p ,(^))(/ 3 ;p; a ; £ i) 



M k+Uiiift(ic)) (p; p; 21)™" -f n V k+1 . {Lip . {ic)) [fi; p; 21; ei) 



e 2 ,T 
trans 



(21.1) 



(21.2) 



= A4 fe+ i,(« P ,(^))(/?;P;a)f 2 a ^n^ +1:( « p:(£c)) (/?;p;2l; ei ). 

(See Definitions 120.11 120.61 ) We note that the right hand side is independent of 
62 and To if t\ is sufficiently small. By Proposition 120.41 (1) and Lemma 120.71 
^+i,(^ p ,^))(/5;P;2l; s B;ei)^V.»- and V k+lM j vMc)) {p- p; 21; £l ) trans are C m -submanifolds. 

The next proposition says that the thickened moduli spaces -M-k+i,(i,i v .(i a )) {P\ P; 21; ?B) Wp 

and A^fc+i,^,^,^))^;?; 21 )^ are S ra P ns 01 tnc ma P s End «j-,<s- and End <z-,<8-> 
which enjoy exponential decay estimate. 

Proposition 21.1. There exist strata-wise C m -maps 

End «T p -,!8- :14+i,(« P ,(^))(/3;P;2l; ( B;eir^ ,B_ x (f °,co] x ((f c ,co] x S 1 ) 

-> V r fc+ i )(Vt , )( ^ )) ( J 9;p;2l;Q5;ei) 

and 

End trans : T4 +1)( ^ pi( ^ )) ( ( 5;p;2l;e 1 ) trans x (f°,co] x ((f c ,oo] x S 1 ) 

-> Vk+i,(e,e p ,(t c ))(/3;p',$L; e ) 
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with the following properties 
A- 

lows 



(1) Mk+i,(e,e p ,(i a ))(P;p;%;?B) e P f is described by the map End-- ^ as fol- 



M k+1>{ i >i?>{le)) {f3]p-,%\<2>) 

= 1 



iff: 



eo,T 

GluCEnd- B _(q,(f,0)),f,l 



| (q,(f,0)) G ^ +l!( ^^ ( , c)) (/3;p;2l;S;e 1 )%^- x (7*oo] x ((f c ;TO ] x S 1 ) 
PFe also have 



= |Glu(End trans (q,(T,0)),T,0) 

| (q,(f,0)) G T4 +1 , (0p!( , c)) (/3;p;2l; £l ) trans x (f£,co] x ((f c ,oo] x S 1 ) 



(2) TTie maps End^- rg_ and Endt ra ii S enjoy the following exponential decay 
estimate. 

fl\kr\ f)\ke\ , . . . . 

< C WtmiS e- s (2L3) 



q 5T fc ^ 96» fe f 



- End ,iT-,<8- 



— End tr 



y 16,m,_R'- 



-<5'(fc T -T+fc s -T c ) 



(21.4) 



if n + \kr\ + |&e| < to. -ffere V™ is a derivation of the direction of the pa- 
rameter space Vk+x^i,i „,(4))(/3; P; 21; 23; ei) lUp ,1B or o/ i/ie parameter space 



Proof. We prove the estimate for the case of M.k+i,(i,e 1n (i c ))(P', P; 21; 53) 
other case is entirely similar. 

We consider the evaluation map (|20.2[) 

t+ i,(« p ,(^))(/3;p;2i;») £o , fo ^x^-V)+i:e es v3-^ 



«T-,as- 



The 



(21.5) 



Xfc+i, 

and compose it with (119. ip 

Glu : V k+U i M e c ))(P;P;%;*;ei) x (f °,oo] x ((f c , TO ] x S 1 ) 

^ A^fe+i,( Vp ,(£ c )) (/5; P; 21; <B) eo fo 

to obtain 

ev »-,<8- : ^+i,(« P ,(^))(/?;P;2l; < B;ei) x (7™, oo] x ((f c ,oo] x S 1 ) 
Lemma 21.2. 27ie map ev^- s „ enjoys the following exponential decay estimate. 



(21.6) 



V? - , ev-., 
p <9T^ <96> fc * 



iff: ,58- 



-<5'(fc T -T+fc e -T c 



(21.7) 
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if n + \hr\ + | fee | < rn. Here V™ is a derivation of the direction of the parameter 
space 14+i,(^ P ,(^)) iP\ pjSMBjci)^'*" • 
Proof. We remark that (121. 6| factors through 

Glures :V k+U i M e c ))(P;P;%;X;e 1 ) x (jft.oo] x ((f c ,co] x S 1 ) 

-+ n Ll((K+ n ,K+ R nd^ v ),(x,L)). ( 21 - 8 ) 

vec°(e p ) 

In fact we may take R so that all the marked points are in the extended core 
UvgC°(6 ) ^v R - Therefore the lemma is an immediate consequence of Theorem 

MM " □ 

By definition, we have: 

ft* to V 

^ + l, (Vp , ( 4))(^P;2l; ^ B;eo^- ,8 =ev-i )!B J \{ V p , x [] IlM' 

\=£- + l ceiB\<B-i=l y 

(See the proof of Proposition 120.41 ) Proposition 121.11 is then a consequence of 
Lemma 121.21 and the implicit function theorem. □ 

We next change the coordinate of (Tg,oo] x ((T§, 00] x S 1 ). The original coor- 
dinates are ((T e ), (0 C )) G (Tq , 00] x ((f c ,oo] x S 1 ). 



Definition 21.3. We define 



1 



e,0 



3e = — exp(27r^T0 e ) e D 2 — , if e G C^). 

Jo V-'e.O/ 

We also put s c = (resp. 30 = 0) if T c = 00. Here we put D 2 (r) = {z G C | |z| < r}. 
By this change of coordinates, (Tq,oo] x ((Tq,oo] x S 1 ) is identified with 

n n^fe)- (2L10) 



e£Ci(Sp) 



Definition 21.4. We denote the right hand side of (|21.10j) as [0, (Tgy^xD 2 ^)- 1 ) 

Remark 21.5. The space [0, (f^)- 1 ) x D 2 ((f c )^ 1 ) has a stratification that is 
induced by the stratification 

[0, l/T o , ) = {0} U (0, 1/T C , ) 

and 

Z? 2 (l/T o , ) = {0}U(^ 2 (l/T C:0 )\{0}). 

This stratification corresponds to the stratification of (T§, 00] x ((T§, 00] x S 1 ) that 
we defined before, by the homeomorphism (|21.9[) . 

We note that [0, (T °) _1 ) x £> 2 ((f c )" 1 ) is a smooth manifold with corner. The 
above stratification is finer than its stratification associated to the structure of 
manifold with corner. 
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We then regard Glu as a map 
Glu' : y fc+1 , ( « p , (£c)) (/3;p;a;<B;ei) x [0, x D 2 ^)" 1 ) u 

->-^*+i,(w„(/e))(/9;p;8i;©) eo ,f - 

Corollary 21.6. 27ie inverse image 

(Gln'r 1 ^ fe+1 , ( « p , (£c)) (/3;p;2t;»)J f ^) 

lS a C m -submamfold of V k+ueMlo)) (/3; p; 21; <B; £l ) x [0, (iff)" 1 ) x ^((f^)" 1 ). Jt 
zs transversal to the strata of the stratification mentioned in Remark \21.5[ 
The same holds for M k+mAt{ic)) (f3;p; 21)*™^. 

This is an immediate consequence of Proposition 121.11 

Remark 21.7. We can actually promote this C m structure to a C°°-structure as 
we will explain in Subsection 1261 The same remark applies to all the constructions 
of Subsections mm 

Definition 21.8. We put 

V w m P; 21); eo, T ) = M k+lM , tvMc)) ((3; p; 21)^ 

and regard it as a C m -manifold with corner so that Glu' is a C""-diffeomorphism. 

Lemma 21.9. The action ofT p on Vk+it((/3; p; 21); eo, To) is of C m -class. 

Proof. Note the r p -action on (Tq,oo] x ((Tq,oo] x S 1 ) is by exchanging the fac- 
tors associated to the edges e and by the rotation of the S 1 factors. Therefore 
it becomes a smooth action on [0, (To) -1 ) x D 2 ((To) -1 ). By construction Glu' is 
Tp-equivariant. The lemma follows. □ 

The orbifold Vk+i.i{{P\ p; 21); eo, Xb)/r p is a chart of the Kuranishi neighborhood 
of p which we define in this section. Note we may assume that the action of T p to 
Vk+i,i((j3; p; 21); eo, T ) is effective, by increasing the obstruction bundle if necessary. 

We next define an obstruction bundle. Recall that we fixed a complex vec- 
tor space E c for each c € 21. (E c = © vSC o( g|j j E c<y and E CyV is a subspace of 
r (Int K° hst ;u* v TX ® A 01 ).) By Definition [TO (5), E c carries a r Pc action. It 
follows that r p C r Pc , because pUwf is e c -close to p c U wJ Pc . Therefore we have a 
r p -action on 

Definition 21.10. The obstruction bundle of our Kuranishi chart is the bundle 



y fe+M ((/?;P;2l);eo,f ) x (v*+i,*(G8; P; 21); e , f ] 



r P r p 



(21.12) 



We next define the Kuranishi map, that is a section of the obstruction bundle. 

\ trans 



Let q+ = (y q ,u q ; (w«;c £ 21)) € M k +i,(e,e p ,(e ))(P; P; 2l)' ra £ s . By definition we have 



<9u q e £a(q + )- 
By Definition 118.121 we have an isomorphism (|18.6I) 

CUte,u^^^) : ^..v(0c,«c)-^r o (Iiit2iC° 1 -t;(u,)*TX®A 01 ). (21.13) 
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The direct sum of the right hand side over c £ 21 and v £ C°(Gp c ) is by definition 
element 



Sending the element du„ by the inverse of J, v ' Pc w ^ q .we obtain an 



C^u^r 1 ^) e% (21-14) 

vec»(s Pc ) 

Definition 21.11. We denote the element (|21.14l) by s(q + ). The section s is called 
the Kuranishi map. 

Lemma 21.12. The section s defined above is a section of C m -class of the ob- 
struction bundle in Definition \21.1U\ and is Tp-equivariant. 

Proof. The r p -equivariance is immediate from its construction. 

To prove that s is of C m -class, we first remark that s is extended to the thickened 
moduli space M.k+i,(t,t p ,(i a )){fl)p]%) eo $ by the same formula. We consider the 
composition of q + ^ s(q + ) with the map Glu' (|21.11|) . Since K° hst lies in the 
core this composition factors through Glures (|2 1 .8|) . (Here we identify (Tq,oo] x 
((f c , oo] x S 1 ) with [0, (fg)- 1 ) x D 2 ^)- 1 ).) Therefore by Theorem EH)] we have 



f)\k T \ f)\k e \ 

V" 3 =- (so Glu) 

P dT k T 



< C 18 . m 3e- 5 '^- T+k °- TC K (21.15) 



18,m,R 

C° 

if n + \kt\ + | fee | < m. Therefore s is of C m -class. □ 
We note that the zero set of the section s coincides with the set 

x fc+ i, ( ^ P ,(^))(/3;p;2i)f o ^n s - 1 (0) 

which we defined in Definition 120.91 

Definition 21.13. We define a local parametrization map 

1 p 

to be the map p07f)l . 

Proposition 120 . ITl implies that ip is a homeomorphism to an open neighborhood 
of p. 

In summary we have proved the following: 

Proposition 21.14. Let p £ Aik+i,t(/3)- We take a stabilization data at p and 
21 C £(p). (21 ^ %.) Then there exists a Kuranishi neighborhood of M.k+i,e(/3) at 
p. Namely : 

(1) An (effective) orbifold V k+1 ,e{{f3;P;%);e ,T )/T p . 

(2) A vector bundle 

V k+1/ (((3;p;%);e ,T ) x E a ) (v k+1<e ((p;p^);e ,f ) 



on it. 

(3) Its sections of C m -class. 
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(4) A homeomorphism 

onto an open neighborhood of p in Mk+i,e(fl)- 

Before closing this subsection, we prove that the evaluation maps on Mk+i,e(/3) 
are extended to our Kuranishi neighborhood as C"™-maps. 
We consider the map 

ev : T4 + M((/3;p;2l);eo,To) = M k+1MMia)) {^p^)^ -> L k+1 x X e (21.16) 

that is the evaluation map at the 0-th,. . . ,fc-th boundary marked points and 1st - 
i-th interior marked points. 

Lemma 21.15. The map \21 . 1 6)) is a C m -map and is Tp-equivariant. 

Proof. We first remark that (|21.16[) extends to ■M.k+i,(i,e p ,(£ c ))(l3',P]^-) eoi f - Its 
composition with Glu factors through Glures (|21.8I) . Therefore by Theorem 119.51 
we have 



f)\k T \ f)\k e \ 

V" — = ^(evoGlu) 

P Q T k T QQke 



<C 19 , m .ne~ S ' (kM - TC \ (21.17) 



19,m,R 

C° 



if n + |fcr| + | fee | < m. Therefore ev is of C m -class. T p equivariance is immediate 
from definition. □ 

Remark 21.16. Proposition 121.141 holds and can be proved when we replace 
Mk+i,e(/3) by Mf(a). The proof is the same. 



22. Coordinate change - I: Change of the stabilization and of the 

COORDINATE AT INFINITY 

In this subsection and the next, we define coordinate change between Kuranishi 
neighborhoods we constructed in the last subsection and prove a version of com- 
patibility of the coordinate changes. In Subsection [M] we will adjust the sizes of 
the Kuranishi neighborhoods and of the domains of the coordinate changes so that 
they literally satisfy the definition of the Kuranishi structure. 

We begin with recalling the facts we have proved so far. We take a finite set 
{p c | c € £} C A4k+i,e(f3) and fix an obstruction bundle data £ Pc centered at each 

Pc- 

Let trip be a stabilization data at p G A4k+i. i(f3). The stabilization data ro p 
consists of the following: 

(1) The additional marked points w v of y p . 

(2) The codimension 2 submanifolds T> 

(3) A coordinate at infinity of y p U w v . 

By an abuse of notation we denote the coordinate at infinity also by ro p from now 
on. Let £p = #w p and 21 C £(p). We always assume that 21 ^ 0. 

By taking a sufficiently small eo and sufficiently large To, we obtained a Ku- 
ranishi neighborhood at p by Proposition 121.141 The Kuranishi neighborhood is 
Vfe+i, (((P; p; 21); eo, T )/T p . This Kuranishi neighborhood depends on eo,T as well 
as ro p . During the construction of the coordinate change, we need to shrink this 



DETAILS ON KURANISHI STRUCTURE 



151 



Kuranishi neighborhood several times. We use a pair of positive numbers (o, T) to 
specify the size as follows. We consider 

Glu : ^+i,( /A ,( <o) )(j8;p;a;ei) x (f°,oc] x ((f c ,co] x S 1 ) 

Remark 22.1. Here and hereafter we include the symbol trip in the notation of the 
thickened moduli space, to show the stabilization data at p that we use to define 
it. In fact the dependence of the thickened moduli space on the stabilization data 
is an important point to study in this subsection. 

Vk+i,{tjt p> (lc)){.P\ Pi^lj e i) i s a smooth manifold. We fix a metric on it. Let 

S?*(p;VVn 1 ( W „(/ ))G8H>;ajci)) (22.2) 
be the o neighborhood of p in this space. We put T 6j o = T for all e and denote it 
by T . Since this space is independent of t\ if o is sufficiently small compared to ei 
we omit t\ from the notation. We consider 

Bo*(V, V k+ulMta)) (ftp; »)) x (f,oo] x ((f,oo] x S 1 ). (22.3) 

Definition 22.2. We say that (o,T) is ro p admissible if the domain of the map 
(|22.1| includes (|22 . 3f) . We say it is admissible if it is clear which stabilization data 
we take. 

We say (o,T) > (o',T) if o > o' and 1/T > l/V. 
Definition 22.3. We denote by V(p, tr> p ; (o, T); 21) the intersection of the image of 
the set (12231) by the map (l22~Tj) and M^ x ,{t,t p ,{l c ))(P'^ % )Tf ' 

The restrictions of the obstruction bundle, Kuranishi map, and the map ip to 
^(P,tt) p ; (o,T);2l) are written as £ Pirop; ( 0: r) ; a- and S p , Wp ;(o,r);a> ^p,m p ;(oX)-^' re- 
spectively. 

They define a Kuranishi neighborhood. Sometimes we denote by ^(p, tn p ; (o, T); 21) 
this Kuranishi neighborhood, by an abuse of notation. 

The main result of this subsection is the following. 

Proposition 22.4. Let t0» \ (j = 1,2) be stabilization data at p and 21 |3 21^ 3 

2l (2) ^ 0. Suppose (o (1) ,T (1) ) is tt>^ admissible. 

Then there exists (o^ , T (2) ) such that if (o( 2 \T (2) ) < (o[, 2) , T (2) ) then ( ( 2 \ T (2) ) 
is tn p 2 ^ admissible and we have a coordinate change from V(p, to p 2 '; (o*- 2 -*, T*- 2 -*); 2l^ 2 -*) 

to V(p, Ifp 1 '; (o^\ T^); 21^). Namely there exists (</>i2, ^12) wii/i following 
properties. 

(1) 

12 : V(p, tt^; („<»>, T< 2 >); a< 2 >) -> V(p, w?>; (o (1) ,T (1) ); 2l») 
is a Tp-equivariant C m embedding. 

1 ^p,ro<, 2) ;(o( 2 ),T( 2 ));a( 2 ) ^p,ro<, 1) ;(o( 1 ),r( 1 ') ; a( 1 ) 

is aT p-equivariant embedding of vector bundles of C m -class that covers 4>i2- 
(3) The next equality holds. 

s p,w^;( w,TWy,m» ^12 = ^12 s P:ro ( 2 );(o(2),r( 2 )) ; a( 2 ) ■ 
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(4) The next equality holds on s ^<2). (o(2)/r(2));2((2) (0). 

^W^foW.fl 1 ));*!) ° ^ 12 = ^p, ro < 2) ;(o(2),r( 2 ));2l(2)- 

ffere i,» (1) i(»w,r( 1 ))ia( 1 ) * s ^ e com P° si tion oftp ptto w.^ ll)iTll ^. mi) antitte 
projection map 

T/ie definition of i'p^).^)^)).^) is similar. 

(5) Le£ q< 2 > € F(p, m^ 2) ; ( ( 2 \T (1) ); 2t< 2 )) and q« = <MP)- ITiera tte deriuo- 
fciue o/s p rt) ( 2 ). ( - ( ,(2) 7-(2)). a <2) induces an isomorphism 

T^np.in^KoW.rW);^ 1 )) ^ ( g P,«. t P 1) ; (.^,r(i)),a(i)) q(1) 

r, M nP,»? ) ;(oW 1 T(»));a(«)) (£ P|B ,» 5(bWiTW)5 « p 

Proof. We divide the proof into several cases. 

Case 1: The case icf 1 = u>f \ = T)fJ and 2lW = 

This is the case when only the coordinate at infinity Xo^ is different from top 2 "*. 
A part of the data of the coordinate at infinity is a fiber bundle (|16.2j) that is: 

^ OT (£u^) v ^ (J %P u ™ P )v) (22.4) 

where 2J^'((y p U w p ) v ) is a neighborhood of (j p U w p ) v in the Deligne-Mumford 
moduli space Mk v +i,e v or .M|*. (v e C (5 rpU ,n p ).) We choose 2J (2) ~((y p U w p ) v ) C 
2j' J '((Pp U Wp) v ) an open neighborhood of (y p U w p ) v so that 

<U (2) -(( ? p U w p ) v ) C 23 (1) ((y P U w p ) v ). (22.5) 

We put 9Jl(y j = 7r _1 (2J^ _ ((pp U w p ) v )). Then there exists a unique bundle 
map 

$ 12 : SPtf " , £DTp ) , , - > 
that preserves the marked points and is a fiberwise biholomorphic map. This is 

(2) 

because of the stability. By extending the core of ro p we may assume 

^ 2 <u^)J ^ (J^^nir-^^-C^Ut^W). (22.6) 
Lemma 22.5. Le£ eo and T' 1 ^ 6e given, then there exist e' , such that 

(2)- (1) 

K^,^))^*)^) cM^ ( ^ >( , c)) (/3; P ;a) 60ifcl) . (22.7) 

Here we define ro p 2 ^ from ro p 2 ^ by shrinking %}( 2 \(z p Uw p ) v ) to 2j( 2 ' - ((y p Uw p ) v ) 
and extending the core so that (|22.6j) is satisfied and use it to define the left hand 
side. 

Proof. Since the equation (|18.10p is independent of the stabilization data at p, it 
suffices to show 

Here the meaning of the symbol '(2) — ' and '(!)' is similar to (|22.7j) . 
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An element of il fe _^ 1 ^ e ^ p) e , f {2 ) is (2)o U u> p , u , (w' c )). Let us check that 

ro (i) 

it satisfies (l)-(4) of Definition 118.101 applied to ^ £p ^ ))(Ap) eo r' 1 '- 
(1) is obvious. (2) follows from f|22 .6[) . (4) is also obvious. 

We will prove (3). We note that p is eo close to p itself by our choice. So the 
diameter of the it p image of each connected component of the neck region (with 
respect to to^) is smaller than e . We take e' so that the diameter of the u p image 
of each connected component of the neck region (with respect to tr/ 1 ') is smaller 
than eo — 2e . Now since the C° distance between v! and u v on the core of Id*- 2 ^ is 
small than e' , 

u'(e-th neck with respect to tfp 1 '') 

C e neighborhood of u p (e-th neck with respect to Wp )• 
(3) follows. □ 

Using the fact that T>^\ = T>^\ , Lemma 122.51 implies 



KImo^))^;*)^) c <;i,(« P ,(4))(^; a Cf(ir ( 22 - 8 ) 



\ trans 

Let 



Glu« {p-V k+1 , {lMic)) {p-p-%)) 

x 

( f(D 



(22.9) 



and 



Glu( 2 )- ^ (p;^ +li(Vp , ( , c)) (/3;p;2l)) 

x (f^,^] x ({f^\^] x 5 1 ) ^M^ 1( „ p (£c)) (/3;p;2l) eo f(2) 



be appropriate restrictions of (|22.1[) . Its image is an open neighborhood of p U w p . 

Therefore there exists (o 2) ,T (2) ) such that for any (c>( 2 \T (2) ) < (o 2) ,7^ (2) ) we 
have 



,(^ P .(^))(AP;2l)) x (T^Koo] x ((T (2) ,oo] x S 1 )) 
C GluW(B ro ( ^(p; ^ + i )( , A ,( 4)) (/3;p;2l)) x (f (1) ,oc] x ((f (1) ,oo] x 

(22.10) 

This in turn implies 

V(p, tv^- (o^, T^); 21) c V(p, (o W, TW); 21). 
Let ^>i2 be this natural inclusion. 
Lemma 22.6. 0i2 is a C m -map. 
Proof. Let 

f(p,^ 2) ;(o( 2 ),r( 2 ));2l) 

(2)- 

C B% (p;\4 +li( « p , ( , c)) (/3;p;2t)) x (f (2) ,^] X ((f (2) ,^] X S 1 ) 
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be the inverse image of V(p, ro[, 2) ~; (o( 2 \ T (2) ); 21) by Glu (2) ~ and let 

c <|'(p;^+i,(^,(^))(^;p;21)) x (f (1) ,oo] x ((f (1) ,oo] x s 1 ) 

be the inverse image of V(p,tv^; (o^, T (1) ); 21) by Glu (1) . 
We consider the maps 

II » (1) ((? P Uu; p )v) 
v6C°(s p ) 

(2)- 

vec°(e p ) 

that forget the maps. (Namely it sends (\),u') to t).) 
We then define a map 

3«:f(p,m«;(o« T«);2i) 

J] C Tn ((<S 1) .<f l ? ) n5E v , (1) ) > (^L)) 
vec°(e P ) 

x I] ^ (1) ((?pUw; p ) v ) 

vec<)(e P ) 

x (f (1) ,oo] x ((f (1) ,oo] x S 1 ). 
Here the first factor is induced by the map 

that is the map Glu^ followed by the restriction of the domain to the core K, 



(22.11) 



+«(D 
v,(i) ■ 

(See (|19.4I) .) (We put the symbol (1) in K^^ } ) to clarify that this core is induced 

by top 1 ''.) We chose T Ct0 so that the gluing construction works for Lf Qrn+1 . (See the 
end of Section QIJJ) The second and the third factors are the obvious projections. 
The map is a C m embedding of the C m manifold V(p, tu p 2) ; (o (2 \ T (2) ); 21), 
with corners. 

We also consider a similar embedding 



^ 2 ):f(p,^ 2) ;(o( 2 ),r( 2 ));2l) 



J] c 2 -((<f 2 ( ;'),<f 2 f nas Vl(a) ),(x,L)) 

veC0(Sp) (22.12) 
x I] » (2) ((?pUu; p )v) 
vec°(s p ) 

x (f (2) ,oc] x ((f (2) ,oo] x S 1 ). 

We denote by X(l,m) the right hand side of (|22.11[) and by X(2,2m) the right 
hand side of (|22.12|) . 

We next study the change of parametrization of the core. Let us use the notation 
in Proposition MM For (p,f,6) e flveC"^,,) ^((fp U w p ) v ) X (f (2) ,oo] x 
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(CP 2 \ oo] x S 1 ) we have a map 

t, y( 2 ) vW 

(2) (2) 

The source E - - is obtained using the coordinate at infinity top and the target 
Y,— ^ - is obtained using the coordinate at infinity tol . We may assume that 

V p,-P,$\ n v,(2.) J c A v,(l) ■ 

We then define a map 

#12 : 3E(2,2to) -> X(l,m) 

by the formula 

f)i 2 («,(p,f,^) = (uox, {p f y$ 12 (p,f,$)). (22.13) 
Sublemma 22.7. #12 is a C m -map. 

Proof. By Proposition 116. Ill the map $12 is a C m diffeomorphism. Therefore the 
second and the third factors of #12 is a C m -map. The first factor is of C m -class 
because of Proposition 116.151 and a well-known fact that the map C m (Mi, M 2 ) x 
C 2m {M 2l Ma) -> C m (Mi, Af 3 ) given by (v, u) ^ u o w is a C m map. □ 

On the other hand we have: 
Sublemma 22.8. 

i0l2°S (2) =S (1) °</>12. 

This is immediate from the construction. 

Since 3^ 2 ) and S^ 1 * 1 are both C m embeddings, Sublemmas 122.71 and 122.51 imply 
Lemma MM □ 

The map (^12 is obviously T p equivariant. We then define 

012 = ^12 x identity :V(p, ro< 2) ; (o< 2 >, T (2) ); 21) X0E C 

Conditions (2)-(5) are trivial to verify. It also follows that the maps obtained are 
Tp-equivariant. (During the proof of Proposition l22.4[ the Tp-equivariance is always 
trivial to prove. So we do not mention it any more.) 

Case 2: The case ro^ = rt^ 2) and %W ^ 2l( 2 '. 

Assume that 03 D 2l (1) D 2t (2) (33 C <£(p)). If we regard 

7(p,tt, p ;(0« T«);2l«)c^ 
then we may also regard 

n»»,w 1 ,;(oW,7< 1 ));SS«)cM^ |( ^ (( ^ ) (^;|.;aW;!8)^ ) . 

Moreover 

F(p,ro p ;(o« T (1) );2t( 2 >) c V(p, ro p ; (o« T (1) ); 2l (1) ). (22.14) 
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We can show that (j22.14|) is a C m -map in the same way as the proof of Lemma 
122.61 (Actually the proof is easier since there is no coordinate change of the source 
and so fji2 is the identity map in the situation of Case 2.) 

Furthermore an element (2J,u', (w' a<c ;c € 05)) of V(p,K> p : (oW,T (1) ); 2l (1) ) is in 
F(p,tt> p ;(oW,TW);2l( 2 )) if and only if 

Sp,to v ;(oW,T<V)&w(%)> u ' i {™'a,c, c € 05)) = 5u' G ^, W))! ( (i),r<i));SlW ■ (22.15) 

We put q+ = (2J,u', (w;^ c ;c e 05)). By Lemmas [18.161 and 120.71 d q +s induces an 
isomorphism: 

r q+ y(p,ti) p ;(oW TW);2tW) (^,»,i(o' 1 ',rw);a(')) q+ 

vnp,, P ;(oWra));^)-(^ ;(o(1)r(1));a( ^; 

We have thus obtained a coordinate change in this case. 

The other two cases are as follows. 
Case 3: The case C u;p 2) and 2t (1) = 2l (2) . The stabilization data is 
induced from top 2 ' 1 . 

Case 4: The case D and 21^ = 2l' 2 ). The stabilization data tv^ is 
induced from trip 1 '*. 

Let us explain the notion that 'stabilization data top 1 ' is induced from top 2 '.' 
Suppose tup 1 " 1 c Wp 2 ' 1 . Let 

* : O < } u^) II 23 (2) (( ?P u4 2) ) v ) (22.16) 

vec°(e P ) P P v vec°(e p ) 

be the fiber bundle (|16.4|) that is a part of the data included in top 2 ' . Here OJ^ 2 ' ((y p U 
Wp ) v ) is an open neighborhood of (y p U Wp 2 ') v in M k +1 e or in ^ 2) . 
(They are contained in the top stratum of the Deligne-Mumford moduli spaces.) 
Forgetful map of the marked points in Wp 2 ' \ induces a map 

forget, : M kr+1A+t w -> M kMv+l m 

etc. We put 

for et v (Oj( 2 )((r p U wf ] ) v )) = 2J«»+((r p U 4%). 

We take 9J (1) ((fp U Wp^v) C 2J (1) ' + ((r p U w { p 1] ) v ) that is a neighborhood of (r p U 
Wp 1 '^ such that there exists a section 

sect v : 0J (1) ((r p U v^%) -> for et(2j( 2 '((rp U w^v))- (22.17) 
Then we can pull back (|22.16p by sect = (sect v ) to obtain a fiber bundle 

11 ' O M uu^ } II ^((ft^f'W' (22-18) 

veco(e p ) " p v vec (e P ) 

Moreover we can pull back a trivialization of the fiber bundle (|22.16[) to one of the 
fiber bundle (|22.18[) . Thus we obtain a coordinate at infinity of (r p U Wp ) v . 
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Definition 22.9. We call the coordinate at infinity obtained as above the coordi- 
nate at infinity induced from tt>^\ 

We also take codimension 2 submanifolds V^j that are included as a part of the 
stabilization data tnp 1 \ so that T>^\ — T>^\ for i = 1, . . . , #Wp . We thus have 
obtained a stabilization date mi . We call it the stabilization data induced from 



top 



(2) 



We now construct a coordinate change of the Kuranishi structures in Case 3. In 
Definition 120.21 we defined a forgetful map 



Here we shrink the base space of (|22. 16)) so that this map is well-defined. We need 
to extend the core of the domain and replace eo by e' in the same way as in Lemma 
122.61 We then obtain a stabilization data, which we denote by trip . 
Taking w v = and ulp = and Q3~ =!Bwe have 

ro (2) - 

fotaet„ „ ,(2>- ^(i) : M p (3:1): 21; 95) , # f 2i 

-^M m ' pl) m (3; p; 21; 05) 

fe+l,(i,4 .(40) 'eo.TW 

It induces a map 

X ra " 2) ,2, (/3;p;Vl;%f;^} 1} -> W*'" (1) (/3;p;Sl;«8) (22.19) 

which is a strata- wise differentiable open embedding by Proposition l20.41 We denote 
the map (|22.19|) by i2 . 

Lemma 22.10. i2 is of C m -class in a neighborhood o/pUu/p . 

Proof. The proof is similar to the proof of Lemma r22.6l We use Lemma fl 6 . 1 81 which 
is a parametrized version of Propositions 116.111 and 116.151 Let 

r P u4 2) =ye 2j( 2 >((r p u4 2) ) v ) 
vec°(S P ) 



and forget(y) = y = y p U . Let 9}W ((y p U ) v ) be a neighborhood of p 



Let sectm.v be the section we chose in (|22.17p . It gives a stabilization data ral 1 " 1 



We take 

sect (2) , v : Q v x QJ«-(( fp U v^) v ) -> 23 (2) ((? P U ^ 2) )v) 
such that the following condition is satisfied. 

Condition 22.11. (1) fot0et(sect( 2 ) !V (£, tj v )) = rj v . 

(2) 5ect( 2 ) v is a diffeomorphism onto an open neighborhood of y v - 

(2) 

Pulling back ro p by Sect( 2 ) we have a Q = Y[ Q v -parametrized family of stabiliza- 
tion data, which we call rbp 2 ' . We denote the image of sect( 2 ), v by QJ^ 2 ^ ((y p UWp 2 ^) v ). 
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We use trip 1 '' in the same was as in the proof of Lemma \22. 61 to obtain 



# 1 >:V-(p,w? ) ;(oW,7^);a) 

--R(l) TS + R { 

,(1) ' v,(l) 



n c™((<S 1) . O 1 ' n ds v , (1) ), (x, l)) 



veC ° (ep) (22.20) 

x J] 23 (1K ((y P u^ P )v) 

veco(Sp) 
x ((f (1) ,oo] x ((f (1) ,oo] x S 1 ). 

(Here we put - in V~(p, tu^; (o (1) , T (1) ); 21) to clarify that this space uses 2J (1) ~ ((y p U 

«?p)v)-) 

(2) 

We use top to obtain 



n c 2 -((<f 2 f ),<f 2 f n0E v , (2) ),(*,L)) 



v6C ° (Sp) (22.21) 

x n ^ (2K ((? P uu? P )v) 

x ((f (2) ,oo] x ((f (2) ,oo] x S 1 ). 

Let X(l,m), X(2,2m) be the spaces in the right hand side of (|22.20l) . (|22.21j) re- 
spectively. 

We apply Lemma 116.181 to the family of coordinates at infinity rb p and the 
coordinate at infinity trip 1 ''. It gives estimates of the map $12 defined in (|16.25p and 
(£ p f 0) as in P6.26p . 

We 'define £12 ■ X(2, 2m) -> X(l, m) by 

$j 12 (u,stct {2) (Z,p),(f,9)) = (uo V(Apf ^ 12 (^p,f,6)). (22.22) 
By construction we have 

i0i 2 o5 (2) =S (1) °0 12 . (22.23) 
Lemma 116.181 implies that i0i2 is a C m -map. Moreover and j( 2 ' are C m - 
embeddings. Therefore 012 is a C m -map on V~(p, ro^ 2) ; (o( 2 \ T (2) ); 21). The proof 
of Lemma 122. 101 is complete. □ 

We go back to the construction of coordinate change in Case 3. By requiring the 
transversal constraint at all the marked points, </>i2 induces a required coordinate 
change (friz- Since 21^^ = 2l' 2 ', it is easy to find the bundle map 4>\ 2 that has the 
required properties. 

Remark 22.12. Note that the map (|22.19p and the coordinate change <fr\ 2 we 
obtain are independent of the choice of the section of (|22.17|) . But (fr\ 2 depends on 
the codimension 2 submanifolds we take, since the process to take trans depends 
on them. We use the coordinate at infinity (or the map sect v of (|22.17|) ) only to 
prove that <fr\ 2 is of C" l -class. 

Using the fact that the map (|22.19[) is a local diffeomorphism the construction 
of the coordinate change in Case 4 is an inverse of one in Case 3. 
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We have thus constructed the coordinate change in the 4 cases above. The 
general case can be constructed by a composition of them. 

Let us be given (m' 1 ' , 2l« ) and (to£° , ^ ) . We say that the pair ((tt* 1) ,a (1) ) ) (ttf ) ,2l (2) )) 
is of Type 1,2,3,4, if we can apply Case 1,2,3,4, respectively. We say the coordinate 
change obtained the coordinate change of Type 1,2,3,4, respectively. 

4 X) ,2tW) and (to { p 6) ,21^) with tfW n w {6) = 0, there 
. , 5 such that: 
) ,2l^)) is of type 2, 
\^)) is of type I, 
is o/fype 3, 
\^)) is of type 4, 
^Sl^)) is of type 1. 



Lemma 22.13. For given (top 
exist (rej^.a^) /or j = 2,. 



TTie pair ((rc^, 21.W) 
TTie pair ((to£ 2) , 21^) 
77ie pair ((to£ 3) , 21^) 
TTie pair ((to< 4) , #)) 
TTie pair ((to< 5) , 21^) 



(2) 
P ' 
(3) 



(» 
(to 

(»?> 
(»?\ 
(»?> 



Proof. We put (w { p 2) , 2(( 2 )) = (wj^ , 2l( 6 ') and »0') = 2l< 6 ) for aU j = 2, . . . , 6. 

Let Wp 4 -* = Wp 1 - 1 U Wp 6 " 1 . (Note this is a disjoint union by assumption.) We take 
(any) coordinate at infinity for jr p U 



The codimension 2 submanifolds arc 



determined from the data given in toi 1 ^ and tol 6 ''. 



We thus defined (to p 4) , B< 4 >). 

(4) 



We take the coordinates at infinity that is induced from to p so that the set 
of additional marked points are w f } and wf ] . We thus obtain (to£ 3) , 2l( 3 )) and 
(ro^, 5) , 2l^ 5 >), respectively. It is easy to see that they have required properties. □ 



Remark 22.14. We need the hypothesis Wp 1 ^ H w 
wise it might happen that w^ 1 ] = but T>^\ ^ T> 

By Lemma l22.13l we can define a coordinate change for the pairs (tojp&W) and 

(top 2 \ 2t( 2 )) as the composition of 5 coordinate changes. We have thus constructed 
the required coordinate change 

4> 12 : V(p, tof; (o( 2 >, T< 2 >); ^) H- V(p, to p 1} ; (o« T«); 2l«) 



-(6) _ 



in Lemma T2 2. 131 Other- 



-,(6) 
Pj" 



in case H u/p 2 ' = 0. 

In general cases we take top ^ such that n — n Wp '' 

012 = 010 002- 

The proof of Proposition l22.4l is complete. 



= and put 



□ 



We remark that in the proof of Lemma T22. 131 we made a choice of coordinate at 



infinity of y p U Wp 4 ^ . We also take top U; at the last step of the proof of Proposition 
122.41 However the resulting coordinate change is independent of these choices if we 
shrink the domain. Namely we have the following Lemma 122.161 We put 



,(0) 



U(p, top; (o, T); 21) = V(p, (o« T«); 2l«)/Tp 



(22.24) 



This is an orbifold. 



Remark 22.15. We may replace the obstruction bundle by a bigger one and may 
assume that the orbifold (|22.24[) is effective. This is because the action of T p on 
T(T, p ;UpTX (g) A 01 ) is effective and it is still effective if we restrict to the space of 
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smooth sections supported on a compact subset of a core. El In this article we 
always assume the effectivity of orbifolds. 

The map 

<l> 12 : V(p, »< 3 >; (o( 2 \ T^); #) V(p, id' 1 '; (o« T«); 2l«) 

induces 

which is an embedding of orbifold. The embedding of vector bundle (f>i2 induces 
</) that is an embedding of orbibundles. 

Lemma 22.16. We use the notation in Proposition \22.4\ If two different choices 
°f (°o j^cP^'"') (i = 1? 2) and {$121 $12) U — 1, 2) are made, then there exists 
(o^,T^) such that {o^\T^) < (o 2)j ,T (2) ' J ) (j = 1,2) and 



>i . , .0 -2 



ontf^ro^o^T^);^ 2 )). 
Proof. We first prove the next lemma. 

Lemma 22.17. Let C Let tv^'^ i = 1,2, j = 1,2 6e i/ie stabilization 

(i i) ->(i) 

data at p such that the additional marked points associated to tDp is iUp . 
We assume that ((tujP^Sl), (tD^' 2) ,2l)) is type 30 

Let <P(i,j);(i' be the coordinate change from the coordinate associated with top 
£0 one associated with W^'^ . Then we have 

° ^(l,2);(2,2) = £(1,1);(2,1) ° £(2,1);(2,2) ( 22 ' 25 ) 

(2 2) 

on a small neighborhood of p in the Kuranishi chart associated with Xo\ . The 
same equality holds for <b,. .. ... .... 

The same conclusion holds when C Wp 1 ^ and replace 'type 3 ' by 'type 4 '. 

Remark 22.18. We remark that the difference between Wp 1 ^ and is coordinate 
at infinity. 

Proof. This lemma as well as several other lemmas that appear later, is a conse- 
quence of the following general observation. 

We consider an open subset U C Mk+11+t of the Deligne-Mumford moduli 
space. Let 

7T : M{U) -> U 

be the restriction of the universal family to U. Suppose we have a topological space 
EE consisting of (an appropriate equivalence classes of) pairs (y, vf) where j £ W 
and vt : 7r — 1 (y) — > X is a smooth map. Here we emphasis that we regard 5 



2! ^The same applies to the case of higher genus. The only exception is the case X is a point. 

2 ^Namely we assume that the coordinate at infinity of lUp 1 ' 1 ' is induced by that of IDp 1 ' 2 ' and 
the submanifolds we assigned in Dcfinition ll8.9l (2) coincide each other when they are assigned to 
the same marked points. 

2 ^Here equivalence relation is defined by an appropriate reparametrization of the source by a 
biholomorphic map. 
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as a topological space and do not need to use any other structure such as smooth 
structure. 

Suppose (Vi, r,*, Ei,&i, ipi) is a Kuranishi neighborhood at p. We assume that 

the coordinate change <f> .. is defined as follows: Suppose that there exists a home- 
— j i 

omorphism $i : Vi/Ti — > 3 onto an open neighborhood of y with y = $i(p) for all 
of i and 

= Qj 1 o $ ( 

holds on a neighborhood of p. Then we have 

(h o <h — d> 

2112 2-23 2113 

on a neighborhood of p. This observation is obvious. 

Remark 22.19. Note it is important here that we only need to check set theoretical 
equality. This is because our orbifolds are always effective orbifolds and we consider 
only embeddings as maps between them. Therefore we do not need to study orbifold 
structure or smooth structure to prove compatibility of the coordinate changes etc. 

Remark 22.20. Later we will use a slightly more general case. Namely we consider 
the case when there are Vij and <5j,j : Vij/Tij — > S for — (1, 1), . . . , (l,m) 
and = (2, 1), . . . , (2, n). We assume 14, l = ^2,1 and Vi }Tn = V 2 , n - Suppose 
j; = $ij (p) is independent of i,j and <&ij is a homcomorphism onto a neighborhood 
of r. We put: 6,. .... . ,, = <&~} o Then we have 

^(1,1)(1,2) ° ' ' ' ° 21(l, m -l)(l,m) = ^(2,1)(2,2) ° ' ' ' ° £(2,»-l)(2,») 

on a neighborhood of p. This is again obvious. 

Now we apply the observation above to the situation of Lemma 122.171 The role 
of S is taken by 

We note that this set depends on the coordinate at infinity. However Lemma \2'2. 51 
implies that it is independent of the coordinate at infinity on a neighborhood of p. 
We have thus proved (|22.25j) . 

Note the bundle maps (/>.. are nothing but the identity maps on the fiber 

in our situation. The proof of Lemma T22. 171 is complete. □ 

Lemma \2 2 . 1 6 1 for the case fl wf ] = is immediate from Lemma 122.171 
Let us prove the general case. We need to prove the independence of the coordi- 
nate change of the choice of trip -* . Let trip ' 1 ' 1 , fOp 0,2 ' 1 be two such choices. Namely we 
assume Wp^Ciw^'^ = flWp ' 1 ' = for i = 1, 2. We first assume Wp ^DWp 2 ^ = 

in addition. We put Wp ^ = Wp ' 1 ^ U Wp°' 2 ^. We take a stabilization data tOp ^ so 

,(o,i) 

-(0,i),0 

position of coordinate change of type 3 and of type 1 and </> Q ^ „ are composition 
of coordinate change of type 4 and of type 1. Therefore from the first part of the 
proof we have 

211(0,1) 21(0,1)2 —1(0,1) —(0,1)0 —0(0,1) —(0,1)2 



that the codimension 2 submanifolds are induced by trip . Then, <f> ln ^ n are com- 
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as required El 

To remove the condition w^' 1 ^ Hi/jJ 0,2 ' = it suffices to remark that there exists 
Wp ' 3 ^ such that wJp^nwJp ' 3 ^ = w^'fltSp 0,3 ' = and u^'^nwp ' 3 ^ = Wp°' 2 ^ flWp ' 3 ' = 
0. The proof of Lemma [22. 161 is complete. □ 

Now we prove the compatibility of the coordinate transformations stated in 
Proposition ^. 41 

Lemma 22.21. Let (top ,21^) be a pair of stabilization data atp and 21^ C <£(p), 
for j = 1,2,3. Suppose 2K 1 ) D 21^ D 21^ ^ and let (oW,7 (1) ) 6e admissible for 
(top 1} ,2t«). 

_By Proposition \22.4\ we have admissible (o^ 2 -*, T^ 2 **) and (o^ 3 \T^) such that the 
coordinate change 

(dus^i) : V(p, n<p ; (o, T);* U) ) ~> V{p, to^; (o (1) ,T (1) );2l (2) ) 

exists i/ (oW, T (i) ) > (o, T). ftfere j = 2, 3). 

By Proposition \22.J\ there exists admissible (o^ 4 \T^) such that a coordinate 
change 

(023,^23) : V(p, ro p 3) ; (o, T);2t (3) ) -> V(p, to p 2) ; (o (2) ,T (2) ); 2t< 2 >) 

sewfe l /(o( 4 ),T (4) ) > (0,7). 

TVow f/iere exists (o( 5 \T (5) ) wt/i (o( 5 \T (5) ) < (oW,7 W ) (j = 3,4) suc/i i/iai 
we Ziaue 

teu-i.) = (ka.&a) ° ( 22 - 26 ) 
on C/(p,ro^ 3) ;(o( 5 ),r (5) );2t( 3 )). 

Proof. We first prove the case when Wp 1 ^, Wp 2 \ w p 3 ' are mutually disjoint. 

We note that we may assume 21^ = 2l' 2 ^ = 2l( 3 * ) . In fact the coordinate change 
of type 2 (that is the coordinate change which replaces 21 by its subset 2l~), is 
defined by inclusion of the domains so that 2l~ is obtained from 21 by the equation 
(|22.15|) . This process commutes with other types of coordinate changes. So we 
assume 2lW = 21^ = ^ = 21. 

We also note that the composition of two coordinate changes of type j (for 
j = 1, . . . ,4) is again a coordinate change of type j. 

Now using Lemma 122.131 we can find VOp'^ i = 1, 2, 3, j = 2, . . . , 6 such that 
(top , top ) is as in the conclusion of Lemma T22. 131 and 



The: 



top 3 < 2) 


= to^=to( 2 ' 2 ) 


-ro (2) 


*f' 6 > = to^ 6 ' = tof 




= 2(1,2) (1,3) ° 2(1,3) (1,4) °- 


^(1,4)(1,5) 


°^(M)(1,6)' 


<f> 

2-23 


—(2,2), (2, 3) -H2,3)(2,4) 


2(2,4)(2,5) 


°^,5)(1,6)< 


2-13 


_ 2(3,2)(3,3) ° 2(3,3)(1,4) °- 


^(3,4)(3,5) 


°2(3,5)(3,6)' 



Therefore we can apply the general observation mentioned in the course of the proof 
of Lemma 122.171 in the form of Remark 122.201 to prove Lemma 122.211 in our case. 

2 ®Here 4>\{Q.\) i s the coordinate change from the Kuranishi chart associated with w^ ' 1 " 1 to the 
one associated with ufj . The notation of other coordinate changes are similar. 
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In fact we can take S as follows. We consider Wp ' 4 ^ for i — 1,2,3 and put 



II' V 



Tp 1 ' 4 ^ U Wp 2,4 " 1 U Wp 3 ' 4 ^ . We take (any) coordinate at infinity of f p Uw p . We 
take the codimension 2 submanifolds 2? Pi j (that is a part of the data tn p ) so that they 

coincide with those taken for tOp'', i — 1,2,3. (Note we use the assumption that 

Up 1 '', Wp 2 \ uJp 3 ^ are mutually disjoint here.) We have thus defined the stabilization 



data tDp. Then 
where £ p + ^ = #w P . 

We finally remove the condition that Wp \ Wp \ are mutually disjoint. We 
take , Wp 5 "* such that 

for i — 1,2,3 and Wp 4 ' n — 0. We also take codimension two transversal 
submanifolds T>i for each of those additional marked points. We have thus obtained 
the stabilization data X*o^\ Vo^\ Then we have 

tl2 ° ^23 = tl5 ° ^52 ° ^24 ° ^43 = ^15 ° ^54 ° ^43 = ° ^53 = £l3" 

Here the first and the last equalities are the definitions. The second and the third 
equalities follow from the case of Lemma f22 . 2 1 1 which we already proved. The proof 
of Lemma 122.211 is complete. □ 

23. Coordinate change - II: Coordinate change among different 

STRATA 

In this subsection we construct coordinate changes between the Kuranishi charts 
we constructed in Proposition 121.141 for the general case. Let p(l) £ Aik+i,e(P). 
We take a stabilization data tt> P (i) at p(l) and C (£(p(l)). We use them to 
define Kuranishi neig hborhood V(|>(1), ttyi); (o^\ T (1) ); 2t (1) ) given in Definition 
I2i~13l Let 

^(l),« K1) ;(oM,TM);StM : S p(l),to p(1 y,(oW,TM)frW (°)/ r P(l) ~> M k +X,t{P) (23.1) 

be the map in Proposition 12 1 . 141 We assume that p(2) is contained in its image. 

We will define the notion of induced stabilization data at p(2). We recall that 
the stabilization data tu P (i) includes the fiber bundle (116. 4[) 

tt: O OT(1) ((?p(i)U^p (1 )) v )^ J] ^ (1) ((r P (i)U^p (1 ))v). (23.2) 
veo«(g p(1) ) veC (e p( i)) 

Here 2J^ 1 - ) ((?p(i) U ^p(i))v) is a neighborhood of (? P (i) U wVi)) v in the Deligne- 
Mumford moduli space M.k v +i,i„+t v{1) „ ■ The product in the right hand side of 
(l2lH|) is identified with a neighborhood of fp(i)Uiyp(i) in the stratum .Mfc+i^+^^j (^?p(i)ui« P (i) 
of the Deligne-Mumford moduli space Mk+i,e+e f(iy We denote this neighborhood 

by Q?(?p(i) UiiJp(i)). 

Condition 23.1. We consider a symmetric stabilization w p (2) on y P (2), an element 
€ 9J(fp(i) U and (5g, (5g, 0b))) e (f (1) ,oo] x ((f (1) ,oo] x S 1 ) that satisfy 

the following two conditions. 

(1) F p( 2 ) U uJ p(2) - $(a ; Sg, (S§, O ))- 
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(2) p(2)UiZ? p (2) satisfies the transversal constraint at all marked points. Namely 
for each i = 1, . . . , £p(i) we have 

«p(2)(™p(2),i) G ^p(l),»- 

Here 2?p(ivj is a codimension 2 submanifold included in the stabilization 
data rop(i). (We remark #w p ( 2 ) = #w P (i) = ^p(i)-) 

An element of r p (x) is regarded as an element of the permutation group &t t , x y 
So it transforms w p ( 2 ) by permutation. The group ^p(i) acts also on the set of pairs 
(ao;§Q, (So, 6 )). We then have the following: 

Lemma 23.2. The set of triples («Jp(2), 0o; Sq, (Sq, 9q)) satisfying Condition \23.1\ 
consists of a single Tpnyorbit. 

Proof. This is an immediate consequence of Proposition 120.111 □ 

We continue the construction of the induced stabilization data at p(2). Let 
<?p(2)u«Jp (2 ) be the combinatorial type of p(2) U Wp(z)- In general it is different from 
the combinatorial type Gp(i) U w p(1) of p(l) U w p (i). In fact the graph Gp( 2 ) U w p(2) is 
obtained from the graph Gp{\)u%S m\ by shrinking all the edges e such that S*o, c 7^ 00. 
We denote by C 1,fin (^p(i) Uj j t)(1) ) the set of edges e with 5*0,0 ^ 00. We have 

C 1 (^p(i)u«J p(1) ) = C 1M {G P (i)uw p{1) )U C 1 (0p(2)u^ 1J(2) )- (23.3) 

Here the right hand side is the disjoint union. Choose AS" € K>o that is sufficiently 
smaller than S*o, G - (We may take for example AS* =1.) 

Let 2J (2) (?p(2)Ui«p(2)) be a neighborhood of r p(2 )UuJp( 2 ) in the stratum Mk+i,e+e p(1) {G P (2)uw p{2) ) 
of the Deligne-Mumford moduli space M.k+i,i+i p(1) ■ We can take them so that there 
exists an identification 

5J (2) (y P (2) U Wp {2) ) =23 (1) (?p(i) U Wp {1) ) 

x 1] ((5o, c - A5,5o, c + A5) x [0,1]) 

eect^(g PWU H1) ) (23.4) 

x n ((5 ,c- A5,5o,c + A5) x 5 1 ). 

cec c 1 ' fln (S p(1)u ^ p(1) ) 

Let v be a vertex of Gp( 2 )uw p(2) ■ We take the subgraph Gp(X) uw v ^\,v °f the graph 
£p(i)ui« p(1) as follows. There exists a map G P (i)uw p(1) -> G p ( 2 ) U w p(2) that shrinks the 
edges e with 5*0,0 ^ 00. An edge e g C l {Gp{i)uw p(1) ) is an edge of Gp(i)\jw vm F if it 
goes to the point v by this map, or it goes to the edge containing v by this map. 
Then we have 

S » (2) ((?p(2)UWp (2 ))v) 

n 2j (i) ((f P( i)Uiijp (1) ) v ) 

veco(e P(1)u ^ (1) -) 

x 1] ((5 , c - A5, 5 , c + A5) x [0,1]) (23.5) 

oec 1 ' t,n (e p(1)LJ ^ t)(1) , v ) 

x I] ((5 ,c- A5,5 ,o + A5) x 5 1 ). 

oGC c 1 - fi "(e p(1) u S(1) ,v) 
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The universal family over the Deligne-Mumford moduli space restricts to a fiber 
bundle 

it : »t (2) ((y P (2) U ^p(2))v) -> « (2) ((? P (2) U w m )-). (23.6) 

The fiber at (a; 5°, (S°,0)) of this bundle, which we denote by ^( a .g (£c e))> * 8 tne 
union of the following three types of 2 dimensional manifolds. 

(I) For each v G C°(Gp(2)uw p(2) ) we consider the core that is contained in 
E CTv . (Here a v G ^ < - 1 H(?p(i) u w p (!))v) is a component of a and S CTv is a 
Riemann surface corresponding to this element cr v . ) 
(II) If c G Cl{G v ( 2 )uw p{2) ), £o,e = oo and e goes to an outgoing edges of v, we 
have [0, oo) x [0, 1]. 

If e G Cq (0p(2)u«jp( 2 ) )' ^o,o = °o and e goes to an incoming edge of v, we 
have (— oo, 0] x [0, 1]. 

If e G C' c 1 (^p(2)u,B p(2) ), 5 , o = oo and e goes to an outgoing edge of v, we 
have [0,oo) x 5 1 . 

If e G Cc(G p (2)uw p{2) )j 5*0,0 = oo and e goes to an incoming edge of v, we 
have (— oo, 0] x 5 1 . 

(Ill) If c G C 1 (g p(2)u ^ (2) ), 5 , o # oo, we have [-5S e ,5S e ] x [0,1]. If e G 
Cc{Gp(2)uw p(2) ), Sq.c ^ oo, we have [-5S e ,5S e ] x 5 1 . 

Definition 23.3. The core K- of ^ c ^ is the union of the subsets of type 

I or type III. 

On the complement of the core, the fiber bundle (|23.6I) has a trivialization, that is 
given by the identification of the subsets of type II with the standard set mentioned 
there. This trivialization preserves complex structures. 

This trivialization extends to the subsets of type I. In fact, such an extension is 
a part of the data included in the coordinate at infinity of fOp(i)- Note that this 
extension of trivialization does not respect the fiberwise complex structure. 

Note, however, that this trivialization does not extend to the trivialization of 
the fiber bundle (|23.6[) if there exists an edge c G C^(G P (2)uw p(2) ) with So, e 7^ oo. 
In fact, there exists an 5 1 factor in (|23.5[) that corresponds to such an edge e and 
our fiber bundle has nontrivial monodromy around it, that is the Dehn twist at the 
domain [—55*0,0, 55*0,0] x S ■ 

Therefore to find a coordinate at infinity that satisfies Dcfinit.ion ll6.2l f5) we need 
to restrict the domain. We take a sufficiently small A9 (for example A9 = 1/10) 
and put 

2?((?p(2) U w p(2) )v) 

n 2J((pp(i)U^p(i))v) 

vec»(e p(1)uip(1) , ? ) 

x II ((5o, c - A5,5 ,o + A5) x [0,1]) (23.7) 

cec 1 ' lln (e p(1)UtSp(1) , v ) 

x II ((5o.o-A5,5 ,o + A5) x (0 O , O - A0, 9 , c + A0)). 

cec c 1 ' fln (e P( i)u™ p(1) -) 

(Note r-p (2 ) U uJ p(2 ) = $(cro; 5q, (5g, 6 )) and o ,c is a component of ).) 
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We consider the fiber bundle 

vr : OT((r p(2) U w m )-) -> 9J((Pp (2 ) U w p(2) )v) (23.8) 

in place of (|23.6|) . 

Now we can extend the trivialization of the fiber bundle defined in the comple- 
ment of the core, to the trivialization that is defined everywhere. (But it does not 
preserve the complex structures.) We have thus defined a coordinate at infinity of 
P(2). 

We take the codimension 2 submanifolds 2?p(i),i that is a part of Wp(i) and put 

Z>p(2),i = Pp(l),i- 

Definition 23.4. The stabilization data at p(2) that is obtained as above is called 
the stabilization data induced by tDp^). 

Remark 23.5. There are more than one ways of extending the trivialization of 
the fiber bundle that is given on the part of type I and type II to the whole space. 
However the way to do so is determined if we take the following two families of 
diffeomorphisms . 

(1) A family of diffeomorphisms from the rectangles [—55*0, 5S C ] x [0, f ] to [0, f ] x 
[0, 1] so that they are obvious isometries in a neighborhood of d[— 5S e , 5S e ] x 
[0, 1]. Here the parameter is S e G (S , e - AS, S , o + AS). 

(2) A family of diffeomorphisms from the annuli [— 5S e , 5S e ] x S 1 to [0, 1] x S 1 
so that they are obvious isometries in a neighborhood of {— 5S C } x S 1 and 
is the rotation by 6 C in a neighborhood {5S e } x S 1 . Here the parameter is 
S c G (So, e - AS, S ,o + AS) and 6 C e (0 o , e - A0, 8 Q . C + M). 

Such families of diffeomorphisms obviously exist. We can take one and use it 
whenever we define the induced coordinate at infinity. In that sense the notion 
of induced coordinate at infinity and of induced stabilization data is well-defined. 
(Namely it can be taken independent of p(l) for example.) 

In Section[T6l we discussed how the parametrization changes when we change the 
coordinate at infinity. There we defined a map ^12- (See (116. 16[) . ^ The following 
is obvious from definition. We use the notation in Propositions 116.111 and 116.151 

Lemma 23.6. If we take the induced core on 2Jo then $12 = $12 ■ Moreover 
t) f 2 g* 2 is the identity map on the core K v . 

The first main result of this subsection is the following. 

Proposition 23.7. Let p(l) £ A4k+i,t{/3) and take a stabilization data ro p (i) at 
p(l) and admissible (o^\T^). Let p(2) be in the image of \23.1\) . We take the 
induced stabilization data tf p (2)- Let 21 C <£(p(2)) C £(p(l)). 

Then there exists an admissible (o^,Tq 2 ^) such that if (o^ 2 \ T^) < (o^\Tq 2 ^) 
there exists a coordinate change 

(012, 0i 2 ) : V(p(2), ro p(2) ; (o«, T (2) ); 21) ^ V(p(l), » p(1) ; (o^T^); 21). 

Proof. We have maps 

Glu« : J B^ ) (1) (p;^ +1 . ( « p , ( , c)) (/3;p(l);2l)) x (ft 1 ), 00] x ((f«,oo] x S 1 ) 

(23 9) 
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and 

Glu< 2 > :B ro (2 ^(p;^ +1 , ( « p , ( , c)) (/3;p(2);2l)) x (f (2) ,^] x ((f (2) ,cx)] x S 1 ) 

-^^Si?(^( 1) ,(/.))(^p( 2 ); a )eo,„f« 

(23.10) 

by the gluing constructions at p(l) and at p(2) respectively. (More precisely for a 
given eo,2, the map ()23.10j) is defined by choosing o^ 2 ^ small and T*- 2 -* large.) 
By the assumption and Proposition 120. l"T| there exists uJp(2), c such that 

We observe 

G>(2)utiV {2) ,(iiV^ 

and the image of (|23.10[) defines a neighborhood basis when we move eo,2- Therefore 
by taking eo,2 small and T*- 2 - 1 large, we may assume that 

^SW t(1) , ( y)(^(2);2i) e0i2irr2) 

and this is an open embedding. By construction, the element of the thickened mod- 
uli space ■M.).+i\e£ 2 (t ))^' P( 2 )' a )e 2 T< 2 > sat isfies the transversal constraint at 
all additional marked points with respect to tfp(i) if and only if the transversal con- 
straint at all additional marked points with respect to ro p (2) is satisfied. Therefore 

^(«, w .(«)^^ 2 )5 a )S>> (2312) 

and this is an open embedding. We thus can define a continuous strata-wise C m - 
map 0i2 as the inclusion map. It is an open embedding of C m -class strata-wise. 

Lemma 23.8. 0i2 is of C m -class. 

Proof. The proof is similar to that of Lemma 122.61 We repeat the detail for com- 
pleteness. Let V(p(j), m p (j); (o^ , T {j) ); 21) be the inverse image of V{p{j),m p(j) ; (o^, T^); 21) 
by Glu^. (Here j = 1,2). It suffices to show that 

ia = (Glu«)- 1 oGluW :F(p(2),tt> p(2) ;(o« T( 2 >);21) 
is of C m -class. We obtain maps 

-> [] ^ m ((^v +i? , ^v +J? n 0E V>(1) ), (X, L)) 

veCCSpd)) (23.13) 

x n ^((pp(i) u ^p(i))v) x 

, oo] x (f (j) ,oo] x S 1 ) 

in the same way as (|22.1ip for j = 1,2. We remark here that we take the graph 
Gpcn for the case j = 2 also. By applying Theorem 119.51 we find that (|23.13j) is an 
C m -embedding for j = 1. 
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We will prove that (|23.13j) is a C m -embedding for j = 2 also. It follows from 
Theorem MM applied to the gluing at p(2) that g( 2 ) is of C m -class. We put g( 2 ' = 
(gi 2 \ -5^)- Here gj 2 ' 1 (resp.g 2 2 ' 1 ) is a map to the factor in the second line (resp. 
third line). It suffices to show that g^j 2 ' is a C m -embedding on each of the fiber 

(2) 

of g 2 ■ Note that the factors of the third line parametrize the complex structure 

(2) 

of the source. The fact that g^ is an embedding on the fiber of T e = oo follows 
from Theorem 1 1 9 . 51 applied to the gluing at p(l). Then we apply Theorem 119.51 to 
the gluing at p(2) to show that $\ is an embedding on the fiber of g 2 if T i s 
sufficiently large. 

Now using the obvious fact that gW o 12 = g^ 2 \ we conclude that 0i 2 is a 
C m -embedding. □ 

Remark 23.9. Contrary to the case of the proof of Lemma 122.61 we do have 
gW o </> 12 = g( 2 ). This is because we are using the coordinate at infinity to p ( 2 ) that 
is induced from tt> P (i) and so the parametrization of the core is the same. 

We thus have defined 4>i2- We define (j>i2 — 0i2 x identity. It is easy to see 
that 4>i2 is r p ( 2 )-equivariant. Other properties are also easy to prove. The proof of 
Proposition l23.7l is now complete. □ 

Remark 23.10. In Lemma T23. 21 we proved that the two choices of W( 2 ) are trans- 
formed each other under the r p (i) action. More precisely we have the following. 
The action of IVi) is given by the permutation of the marked points W( 2 )- If 
7 £ T p (2) the permutation of z/7( 2 ) gives an equivalent element. Namely there exists 
a biholomorphic map y p(2 ) U w (i) -t y p(2) U 7 w (2 ). 

In case 7 ^ r p ( 2 ), Fp(2) U ^(2) is not biholomorphic to y p ( 2 ) U JW(2)- Each of the 
choice W{2) an d 7^(2) induces a stabilization data at p(2), which we write ro( 2 ) and 
7tD( 2 ) respectively. They define the coordinate changes. We remark that there is a 
canonical diffeomorphism 

by permutation of the marked points. Namely we have 

7:l/(p(2),m p(2) ;(o( 2 ),r( 2 ));2t)^y(p(2), 7 tt, p(2) ;(o( 2 ) ! r( 2 ));2l). 

On the other hand 7 € r p (i) acts on V(p(l), fDp(i); (o' 1 ^, T^); 21). Since our con- 
struction is r p /i) equivariant we have 

7 012 = 012 7- 

Here </>i 2 in the left hand side uses tt> p ( 2 ) and 012 in the right hand side uses 7tfp( 2 ). 
This is the same as the case of coordinate change of the charts of orbifolds. 

We remark that this phenomenon finally causes an appearance of "fp qr in Defi- 
nition 14.41 

Combined with the result of the last subsection, Proposition 123.71 implies the 
following. 

Corollary 23.11. Let p(l) G Aik+i,i{/3). We take a stabilization data fo p (i) at 
p(l) and admissible (0^, T^ 1 '). 

Let p(2) be in the image of V23.1\) . We take a stabilization data tn p ( 2 ) at p(2). 
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Then there exists an admissible {o$\Tq ) such that the following holds for 

C £(p(j)) with C 2l«. 
For any (o^ 2 \T^) < {o^\T^) then there exists a coordinate change (012,012) 
from the Kuranishi chart V(p(2), tn p (2); (o^ 2 -*, T^ 2 -*); 2U 2 )) to the Kuranishi chart 

Proof. Let tn p ( 2 ) be the stabilization data at p(2) induced by ro p (i)- Then the re- 
quired coordinate change is obtained by composing the three coordinate changes 
associated to the pairs, ((ro p( i), 2l«), (tt> p(1) , 2(( 2 ))), ((ro p(1) ,2t( 2 )), (rt) p(2) ,2l( 2 ))), 

((trj p(2) ,2l (2) ), (ro p ( 2 ),2l (2) )). They are obtained by Proposition 122.41 Proposition 
123.71 Proposition 122.41 respectively. □ 

Remark 23.12. By construction the coordinate change given in Corollary 123.111 
is independent of the choices involved in the definition, in a neighborhood of p(2). 

We next prove the compatibility of the coordinate changes in Corollarv l23.111 

Proposition 23.13. Let p(l) £ A4k+i. e(f3). We take a stabilization data tn p (i) at 
p(l) and admissible (o^^T^ 1 ^). 

Let p(2) be in the image of H23.1\) . We take a stabilization data to p (2) oA p(2). 

Let (o ( o\r Q (2) ) be as in Corollary MIL 

Then there exists £7 = £7(p(l), rOp^j, p(2), ro p ( 2 )) with the following properties 

for each (o( 2 \T^) < (o< 2) , T (2) ). 

Let p(3) £ Mk+ijXP)- We assume d(p(2),p(3)) < £70 Then for any stabiliza- 
tion data trip (3) atp(3), there exists admissible {o^§\T^) such that if {o^\ T^) < 

(°q \% {3) ) andWV* C £(p(j)) (j = 1,2,3) with 2l« D ll^ D H( 3 \ then we have 
the following. 

(1) There exists a coordinate change 

(023, 23 ) : V(p{3), ro m ; (o (3) , T (3) ); 2l (3) ) V(p(2), ro p(2) ; (o (2) , T (2) ); 2l (2) ) 

as in Corollary \ 23 '. 1 11 

(2) There exists a coordinate change 

(013, 0is) : V(p(3), w p( 3); (o (3) , T< 3 >); 2K 3 )) l/(p(l), rOp (1) ; (o«,T«); »«) 

as m Corollaru \2S '. 1 1\ 

(3) FKe Ziaue 

(^13^13) = ^12^12) ^23'^2 3 )- 

-ffere 

(012, 012) : V(p(2), ro p(2) ; (o (2) , T (2) ); 21^) -> V(p(l), » p(1) ; (o^ T«); 2t (1) ) 

is ifte coordinate change in Corollary \23.11\ and 
^i2>i 2 ) : ^(p(2),mp (2 );(o( 2 ),r( 2 ));2t( 2 )) C/(p(l), rc p(1) ; (o«, T«); 2l«) 

is induced by it. 

Proof. By the same reason as in the case of Proposition [2377] we may assume 
we will assume it throughout the proof. 
We first prove the following. 

2 ^d here is any metric on A4fc+i e(P). 
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Lemma 23.14. Let ^ e ^ e stabilization data at p(2) induced by lfp(i) and 

wl/L t/ie stabilization data at p(3) induced by tu^L. XTien tui^L is t/ie stabilization 

P(3) rv ' a p(2) p(3) 

data induced by fDp(i). 
The proof is obvious. 

Lemma 23.15. Let (bSL = fo p (i) and ro£(2V 1x5 p(3) ^ e as * n Lemma \23.14\ We 
denote by (0ij",0y) (f or l<i<j<3^ the coordinate changes induced by the pair 
(Wp ( i), Kplj))- Then we have 

(012, 012) ° (023, 023) = (013, 013) (23.14) 

m a neighborhood o/p(3). 

Proof. We can choose eoj (j = 1, 2, 3) such that 

ro (1) 



l fe+l,(^^ (1) ,(4)) P ^) ; ^^eoTf (D • 

The maps (123. 14|) are all induced by this inclusion in a neighborhood of p(3). Hence 
the lemma. □ 

The proof of the next lemma is the main part of the proof of Proposition 123.131 

Lemma 23.16. Let p(2) € A4k+i,e(/3) and let toJ^Lj ^pfL ^ e stabilization data 

aip(2). Suppose a xv^y admissible (o' 21 ', T^ 21 -*) is given. Take an tuSL -admissible 

(0q 22 \^ 22 ^) smc/i t/iat i/ (c^ 22 ), T' 22 -') < (0q 22 \^ 22 ^) t/ien £/iere exists a coordinate 
change 

^ {21){22) ,^ im) ):V{p{2)^ y 

as in Proposition \22.J\ 

Then there exists e 8 = e 8 (p(2), to$ 2) , toj,^ , (o( 21 \ T (21) ), (o< 22 \ T (22) )) snc/i i/iai 
i/p(3) G A^fc+i,£(/3), d(p(2),p(3)) < e 8 t/ie following holds. 

(1) There exists a stabilization data m ^s) a t P(3) induced from to£/L an< ^ a 

(21 (2) 

stabilization data m^^at p(3) induced from fOpAy 

(2) T/iere exists a W^L -admissible (o 31) , 7^ (31) ) suc/i ifarf i/ (o( 31 \ T (31) ) < 
(ojj , 7q ) i/ien £/ie coordinate change 

(0(2i)(3i),0(2i)(3i)) : nP(3),tD^ ); (o( 31 ),T( 31 ));2l) -> np(2),wg5 ); ( (2i) jT (ai)). a ) 

as in Proposition \23.7\ exists. 

(3) 77iene exists a roj^admissi&fe (o 32) , 7^ (32) ) swc/i that if (o< 32 \ T (32) ) < 

(o[ ) 32 ' ) ,7^ 32 ' ) ) i/ien i/ie coordinate change 
(0(22)( 3 2),0(22)(32)) : F(p (3) , ^ ; (o ( 32 ) , ) ; 21) ^ (p(2), ^ ; (o( 22 ) , ); 21) 
as in Proposition \23.7\ exists. 
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(4) There exists a wf^-adrmssible (o[, 32) ', % m ') such that if (o< 32 )', T (32) ') < 
(°o 32 ^''^ 32 ^') th en th- e coordinate change 

(0(3i)( 32 ), 0(3i)(32)) : V{p(S), to™y, (oW, T^'); 21) V(p(3), (o< 31 \ T^); 21) 

as in Proposition \22.J\ exists. 

(5) Suppose (oO 2 )",^ 32 )") < (o[, 32) ',r o (32) ') and(o( 32 )",T( 32 >") < (o< 32) , T (32) ). 
TTien we have 

(^(21)(22)'^(21)(22)) ° (^(22)(32)'^(22)(32)) 
~ (^(21) (31) '^(21) (31)) ° (^(31) (32) '^(31) (32)) 

on C/(p(3),rt,^ ); (o( 32 )",r( 32 )");2t). 

Remark 23.17. The statement (1) above was proved at the beginning of this 
subsection. The statements (2) and (3) above were proved by Proposition 123.71 
The statement (4) above was proved by Proposition 122.41 So only the statement 
(5) is new in Lemma 123.161 

Lemma \23.16\ Proposition \23 '. 13\ Let to^) be the stabilization data at p(2) in- 
duced by ttip( 1 ). 

We apply Lemma [23.161 to to^) an d = r °p(2)- We then obtain eg. This 

e 8 is e 7 in Proposition 123.131 Suppose p(3) € <i(p(2), p(3)) < e 8 . We 

obtain mj^L , from Lemma |2"3. 161 (1). 

Using the pair of stabilization data (tOp(i), tOp 1 ^)) we obtain the coordinate change 
(0i(2i), 0i(2i)) by Proposition 123JI 

Using the pair of stabilization data (ffip(3) , Tip (3)) we obtain the coordinate change 

(0(32)3)0(32)3) by Propo sition [2 2,41 

Now by using Lemma 123.161 (5) we have 

(^1(21)^1(21)) ° ^(21)(22)^( 2 1)( 22 )) ° (^(22)(32)' ^(22X32)) ° ^(32)3' £(32) 3 ) 
= ^1(21)^1(21)) ° ^(21)(31)'£(21)(31)) ° ^(31)(32)'^(31)(32)) ° ^(32)3^(32)3) 

(23.16) 

in a neighborhood of [p(3)]. 

By definition of (0i2,0i 2 ), (023,023) given in the proof of Corollary 123.111 we 
have 

(1(21)^1(21)) ° ^(21)(22)> V)(22)) = ^la'^J ( 23 ' 1? ) 

and 

^(22)(32)'£(22)(32)) ° (£(32)3' £(32)3) = fes'^)' ( 23 ' 18 ) 

On the other hand, by Lemma (0i (2 i), 0i(2i)) ° (0(2i)( 3 i), 0(2i)(3i)) is the 

coordinate change given by Proposition l23.7l By Lemma [22.21[ (0(3i)(32) , 0( 3 i)( 32 ))° 
(0(32)3 , 0(32)3) is the coordinate change given by Proposition 122.41 Therefore, by 
the definition given in the proof of Corollarv l23.11l 

(0 13 '1 3 ) = (1(21)^1(21)) ° (^ ( 21)(31)>(21)(31)) 

^(31)(32)' 1)(32)) ° (^(32)3' ^(32) 3 ) - 
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Proposition I237P31 follows from (|23.16|t - f|23.19|> . □ 

Proof of Lemma \23.16\ By definition, the coordinate change (4>/2i)(22)i </>(2i)(22)) is 
a composition of hnitcly many coordinate changes that are one of the types 1,3,4. 
(The notion of coordinate changes of type 1,3,4 is defined right before Lemma 
122.131 ) Therefore it suffices to prove the lemma in the case when (</>(2i)(22)i 0(2i)(22)) 
is one of types 1,3,4. We prove each of those cases below. 

Case 1: (0( 2 i)( 2 2) >(2i)(22)) is of type 1. 

We use the notation in the proof of Proposition 122.41 with p being replaced by 
p(2) orp(3). 

By Lemma T22. 51 we have 

^^a,^))^^ 2 ); 21 )^^ c ^^V,^))^;^ 2 ); 21 )^,,,^- (23-20) 

(Here we replace eo, e' in (|22.7I) by eo, 2 , e[) 2- We also put £ v = £ v ( 2 ) = ^p(3)0 Also 
by Lemma T22. 51 we have 

- A/ '^ A ,(, c ))(/ 3 ;P(3);2l) e ^3,f(3)' C ^r;^ £pi( , c)) (/3;p(3);a) eo ^ f(3) . (23.21) 

(Here we replace eo, e 'o in (122.71) by e ,3, e o.3-) 

By the definition of type 1 we use the same codimension 2 submanifolds to put 
the transversal constraint. Therefore we have 

^ fe ;i 2 ,k, p ,(^))(/3;P(2);2l) j;> (2) , C Al fc ;< 2 »^ £ ^ ( , c)) (/3;p(2);a)-- f(2) (23.22) 

and 

^ fe ^W P ,(, c) )(/3;p(3);a):: a ;; f(3) , c ^ fe ^ Ai( , c)) ^;p(3) ; a)f- 8 f(3r (23.23) 

On the other hand, by (|23.12l) we have 

^ fe ;r,k, P ,(, c ))(/3;p(3);a):: a 3>. c ^^w,,^))^^^); 21 )!:^- (23 - 24) 

Note that the stabilization data tnj^ an d to j^L appearing in (|23.22l) and (|23.23[) 
are obtained by extending the core of the coordinate at infinity included in fDp( 2 ) 

(2) 

and fOp(3)7 respectively. Therefore by further extending the core we may assume 
that fD^y is induced from roj^ 2 7- Therefore again by (|23.12[) we have 

^ fc ;^,, p ,(, c ))(/3;P(3);a):r> (3) „ C ^ fc ;< 1 2 » £ ^ !( , c)) (/3;p(2);a) t — f(2)/ . (23.25) 

By definition, t he coo rd inate c h anges < />( 2 i)(2 2), ^(3 1) (32), <t>(2i) (31), </>(22) (32) are the 
inclusion maps (|23.22|) , (|23.23l) . (I23.24[) and (|23.25|) in neighborhoods of p(2), p(3), 
p(3), p(3), respectively. The lemma is proved in this case. 

Case 2: Void. 

Case 4: (^(213(22), <^(2i) (22)) is of type 4. 
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We have vtjffa D w^ 2) . Therefore D wff s y It follows that (0( 3 i)(32), <£(3i)(32)) 
is also of type 4. We have the following commutative diagram. 

^^,< 1( ) r(4)) (^P(2);2i) eo ,f (1) "'" t, '^^ ! ^^ 2()2))( ^(AP(2);2l) eo , f(2 



m (i) f or B el a ,3.^(1) ^(2) (2) 

(23.26) 

We note that we use the same codimcnsion 2 submanifold to put transversal con- 
straint. Therefore ()23.26j) induces: 

f° r s ct a a.^fi) ^(2) <2) 
M p(2) (1) (/3;p(2);2l) tra f m ' P(2) P<2) > M p(2) (2) (/3; p(2); 2l) tra f, 2) 

c 

f 0r B cl ol a.^fi) a 00 (2) 

(23.27) 

The commutativity of (|23.27|) is Lemma T23. 161 in this case. 

Case 3: (0( 2 i)(22)j 0(2i)(22)) is of type 3. 

We obtain the following commutative diagram in the same way. 

Ji) f or s cl „i m.aW & m (2) 
M »Zi*&.M W'>*>%*» < ^(^,(«) ^ P(2); ^ 



toW f° r s cl a a.tfW cCD ro (2) 

^^4U)^M) (/?;P(3);2t) ^ < '--^L MM^^VMS)*)^ 

(23.28) 

All the above arrows are diffeomorphisms locally. This implies the lemma in this 
case. The proof of Lemma T23. 161 is complete. □ 

The proof of Proposition 123. 131 is complete. □ 



24. Wrap-up of the construction of Kuranishi structure 

In this subsection we complete the proof of Theorem 115.31 We will prove the 
case of M.k+i,t{P)- The case of Mf(a) is the same. 

In this subsection we fix a stabilization data tn p at p for each p and always use 
it. We also take 21 = C(p) unless otherwise specified. So we omit them from the 
notation of Kuranishi chart. We write = (o, T). Thus we write 

(F(p;a),£(p ;0 ),S(p ; o),V(p;B)) 

to denote our Kuranishi neighborhood. 
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For simplicity of notation we denote by ^(pio) the composition of ^(p;!)) an d the 
projection s^ 0) (0) -> S^ B) (0)/r„. 

The next lemma is the main technical lemma we use for the construction. 

Lemma 24.1. There exist finite subsets tyj = {p(j, i) \ i = l,...,Nj} C Mk+i,e(P) 
for j — 1, 2, 3 and admissible X)(J, 1, i) > 5(j, 2, i) for j = 1, 2, 3, i = 1, . . . , 2Vj suc/i 
i/iai tte?/ satisfy the following properties. 

(1) //j = 1,2,3 tten 

|J ■0(p(j,i);O(j,2,i)) (■ S Ct.(j,i);BCj,2,i)) (°)) = Mk+lAP)- 
i=l 

(2) TTie following holds for j > j' . If 

(0)), 

then there exists a coordinate change 

as in Corollarv \23 . 1 1\ 

(3) Let j = 1 or 2, ii, . . . ,i m £ {I, . . . , Nj + i}. Suppose 

m 

fl ^(P(j + l.in);0(i+l.W„))( 5 ^(j + l,i n );B(j+l,l I i„))( )) ^ ' 
n=l 

</ien i/iere exists i independent of n such that 

p(j + G V'(P(J, I );D( J ,2, 1 ))(S^ 1 - I) . o0 - 2 ,i))(°)) 

/or any n = 1 , . . . , m . 

(4) /.,//,. {1 V.|. // 

P(3,t 3 ) G V>(p(2,i 2 );0(2,2 :l2 ))(s , 1 (2il2);a(2 2il2)) (0)) 

and 

</ien there exists a coordinate change 

< P(l,ii),(3,i 3 ) 

:V(p(3, i 3 ); 5(3, l,i 3 ))-> *(M.ii)) 
os in Corollarv \23 . 1 1\ Moreover we have 

^(l, il ),(2, J2 ) ^(2,« 2 ),(3, l 3) = ^(l,, 1 ),(3,3) ( 24J ) 

everywhere on U (p(3, i 3 ); 0(3, 1, i 3 )) = V(|j(3, i 3 ); 0(3, 1, i 3 ))/r p (3 )i3 ) . 

Proof. For each p G Mfc+i/(/3), we take admissible 0(p, 1; 1) > 0(p, 1; 2) > 0(p, 1; 3). 
Then we have *Pi = {p(l, i) \ i = 1, . . . , iVi} such that 

IJ ^(p(l,0!'>(J»(l,0.l!3))(*Sl.*)i9(l»(M),li3))( )) = ■^fe+l.-eW- ( 24 -2) 
i=l 

We put 5(1, = 5(p(l,i), !; !), 5(1, 2, i) = 0(p(l, i), 1; 2). Then, since 

'0(p(l,i);O(p(l,<),l;3))(5^( lii ) ; o(p(; lji ) i i ; 3)))(O)) ^ 
C V'(p(l,i);B(l,2,i))(5^( lii) . o(li 2 >i ))(0)), 

Lemma T24.ll (1) hods for j = 1. 
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For each p £ Mk+i,e{P) we take an admissible D(p,2;l) so that the following 
conditions hold. 

Condition 24.2. (a) Ifp £ ^(Ki,i);KM,0)( £ Mi,*);3(i,2,i))( ))' then there exists 
a coordinate change 

0(i,i),(2,p) : ^(P! 5(P, 2; 1)) -> i); 0(1, 1, *)) 

as in Corollary 123. Ill 

(b) If 

^(p;0(p : 2;l))(s ( p; 0( p,2;l))(°)) n ^(p(l,i) ; a(p(l,i),l ; 3)) (^(l,;);^!,,-),!^)) (°)) ^ 

then 

V>(p;0(p,2;l))(s^ ; o(p,2;l))(°)) ^ ^(p(l,i);8(p(l,i),l;2)) ( S (p(l,i);a(p(l,i),l;2)) (°))' 

(c) Let eg(p) be the positive number we define below. If an element q e 
Mk+\,i{P) satisfies q £ ^(p;o(p,2;i))(s^ (p2;1)) (0)), then d(p,q) < e 9 (p). 

Here eg(p) is defined as follows. For each i — l,...,Ni we put p(l) = p(l,i), 
p(2) = p and apply Proposition 123.151 We then obtain &r(i,p). We define 

e 9 (p) = min{e 7 (i, p) | i = 1, . . . , Nt}. 

The existence of such 0(p, 2; 1) is obvious. Furthermore for each p € Alfc+i^(/3), we 
take 0(p,2;2),D(p,2;3) such that D(p, 2; 1) >0(p,2;2) >0(p,2;3). Then we have 
q3 2 = {p(2, i) | i = 1, . . . , N 2 } such that 

N 2 

IJ ^(p(2, 4 );0( P (2, J ),2;3))(s (p 1 (2 , i);0(p(2 ^ ) , 2;3 ))(0)) = Xfc+o(/3). (24.4) 
i=l 

We put 0(2,1, i) = 0(p(2,i),2;l), 0(2, 2, i) = 5(p(2,i),2;2). Then ([2T41 and 
0(p,2;2) > 0(p,2;3) imply Lemma HO (1) for j = 2. Lemma [MT] (2) for 
(j,f) — (2, 1) follows immediately from Condition 124.21 (a) . 

Sublemma 24.3. Lemma \££j\ (3) holds for j = 1. 

Proof. Suppose 

m 

H V'(p(2^);0(2,l^))( S (p 1 (2, l „);S(2,l,- i „))( )) ^ ' 
n=l 

Then (I24.2|) implies that there exists i such that 

m 

H ^(p(2,i„);B(2,l,i„)) (S(p 1 (2,i n ) ;0 (2,l,i„)) (°)) 
n=l 

n^(l,i);S(|,(l,i),l;3))(s (p 1 (1|j);8 (p (lij ) il; 3 )) (0)) 7^ 0- 

Therefore Condition [24~2l (b) and (l24~3|) imply 

^(}>(2,in);9(2,X,t n ))(s^(2,j n ); ? (2,l,i n ))( )) C ^(p(l,i);S(l>2,i))(S(p 1 ( i ii);0( i ! 2,i))( )) 

for any n. In particular 

p(2,v) <= ^(Lij^fiAj))^!,^,,^^^)^)) 
as required. □ 
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For each p £ Mk+i,e{P) we take an admissible 9(p,3;l) so that the following 
conditions hold. 

Condition 24.4. (a) Ifp £ V'( P (2, l );D(2,2,i))(s^, 1 (2 ^. D(2 2:i)) (0)), then there exists 
a coordinate change 

0(2,3,(3,*) : V(p; 9(p, 3; 1)) -> V(p(2, i); 9(2, 1, »)) 

as in Corollary 123. Ill 

(b) If 

^(p;a(p,3 ; l))(S^; 0( p i3;1)) (0)) n ^(p(2, l );0(p(2,i),2;3))(s ( p 1 ( 2, i);0 (p(2 :l ),2;3))( )) ^ ' 

then 

^CP;BCP.3;1))(«C^;b(|),3;1))C )) ^ ^(P(2,i);a(p(2, l ),2;2))(s^ 1 (2ii); o ( p ( 2 :l ),2;2))(°))- 

(c) Void 

(d) Let (iijia) be an arbitrary pair of integers such that 

P G ^(p(2, l2 );a(2,2, l2 ))(s (p 1 (2 , i2 ) ;B (2,2,i 2 ))( ))' 
p(2,i 2 ) € ^( t ,(l,i 1 );a(l ) 2 ) i 1 ))(^( 1)il);l)(1) 2,i 1 ))( ))- 

Then 

9(p,3;l) < 0(*i,*a). 
Here the right hand side is defined below. 

(e) Under the same assumption as in (d), there exists a coordinate change 

0(i,n),(3,p) : V{p; 9(p, 3; 1)) -+ V(p{l, ii);9(l, 1, ij)) 
as in Corollary 123. Ill 

The definition of 9(ii, 12) is as follows. We put p(l) = p(l, i{) and p(2) = p(2, 12) 
andp(3)=p. We also put (o (1) ,T (1) ) = 9(1,1, h), (o (2) , T (2) ) = 9(2, 1, i 2 ). Using 
Condition 124.21 (c) we can apply Proposition 123. 131 to obtain (ojj , 7q )> which we 
put 0(ii,i 2 ). 

Existence of 9(p,3; 1) is obvious. Furthermore for each p £ A4k+i,e(P), we take 
9(p,3;2) with 9(p,3;l) > 9(p,3;2). Then we have % = {p(3, i) | i = l,...,jV 3 } 
such that 

IJ ^(P(3, 1 );c.(p(3^),3;2))(s^ 1 (3il) . £)(p( 3 !l)i3 .2)))(0)) = -Mfc+l,^)- (24.5) 

i=l 

We put 9(3, 1, i) = 9(p(3, i), 3; 1), 0(3, 2, i) = 9(p(3, i), 3; 2). 

Now Lemma 120(1) for j = 3 follows from (|M3|) . Lemma HO (2) for (j,f) = 
(3, 2), (3, 1) follows from Condition MM (a), (e). The proof of Lcmma[20 (3) for 
j = 2 is the same as the proof of Sublemma 124.31 

Finally Lemma [24.11 (4) is a consequence of Condition 124.21 (c), Condition 124.41 
(d)(e), and Proposition 123 . 1 3l The proof of Lemma 124. II is complete. □ 

Proof of Theorem \ 15.31 We start the construction of a Kuranishi structure on M. k+i,i 
Let p £ Mk+i,i((3). There exists i(p) £ {1, . . . , iV 3 } such that 

P G '0(p(3, 4 (p));c)(p(3^(p)),3;2))(S(p 1 (3 :l (p)) ;O( p(3 i4 (p))^ ; 2))(O))- 

We take any such i(p) and fix it. Choose p £ U(p(3, i(p)); 9(3, 1, i(p))) such that 

^(p(3,i(p));0(p(3,i(p)),3;2))(f>) = P- 
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We have an embedding 

£c C ^(p(3,i(p));5(p(3,i(p)),3;2)) 

cec(p) 

of vector bundles. (This is because C(p) C £(p(3, i(p))).) We take a neighborhood 
VJ, of p in the set 

Wl 3) = jo G V r (p(3,i(p));5(3,l,i(p))) | S(p(3 >i (p)) ;0 (p(3,i(p)),3;2)))(0) G f c 

such that Vp is r p invariant. The sum © cei r( p ) £ c defines a T p equivariant vec- 
tor bundle on Vp that we denote by E v . The restriction to Vp of the section 

S(p(3,i(p)) ; o(p(3,i(p)),3;2)) and the map ^(p(3,i(p));o(p(3,i(p)),3;2)) (divided by r p ( 3il ( p) )) 
is our s p and ip v . We can show easily that (V v ,Tp, E v ,Sp,tp v ) is a Kuranishi chart 
of p. 

We next define coordinate changes. Let q G ipp(Sp 1 (0)). It implies £(q) C <£(p). 
We note that i(p) may be different from i(q). On the other hand, we have 

V'(p(3, 4 (p));0(3,l^(p)))( S (p 1 (3, l (p));D(34,i(p)))( )) 
n^(p(3,i(q));0(3,l, l (q)))( S (p(3, l( q));0(3,l,i(q)))( )) ^ ' 

In fact, q is contained in the intersection. Therefore by Lemma r24.1l (3). there exists 
i(p, q) such that 

P(3,i(p)),p(3,i(q)) G V'(p(2, l (p,q));0(2,2, l ( P ,q)))(s^ 1 (2!l( p !q));i , ( 2,2,i( P ,q)))( ))- 

Therefore by Lemma T24.ll (2 s ). we have coordinate changes: 

0(p(2,i( P ,,))(3,i(p)) : V(p(3, i(p)); 0(3, 1, i(p))) -> V(p(2, i(p, q)); 0(2, 1, i{p, q))) 

and 



0(p(2,<(p,,))(3,i(,)) : V(p(3,*(q));0(3,l,*(q))) ->■ V(p(2, *(p, q)); 0(2, 1, i(p, q))). 

We write them sometimes as </>(pq)p, <^(pq)q for simplicity. 
By the compatibility of ip with coordinate changes, 

q G 0(p(2,i(p,q))(3,i(p))(Vp) 0(p(2,i(p,q))(3,i(q))(Vq). 



We consider 

W q (2) = ft, G V(p(2, i(p, q)); 0(2, 1, i(p, q))) 



S(p(2,i(p,q));0(2,l,i(p,q)))(f) G £ c > ■ 



cG£(q) 

Both 0(p( 2 ,i(p,q))(3,i(p))(Vp) n IV q v and </>(p( 2 ,i(p, q ))(3,i(q))(Vq) are open subsets of 

(2) 

Wq . This fact is proved by dimension counting and by the fact that <^(p(2,i(p,q))(3,i(p)) 
and 0( P (2,i(p,q))(3,i(q)) are embeddings. 
We put 

V M = ^(p(2, l (p,q))(3, l (q))(^(P(2^(P:q))(3,«(P))( t/ p) R W <t) ( 24 ' 6 ) 

and 

^Pq = ^(p(2,i(p,q))(3,- i (p)) ° <?W,i(p,q))(3,i(q))- ( 24 ' 7 ) 

We can define </> pq by using ^(p( 2 ,i(p, q ))(3,i(p)) and </>( P ( 2 ,i(p,q))(3,i(q))- We have thus 
constructed a coordinate change. 
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We finally prove the compatibility of coordinate changes. Let q 6 ■0 p (s p ~ 1 (O)), 
and t € ^ q (s~ 1 (0)). We then obtain i(p, q), i(p,t), i(q,t) as above. 
We note that 

(0)) 

3 - 0(p(3, l (q));D(3,l,i(q)))( S (p(3,i(q));3(3,l, l (q)))( )) 

2^ q (*^(0))9t. 

Therefore 

V , (p(2, l (p,q));0(2,2, l (p,q))(s (p(2il(piq)) . a(2i2il(pq))) (0)) 
n^(p(2 :l (q,r));0(2 : 2,i(q : t)))(s (p 1 (2il(pit)) . s(22il(pt))) (0)) 

n^(2,,(p,t));9(2,2,,( f! t)))(«( p 1 (2 ; ,(p ;t ));9(2,2,i(p,t)))( )) 

is nonempty. Therefore Lemma [24.11 (2) and (3) imply that there exists i(p,q,r) 
such that we have coordinate changes: 

^(p(M(p,q, r ))(2, l( p.q)) :W2,<(fcq));d(2,l,<(M)» 

-> C7(p(l,i(p,q,t));5(l,l,i(}3,q,r))) 

^(i,i(P,,,t))( a ,i(,, t )) :W,i(q,t));l>(2,M(q,t))) 

t7-(p(l, q, c)); 1, q, r))) 
^(p(M(p,q, r) )(2,(p, t )) :C/(p(2,*(p,t));0(2 ;M (p,r))) 

-> C7(p(l ) i(p ) q,r));5(l,l,i(p,q,t))). 

B We write them as ^ (pqr)(pq) , ^ (pqr)(qr) . 4»q*)W B ^ Lemma EH] (4) we obtain 

^(i,(P.^))(3,( P) ) ^(P(3,*(P))5 9(3,l,i(p))) 

-> E/(p(l,i(p,q,t));?>(l,l,i(p,q,r))) 

^(p( M( p,q,))(3^)) :^(3,i(q));«(3,l,<(q))) 

->^(p(l J t(p J q J t));9(l,l,<(p J q,t))) 

^(p( M( p,q,,))(3, W ) :^(K3,i(t));9(3,l,i(t))) 

^ tf(p(l,t(p,q,t));B(l,l,t(p,q,t))). 

We write them as <b, ,,</>, 

. pq (Pi r )i — (Pi r ) r 
By Lemma 124.11 (4) we have 

— (pqt)(pq) ° — (pq)P ~~ — (pqr)p' — (pqr)(pq) ° — (pq)q ~~ — (pqr)q' 

^(pqt)(pr) ° £(pt)t = ^(pqr)t' ^(pqr)(pr) ° ^(pr)p = ^(pqr)p' 



30 Here U(p(2, i(p, q)); 0(2, 1, i(p, q))) = V(p(2, i(p, q)); 0(2, 1, i(p, q)))/r p{3ii(M)) etc. 
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Now we calculate: 



^p, £ I r = Vq)p ^M)q ^(q 1 t)q ^ t 

= ° 4 qr)(pq ) ° ^( Pq ) q ° ^ ° £( Pqr)t 

= ^(p q t)P ° ^P"^ 

= ^) P °^)( P r) ^ qr )( Pr )°^ 
— ^(pt)p ° ^(pt)t — ^pr' 

Note (|24.1[) holds everywhere on U(p(3, 13); U(3, 1, is)). Therefore we can perform 
the above calculation everywhere on <f>~^ (U V q) (1 U vt . (The maps appearing in the 
intermediate stage of the calculation are defined in larger domain.) 

The proof of the consistency of the bundle maps (p , </> , cj> is the same by 

using 6, . etc. 

The proof of Theorem 115.31 is now complete. □ 



25. Appendix: Proof of Proposition 116.111 

In this subsection we prove Propositions ! 1 6 . ill 1 1 6 . 151 and Lemma fl 6. 181 It seems 
likely that there are several different ways to prove them. We prove the proposition 
by the alternating method similar to those in the proof of Theorems 110.101 I13.2[ 

In view of Lemma 123.61 it suffices to prove them in the case y = 2)o- So we 
assume it throughout this subsection. 

We start with describing the situation. We consider the universal bundle (|16.2I) . 
The base space 2J(y v ) is a neighborhood of y v in the Deligne-Mumford moduli space. 
Suppose we have two coordinates at infinity, which we write to(j), j — 1,2. We 
denote the universal bundle (|16.2I) over 2J(y v ) that is a part of fo(j) by 

7r w : ->9J(&,). (25.1) 

Actually tt^ — tt^ but we distinguish themF^I The fiber at the base point y v is 
written as £y and the fiber at p v € 23(y v ) is written as £y . 
We have an isomorphism 

012 ■ -> (25.2) 

of fiber bundles that preserves fiberwise complex structures and marked points. 
Such an isomorphism is unique since we assumed y v to be stable. 
By Definition 116.21 (5) we have a trivialization: 

tpW : x 93(r v ) -> JOT^. (25.3) 

(i) 

The map ip v is a diffeomorphism of fiber bundles of C°°-class, and preserves the 
complex structure on the neck (ends). Moreover it preserves Tp-action and marked 
points. 



■^To prove Lemma 116. 181 we need to consider a parametrized family and so the parameter § 
should be added to many of the objects we define. To simplify the notation we omit them. 



180 KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 

Let p — (p v ). The restriction of the composition (ip^)^ 1 o (p 12 o tp^ to the fiber 
at p v G 2J(y v ) becomes a diffeomorphism 

<:(E( 2 ), J ( 2 ))^(EW, J ( 1 )). (25.4) 

We note that is a diffeomorphism and is biholomorphic in the neck region. 
(Note that the complex structure of the neck region is fixed by the definition of 
coordinate at infinity.) It is also biholomorphic (everywhere) with respect to the 
family of complex structures, jp X \jp 2 ^ parametrized by p. 

The map (|25.4[) preserves the marked points and is r r -equivariant. We also 
assume the image of the neck region by is contained in the neck region. (We 
can always assume so by extending the neck of the coordinate at infinity tn(l) of 
the source.) Hereafter we write E v ' (j) = (zOPjjP) in case we do not need to write 
explicitly. 

Remark 25.1. We fix a trivialization as a smooth fiber bundle since it is important 
to fix a parametrization to study p derivative of the p-parametrized family of maps 
from the fibers. 

In p6.19[) we introduced the map 

t '(i)2,f 2 ,0 2 ) : S (i) 2 ,f 2 ,e 2 ) ~> ^Ctj^fi/i)- 

Here the marked bordered curves E^ f g ^ (j = 1, 2) are obtained by gluing Ey 

in a way parametrized by X)j , Tj , 6j . The idea of the proof is to construct the map 
0/ gs by gluing the maps using the alternating method. In this subsection 
we use the notation u, p in place of 0, t). 
We introduce several function spaces. Let 

v = p = ( Pv ) e n arfcv). 

v6C°(S r ) 

M 

We use the decomposition (|19.6|) and (|19.9|) with coordinate (|19.7|) . The domain 
(|19.11j) are also used. We use the bump functions (I19.12j) - (|19.16l) . 
On the function space 

L^(E^ 2 >;«)*TES''«®A 01 ) ( 25 .5) 

we define the norm 

m „ 

=E / e v , 5 |V fc S | 2 vol S P. (25.6) 

We modify Definition 119.61 as follows. 

Definition 25.2. The Sobolev space 

LS l+M ((E?'( a ),ai^'( 2 ));«)*TE?''( 1 ),K)*TaE^W) 

consists of elements (s, v) with the following properties. 
(1) v = (v e ) where e runs on the set of edges of v and 

d d 

V e = Ci h C 2 ttt 



We write E - j/ using the notation used in the gluing construction in Subsection 

T ,6 
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(in case e £ Cl(G)) or 

d 



(in case c e Cl(Q j). Here c, ci, c 2 € 
(2) The following norm is finite. 



m+l 



£ f |V fc S | 2 vol El + Y, 



I 2 

fc=0 " Jlv e: edges of v (25-7) 

m + l 



EE/ e v/ |V fc (s-Pal(^))| 2 vol E P. 

i n _. „j ( .. Jc-th end 



k— c: edges o£ v ' 

Here Pal is defined by the canonical trivialization of the tangent bundle on 
the neck region. 

In case v € C* s (£ r ) we use the function space L 2 m+1 !(5 (E P ' (2) ; «)*TE P '' (1) ) in 

place of L^ +M ((E^ 2 \ 9E^ 2) ); «)*TE P '' (1) , «)*TdE p '< (1) ). 

We do not assume any condition similar to Definition 119.81 and put 

z4 +M ((£ p,(2) ,dE" ,(2) ); «)*TE P '' (1) , K)*1W'< (1) ) 

= i 2 l+1 ,.((sC' (2 \^( 2 ));K)*Tse'( 1 \K)*rase' (1) ) 

vec°(s f ) (25.8) 

v6C°(ff f ) 

The sum of (|25.5|) over v is denoted by 

L 2 m S (EP'W; (u p )*TE p '-W ® A 01 ). 

We next define weighted Sobolev norms for the sections of various bundles on 

E p -I (2) . Here E P J (2) was denoted by E p - in Subsection [H Let 
T,e T,e - T,e — 1 

u' : (E^SE^l -)■ (E^'W.^'W) 

be a diffeomorphism that sends each neck region of the source to the corresponding 
neck region of the target. We first consider the case when all T c ^ oo. In this case 
E^^ is compact. We consider an element 

a € ^ +1 ((Eg),aS^); (u')*Te£« {u'yTd^f). 

Since we take m large the section s is continuous. We take a point (0, 1/2) G in the 
e-th neck. So s((0, l/2) e ) € 7 1 u , ((0il/2)o) E^; ( i ) is well-defined. 
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We use a canonical trivialization of the tangent bundle in the neck regions to 
define Pal below. We put 

m+l 

Wsfr, 



1 + 1,5 

fc=0 v 



iv fe S | 2 voi s , 

fc=0 v Jk - 
m+l „ 

+ e T.s\V k ( S ~ Pal(s(0, l/2) ))| 2 dt c dr ( 25 ' 9 ) 

k=0 c •' c ~ th nock 

+ ^|| S ((0,1/2) C ))|| 2 . 

e 

For a section s G L 2 m (jf f [ f ; (u')*TE^ ® A 01 ) we define 

m n. 

V / e T ,5|V fe s| 2 vol ST . (25.10) 
Jet 



Ml?-. 



fe=0 ^ 

We next consider the case when some of the edges e have infinite length, namely 
T = oo . Let C2' inf (0 ? ,f) (resp. C£' inf f )) be the set of elements e in C*(£ f ) 
(resp. Cl{Q f )) with T c = oo and C^' fin (0 r ,f) (resp. C^' 8 *^, f )) be the set of 
elements (G r ) (resp. (<? r )) with T c ^ oo. Note the ends of E^ - correspond two 

to one to C^ inl {G v ,f) U C£' inf ({/ r ,f ). The ends that correspond to an element of 
C*' inS (G f , f) is ([-5T C , oo) x [0, l])U(-oo, 5T C ] x [0, 1]) and the ends that correspond 
to Cy mf (0 P , f ) is ([-5T e , oo) x S 1 ) U (-oo, 5T ] x S 1 ). We have a weight function 
e v .s{r c , t ) on it. 

Definition 25.3. An clement of 



is a pair (s,v) such that: 

(1) s is a section of (u'^TYjL'Q on E^? minus singular points z c correspond- 
ing to the edges e with T c = oo. 

(2) s is locally of L 2 n+1 class. 

(3) On dH p Z {2) the restriction of s is in (u')*TdY 1 p J ( l ) . 
\ i T g \ i T , g , 

(4) v = (v c ) where e runs in C 1 ' (Gp,T) and v e is as in Definition 125.21 (1). 

(5) For each e with T e = oo the integral 

^ / / evATc,t c )\V k (s(T c ,t c )-P&l(v c ))\ 2 dT c dt c 

fc -° (25.11) 

m + l „o 

+ J2 / ev,5(Tc,tc)|V fe (s(r c ,t c )-Pal(w c ))| 2 dT e die 
fc=0 "'- 00 •'*« 

is finite. (Here we integrate over < c G [0, 1] (resp. t e G S" 1 ) ife G Co' inf (£/ p , T) 
(resp. eeC^.f)). 

(6) The section s vanishes at each marked points. 
We define 

cec 1 ' i " f (e P ,f) eec 1 ' tof (c;p,f) 
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An element of 



is a section s of the bundle (u ')* 'TYf-fgj eg) A 01 such that it is locally of L^-class 
and 



m />oo /> 

/ / e V! 5|V fc s(T e ,t c )| 2 dTe^ e 

+ / e v , 5 |V fc (s(ro,tc)| 2 dr c di c 

I n J —CO J t„ 



(25.13) 



is finite. We define 



\s\\ 2 : 



(125301) + ^ (J25JJ). (25.14) 



For a subset W of E£' (2) or E^y we define ||s|| i2 (W r cS j,(2)ji IM| i2 (ffcS P,ffl) 
by restricting the domain of the integration (j2"5l?l) . (|25.10|) . (j25.12|) or (|25.14j) to 

We consider maps < : (E^ (2) , d£?' (2) ) -» (E£' (1) , <9E?' (1) ) in (gSJj , for all v. 
We write u p — (u p ). 

We next define a vector space that corresponds to a fiber of the 'obstruction 
bundle' in our situation. Let u' : (E?' (2) , <9E£' (2) ) -> (E£' (1) , <9E£'' (1) ) be a diffeo- 
morphism that sends each of the neck region of the source to the corresponding 
neck region of the target. We define 

E?{u') C T (K^ 2 \ ( M ')*TE^ (1) ® A 01 ) 

as follows. 

We may identify 23 (y v ) as an open subset of certain Euclidean space. Let e v E 
T p; 2J(y v ). We define 



^(n',e v )=|r"' +t -<) 



(25.15) 



Here Q p ' p+tCv j s the 9 operator with respect to the complex structure j p ^ +tc (on 
the target) and j p (on the source). We thus obtain a map: 

3( («',-) : T p; .9J(y v ) -> ^(E^; (r/)*TE£''W ® A 01 ). (25.16) 

Since the complex structure is independent of p on the neck region, the image of 
(|25.16l) is contained in T {K^ {2) , (u')*TE$ ® A 01 ), that is, the set of smooth 
sections supported on the interior of the core. 

Definition 25.4. We denote by E p (u') the image of (125.16ft . 

We consider the linearization of the Cauchy-Riemann equation associated to the 
biholomorphic map u' that is 

^a:^ n+1> ((Ee' (2 \5Ee' (2) );( U 0*rEe' (1 \( U r™Ee'' (1) ) 
5 (E?-W;(«')*TE^«®A 01 ). 
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Lemma 25.5. Ifvf is sufficiently close to then the kernel of {25. 1 7\ ) is zero and 
we have 

Im(D u ,d) © EP(v!) = L^ )5 (S^ (2) ; ® A 01 ). (25.18) 

Proof. We first consider the case u' = it(J, that is a biholomorphic map. Then the 
kernel is identified with the set of holomorphic vector fields on £ p, ( 2 ) that vanish 
on the singular points and marked points. Such a vector field is necessary zero by 
stability. 

By the standard result of deformation theory, the cokernel is identified with the 
deformation space of the complex structures, since is biholomorphic. Therefore 
(|25.18l) holds. 

We then find that the conclusion holds if v! is sufficiently close to so that 
D u id is close to D u p8 in operator norm and E^(u') is close to E^(u^), in the sense 
that we can choose their orthonormal basis that are close to each other. □ 

Remark 25.6. 'Sufficiently close' is a bit imprecise way to state the lemma. In 
the case we apply the lemma, we can easily check that the last part of the proof 
works. 

We next take a map 

E : {(z,v) G TS (1) | \v\ <e}^ (25.19) 

such that 

(1) E(z,0) = z and 

al t=0 

(2) If (z, v ) e T<9£W then E( z, v) G dTi^\ 

(3) E(z, v) = z + v on the neck region. 

Now we start the gluing construction. Let (T, 8) G (Tfi , oo] x ((T§, oo] x S 1 ). For 
k = 0,1,2,..., we will define a series of maps 

K,f,e M ■ (^• (2) ,9se-( 2 ))^(Ee w ' (1) ,9se < ' t, ' (1) ), (25.21) 



(we will explain pi R \, and 9^ below) and elements 



e p - - e EJu p - - J (25.22) 

Err C,x/,(«) 6 ^,5(s?' (2) ;(^ lW )* T ^ ( " ),(1> ® A01 )- ( 25 - 23 ) 

Moreover we will define V~$ y {k) for v G C°(0), AT| . el for e G C 1 ^) 
and A6>£ , G K for c G C*(S). We put 

^,,- ) («),v,e = AT l ) ,- )W) v ) e^' fareeG^C), 
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The pair ((K^ v (k) ), {vt S [k) v c )) becomes an element of 

L 2 m+1 5 ((££' (2) ,d£^ 2 >); {u p - - J*TS p w ,( ? „ («" - - J'TAE^^ J- 

m+l,dVV v i v V! \ v,T,e,(K-l)' t< k >,0W v v,T,0,(k;-1)' Tt'O.flM' 

The vectors f ^ and (k) are determined by AT P - * , , , . . . , ATS , and 

J T,e,(i),v,o' ' r,e,(K-i),v,e 

AO^g ^ e , . . . , A0£ ^ i) v o as f° nows - For eacn e v -*-( e ) an d v -s-( e ) be the 
vertices for which e is outgoing (resp. incoming) edge. We put: 



10Tj K) = 10T C - V AT P —* , + V AT P - , , , , (25.24) 

c r,0,(a).v<-(e),e ^ T.e^oJ.v^Ce)^ V ; 

K K 

4 K) =0c + VA6> p -. , -VA6» P -- x , n . (25.25) 

a=0 a=0 

Remark 25.7. As induction proceeds, we will modify the length of the neck region 
a bit from T c to Tj re . We also modify 6> (that is the parameter to tell how much 
we twist the S 1 direction when we glue the pieces to obtain our curve) to 9e . 

The elements = (p v ,(k)) is defined from e p ^ - inductively as follows. 

^'(^^^ (25.26) 

SoT c (k) ,0 o k) and 

/°v,(re) depend on p, T, 0. 

Remark 25.8. The construction of these objects are very much similar to that of 
Subsection[Ei Note that (E^, plays the role of (X, L) here. (In fact (9EW 

is a Lagrangian submanifold of E^.) However the construction here is different 
from one in Subsection [TO] in the following two points. 

(1) We will construct a map u that not only satisfies du = mod but is 
also a genuine holomorphic map. The linearized equation (|25.17|) is not 
surjective. We will kill the cokernel by deforming the complex structure of 
the target. Namely p ^ pr K ) in general. 

(2) We do not require ATi - = ATt - or A6 P - - = 

T,e,(K),v < _(e),e T,e,(«),v_»(e),e 9,e,(«),v<_(e),e 

A9 P SS . This condition corresponds to Devg (V, Ap) = that we 

put in Definition 119.81 Here we did not put a similar condition in (|25.8p . 
Instead we deform the complex structure of the target again. Namely 
T C (K) ^ T c , 9 { C K) ? 6 C in general. 

Now we start the construction of the above objects by induction on k. 

Pregluing: Since u p : Ev — > E p '*' 1 ' ) is biholomorphic and sends the neck region 
to the corresponding neck region, there exists ATt - € R for c 6 C' 1 (C/) and 

A0£ - Gtforee Cl (0) such that 

T .0 , (0) ,v,c 

|u p (r , t e ) — (r c + ATt - ,i c + A6> p - s )| < C*ie~ 5l|Tt!| . (25.27) 

1 vV c ' c ' y c T,0,(O),v,e' r,0,(O),v,e' i _ V ; 

Note that in case e G Cl(Q) we put A6> p - - =0. 

T,6,(0),v,e 

We identify the e-th neck region of E P J"' ) ' ? . with 

[-5T e + S AT C ^ K) ,5T C +sAT c ^ K) ] x [0, 1] or S 1 , 
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We also denote 



where 

sA K(n) = AT f,«>),v.( E ),c' 

K 

sAT ^(k) = AT |, e -,(a),v^(c),c- 

K 

re 
a=l 

We use the symbol as the coordinate of the first factor. The symbol ti K ^ denotes 
the coordinate of the second factor that is given by 

=t e +sA6^ (K) 

in case e £ C^(Q 7 ). Here t e is the canonical coordinate of S 1 . In case e G C^(Q 7 ), 
t c — t c . 
We have 

=t' c - 5T + bAT^ (k) = t'J + 5T + sAT^ (K) . (25.28) 

(Hence t' c = t'> + 10T C - sAT^ k) + sAT^ k) = t^ (k) + 10T e (K) . See ^M-) 
In case e € C^(Q f ) we also have 

4*) = t' e + sA^ (K) = t'i -9 C + 5 Ae^ K} . (25.29) 

(Hence t' e = % - . See [gOg) .) 

We define the map id p T'f from the e-th neck of £ P J^ to the e-th neck of S p i / K V < '-? > 

by 

id^Jf : (r e) te) ' ^ (rW.tW) = (r c ,i c ). (25.30) 

We now put: 

Xtu ««_ (c) ~ id c'Jo) ) + «_ (c) - id c'Jo) ) + id c'Jo) ° n the e " th neck 

T ^ \uP on X v . 

(25.31) 

Step 0-4: We next define 



xT,x^ u f § ,q\ on the e-th neck if e is outgoing 

Err v,f.e,(o) = \ ^ M f8(o) 011 the e_th neck if e is incomin g (25.32) 

on K v . 

(2) 

Step 1-1: Let id v , e be the identity map from the neck region of Sv to the neck 
region of e£^. (It does not coincide with there.) We set: 

A f>S)° - («AT- 0) , S A^ (0)) , A^ = ( S AT- 0) , S A^ (0)) . (25.33) 
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(In case c G C^(Q P ) we set sA9^ (0) = sA6^, Q <. = 0.) We then define 



,(0) 



id-- = id v , e + A- (o) . 



(25.34) 



Now, we put 

v,T,e,(o) 



Xtsfc - T o, to) 4 e - (0) (r e , t c ) + x^(r c - T e , i e )i<f (0) 

if 2 = (r c , i ) is on the e-th neck that is outgoing 

if z = (r e , t e ) is on the e-th neck that is incoming 



I v,T,e,(o) 



(z) if z G K v . 



(25.35) 



Definition 25.9. We define VZ - , for v G C°(C? D ) and real numbers ATt — * , , 

T,0,v,(l) v p/ T,0,(l),v<_(e),e' 

ATS - for e G CHSe) and A(9 P - N , A(9 P - - for e G CUQ V ) 

T,e,(l),v_ > (e),c v VJ T,0,(l),v«_(e),e' T,e,(l),v^(e),o cVap; 

so that the following conditions are satisfied. 



«9(T/ P - , J-Eii" = e p , €EJu" J (25.36) 



,T,e,(0) v T,0,v,(l)' 



v,T,9,(0) v,T,0,(O) 



and 



(25.37) 



ifeGCi^p), 

(0 \ 

%Vw, (1 ) (Te,te) - Ar f,«,(i),v.(o), c ^r - ^7, (1W («)^ j = °' 

r.^oo ( F l,e,v^(e),(i)^ e '* e) ~ AT ?Mi),vMc),cd7 c ~ M f,e,(i),y^Udf^) = °' 

(25.38) 

ifeeC*(S p ). 

The unique existence of such objects is a consequence of Lemma 125.51 
We define by (25350 . 

Step 1-2: 

Definition 25.10. We define <, ,. .(z) as follows. (Here E is as in 1125. 1911 .) 



(1) If z G if v we put 

u p - fz) = E(u p - N ,y p - fz)). 

(2) If z = (r e ,t c ) G [~5T e , 5T e ] x [0, 1] or S 1 , we put 

M T\e,(i)( T °' tc ) 

= X^( B ) )B (re,*-)(^ i9>< _ (a)i(1) (ro J te) - (AI^!), AC (1) )) 

+ X^(o),A(r c ,t c )(V^^ (c) {1) (r c ,t c ) - (AT^Ae^)) 



(25.39) 



(25.40) 
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Here we use the coordinate (r c , ie ) given in (|25.28|) and (|25.29|) for the target. 

We remark that ri^ = 7"i — Therefore, in a neighborhood of {— 5T C } : 

[0, 1] x S 1 , (|25.39j) and (|25.40l) are consistent. 

Step 1-3: We recall that p v ,(i) is defined by 



(Note p Vi(0) = 0.) 
Step 1-4: 

Definition 25.11. We put 

)xt~x^ u f ffn^ on e "^ n neck if e is outgoing 

y7 ! V<9u p - _ on e-th neck if e is incoming 



(25.41) 



(25.42) 



on iir v 



We extend them by outside a compact set and will regard them as elements of 

the function space '; (^ f - ^^^'/i) ® A01 )> where <,f/,(D wil1 

be defined in the next step. 



We thus come back to Step 2-1 and continue. We obtain the following estimate 
by induction on k. We put R e = 5T + 1. 

Lemma 25.12. There exist T m , C2, m , . . . , C%^ m , e\, m > and < fi < 1 such that 
the following inequalities hold if T c > T m for all e. We put T m ; n = min{T c | e £ 



( (Vt . ) (v p - - )] 

\ V T,6I,v,(k) ; ' V T,e,v,e,(K) J J 



(vt - ) 



P P 

7/ — It 

t,b,(k) T,e,(o) 



i ™+i 5 ((^ 2) ) +i? ) 



Err p 



e p - 

T,e,(/s) 



i™((^ 2> ) +7? ) 





-<5T min 


(25.43) 




-<5T min 

; 


(25.44) 






(25.45) 






(25.46) 




-<5r mln 

5 


(25.47) 




-5T min 


(25.48) 




-<5T ml „ 


(25.49) 



AT P - 

T,e,(K),v,e 

A6> p - 

T,6>,(»,v,e 

The proof is the same as the proof of Proposition 119.201 and so is omitted. We 
note that (|25.47l) and (|25.26j) imply 

\\P( K ) - HI < 0), m /i K - 1 e- 5T """. (25.50) 

Therefore the limit 

lim p (R) = p'(p,f,6) 
exists. (|25.48l) and (I25.49P imply that 

lim sAT p - , = sAT p - . 

k^oo r,e,(/t),v,e T,e,(oo),v,e 
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and 



converge. We put 



lim sA6t v =sA6» p - - 

K ^oo T,6,(K),v,e T,0,(oo),v,. 



Then (|25.45[) implies that 
converges to a map 



lim u p - 

k-s-oo T,e,( K ) 



f ,6,(<x>) ' v f,e ' f,e ' v f'(p,f,S),S'( P ,f,ey f'(p,f,6),6'( P ,f,§)' 



in Lj, +1 topology. (Note the union of (K^) + ^ for various v covers Yfi K l'^ 2 \ 
formula (I25.46[) then implies that u p ~ - ^ is a biholomorphic map. 
Therefore, using the notation in Proposition 1 1 6 . Ill we have 

$ 12 (p, f , 0) = (p'(p, f, ff), f'{p, f, §'), 6>(p, f, 9)). 
Using the notation in Proposition 116. 15l we have 

v (p,t,9) ~ a f,e,(ooy 

The T e etc. derivative of the objects we constructed enjoy the following estimate. 

Lemma 25.13. There exist T m , C'ia jm , . . . , Cie jm , £2,m > and < p < 1 such 
that the following inequalities hold if T c > T m for all e. 
Let eo G C 1 (t/ P ). Then for each kr, kg we have 

\ y T,0,v,( K ) h V T,9,v,c,(k)> J 



The 



(25.51) 



(25.52) 



p dT k T d6 k » dT C( 



< Lio, m p e e ° , 



L' 2 



V" 



Q\kr\ g\k a \ g 



p g T k T g0k e gr eo v "T,e,v,e,(«) 
g\k T \ g\k e \ g 



a + l-\k T \-\k e \ 



~ z^i ,,K— 1„— ST cn 

< Cn,mP e °o. 



(25.53) 
(25.54) 



p g T k T g 9 k e gT C0 T,e,{n) 



L 2 



s ((AT< 2)) ) + «) 



Err p - - 



" g T k T g 9 k e dT ea "vMW 
< C , i 3im e 2im M K e"' 5Tt!0 , 

p 'g^^dTY o e T,e,(n) 



(££' (2) ) 



< C\^ m p K e 



1„-<5T C , 



L 2 



■Are „ . 



p dT^r d6 k " 9T C0 T,e',(it),v,e 



,(i4 2) ) 



^ / Y , .re— 1 «— <5T cn 



(25.55) 
(25.56) 

(25.57) 
(25.58) 
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fllfcrl f)\ k e\ f) 



T,e,(«),v,e 



< C 



16, 



-l e -5T e( 



(25.59) 



/or | fc-r | + | fee | + n < to — 11. 

Let eg € C* ) . T/ien the same inequalities as above hold if we replace q§t- by 



The proof is mostly the same as that of Proposition 119.211 The difference is the 
following point only. We remark that in (|25.53|) . (|25.54|) . (|25.55j) . f|25.56[) the norm 

is L 2 „ norm. On the other hand, in (fT9~Ml) . (UMB, (HM1, 

771+1— |«t|— n ~ i)« 

(119.631) . the norm was L 2 - norm. The reason is as follows. We 

ro+l— \kt\— |fce|— l,o 

remark that in our case 

K 

/Tt(/s) _ m A 



. _ . + — V Are . 

10 ^ T,0 1 (a),v < _(e),e 10 T,e.(a),v_»(e),e 

is p dependent. When we study p derivative in the inductive steps, we need to take 
p derivative of 



u 



v',T,6,(k) 



(Ti-wrwx + ew 



etc.. Then there will be a term including r" or t 1 ' derivative of u p - - . 

Except this point the proof of Lemma 125.131 is the same as the proof of Propo- 
sition [Ti^H] and so is omitted. 

Proof of Proposition \16.11\ We note that (|19.64[) and (I25.26[) imply 
g\k T \ g\k e \ g 



Q T k T QQk dT c 



"(P(«) - P) 



< ^n,mP e 



(25.60) 



and the same formula with ^y— replaced by if e G C\ (Q p ) . (|25.51l) , (I25.60[) , 
(j25~58| and ([2539)1 imply (fTHTfj) . " □ 

Proof of Proposition \16.15\ This is an immediate consequence of (I25.52[) and (125.551) . 

□ 

Proof of Lemma \16.18\ This is a parametrized version and the proof is the same 
as above. □ 

26. Appendix: From C m structure to C°° structure 

In this subsection we will prove that the Kuranishi structure of C m -class, which 
we obtained in Section 0] is actually of C°°-class. 

We consider the embedding S^ 1 - 1 (see the formula (|22.11[) ) which we constructed 
in the proof of Lemma l22.6l Here we fix to. 

Lemma 26.1. The image of is a C°° submanifold. 

Proof. We first note several obvious facts. Let 9JI be a Banach manifold and A c SCI 
be a subset. Then the statement that X is a C m -submanifold of finite dimension is 
well-defined. And the C m -structure of X as a submanifold is unique if exists. Here 
m! is one of 0, 1, ... , oo. Moreover A is a C°°-submanifold if and only if for each 
p e X and to' there exists a neighborhood U of p such that U D X is a submanifold 
of C*™' -class. 
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Now we prove the lemma. Let q be in the image of g'- 1 -' and take any m! . Let tn p 
be the stabilization data at p that we used to define g*- 1 ). We take the stabilization 
data tDq on q that is induced by tn p . We define Glue at q using the stabilization 
data tUq. Then, as in the proof of Lemma T23.81 we obtain 

5P) : V(q ) W,;(o' ) r i a)) 

-> [] C m '((K+ A ,K+ A nd^ tV ),(X,L)) 

vec"(g q ) (26.1) 

x II ^((fp Uu? q)v) x ((7*>°°] x (f iOo] x S 1 )- 
vec°{g p ) 

Let us denote the target of 3*^ by X(j). The map g^ 2 -* is a C m -embedding. We 
define Tr m , m ' '■ X(2) — > X(l) so that it is the identity map for the second factor and 
the inclusion map 

C m '((K+*,K+ n n 9E q , v ), (X,L)) -> C m {{K+ n ,K+ n n 9E q , v ), (X,L)) 
for the first factor. This map is of C°° class. We note that 

7T m , m 'Og( 2 ) = g W O0 12 , 

since we use the induced stabilization data for q. We already proved that (/?i2 is a 
diffeomorphism of C m -class to an open subset. Moreover g( 2 ) is an embedding of 
C m -class. Therefore a neighborhood of q of the image of gW is a submanifold of 
C m -class. The proof of Lemma f26. H is complete. □ 

We define a C°° structure of the Kuranishi neighborhood so that g 1 - 1 ) is a dif- 
feomorphism to its image. 

Lemma 26.2. The coordinate change <pi2 we defined is a diffeomorphism of C°° - 
class. 

Proof. We prove the case of 4>\2 in Lemma [22.61 We consider the following com- 
mutative diagram. 

$J ~m ~(i) 



Sin (26.2) 



(26.3) 



3 1m' 

Here 

4™^= II C 2 '"'((^,^n9s p , v ),(x,i)) 

vec°(e P ) 

x J] 2J((r p Uw p ) v ) x ((f (2) ,oo] x (f (2) ,oo] x S 1 ) 
vec (e p ) 

is the space appearing in (I22.11[) . (|22.12l) and the map g 2m / is defined as in (|23.13p . 
(We include 2ml in the notation to specify the function space we use.) The space 
X^, and the map g^) are similarly defined. The two maps Sj±2 in the vertical arrow 
are given by 

Sj 12 (u,(p,f,$))) = (uot, {pfg y$ 12 (p,T,ffj). 
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The maps in the horizontal lines are of C°° class by definition. The map f)i2 in the 
second vertical line is of C m class by Sublemma 122.71 The map ,f)i2 in the third 
vertical line is one used in the proof of Lemma T22.6I Therefore <fii2 is of C m -class 
at p. Note we can start at arbitrary point q in the image of $( 2 > and prove that (^12 
is of C m -class for any m! at any point q, by using the proof of Lemma T26.ll This 
implies the lemma in the case of <f>\2 in Lemma 122.61 

In the other cases, the proof of the smoothness of the coordinate change is 
similar. □ 

We have thus proved that the Kuranishi structure we obtained is of C°°-class. 



27. Appendix: Proof of Lemma [18.81 
Proof of Lemma \18.8\ 

Sublemma 27.1. There exists a finite dimensional smooth and compact family 9Jt 
of pairs (£,it') such that each element of AAk+u{fi) appears as its member. 

Proof. Run the gluing argument of Section at each point p G M-k+i,i{P) using 
an obstruction bundle data given at that point. We then obtain a neighborhood 
of each p in a finite dimensional manifold. We can take finitely many of them to 
cover Mk+ij(P) by compactness. □ 

We take a finite number of p c so that (|18.2I) is satisfied. For each c and N £ Z + 
we take E C , N C V r (Int K° hst ; u*TX ® A 01 ) that is isomorphic to the N copies 
of E c as a T Pc vector space and E c C -E c ,jv- 

We consider the space of r Pc -equivariant embeddings a c : E c — > B c ,i\r in the 
neighborhood of the original embedding. Each a c determines a perturbed E c which 
we write E° r - . 

The condition that E^ c (q) n E"/ (q) 7^ {0} for some q € 9JI such that q U w' c is 
£p c close to p c defines a subspace of the set of ((T c )c6c's whose codimension depends 
on the number of c's, the dimension of E c and the dimension of DJl and N. By 
taking N huge, we may assume that such (<7 c ) ce( r is nowhere dense. Namely the 
conclusion holds after perturbing E c by arbitrary small amount in E c ^n. □ 
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Part 5. S* 1 equivariant Kuranishi structure and Floer's moduli space 

In Part we explain Kuranishi structure on the space of connecting orbits in 
the Floer theory for periodic Hamiltonian system and use it to calculate the Floer 
homology of periodic Hamiltonian system. This was done in |FOn2j but here we 
give more detailed proof than one in |FOn2| . 

Section [28] contains abstract theory of S^-equivariant Kuranishi structure. We 
define the notion of Kuranishi structure which admits a locally free S 1 action and 
its good coordinate system. We explain how the construction in Part [2] (that is 
basically the same as |FOn2j and [FOOOll Sectin Al]) can be modified so that all 
the constructions are S^-equivariant. 

In Section [29] we review the moduli space of solutions of Floer's equation (the 
Cauchy-Riemann equation perturbed by a Hamiltonian vector field). 

In Section [50] we study the case of time independent Hamiltonian and prove in 
detail that the Floer's moduli space has an S 1 equivariant Kuranishi structure in 
that case. 

In SectiondU we prove in detail that the Floer homology of periodic Hamiltonian 
system is isomorphic to the singular homology. Namely it provides the detail of the 
proof of |FOn3| Theorem 20.5]. 

We also remark that, at the stage of the year 2012 (when this article is written), 
there are two proofs of isomorphism between Floer homology of periodic Hamilton- 
ian system and ordinary homology of a symplectic manifold X. One is in |FOn2] 
and uses identification with Morse complex in the case Hamiltonian is small and 
time independent. This proof is the same as the one taken in this article. (Namely 
the proof given in this article coincides with the one in |FOn2j except some tech- 
nical detail.) The other uses Bott-Morse and de Rham theory and is in [FOOQ41 
Section 26]. (Several other proofs are written in 1996 by Ruan |Ru2| . Liu-Tian 
[LiuTi] also.) This second proof has its origin in (the proof of) [Full Theorem 1.2]. 

On the other hand, there is a third method using the Lagrangian Floer cohomol- 
ogy of the diagonal. In this third method we do not need to study S 1 equivariant 
Kuranishi structure at all. See Remark 131.1 81 

28. Definition of S" 1 equivariant Kuranishi structure, its good 

COORDINATE SYSTEM AND PERTURBATION 

We define an S 1 equivariant Kuranishi structure below. A notion of T n equivari- 
ant Kuranishi structure (in a strong sense) is defined in |FOOQ2| Definition B.4]. 
However that definition applies to the case when T n acts on the target. The S 1 
equivariant Kuranishi structure we use to study time independent Hamiltonian is 
different therefrom since our S* 1 action comes from the automorphism of the source. 
Definition 128. II gives a definition in the current case. Let A be a Hausdorff metriz- 
able space on which S 1 acts. We assume that the isotropy group of every element 
is finite. 

Definition 28.1. Let (Vp, E p , T p , ip p , s p ) be a Kuranishi neighborhood of p € X as 
in Definition 14.11 except replace the assumption 7o p = o p for 7 £ T p by Condition 
(8) below£3 We define a locally free S 1 action on this chart as follows. 
(1) There exists a group G p acting effectively on V p and E p . 



'Op £ V p is a point such that ipp([o p ]) = p. 
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(2) G p D Tp and the T p action extends to the G p action. 

(3) The identity component G Pi o of G p is isomorphic to S . We fix an isomor- 
phism l) p : S 1 — > Gp.Q. 

(4) G p is generated by T p and G Pi q. 

(5) Gp.o commutes with the action of T p . 

(6) The isotropy group at every point of G p action on V p is finite. 

(7) s p and i\)p are G p equivariant. 

(8) The G Pj o orbit of o p is invariant of G p . 

Remark 28.2. Note the Conditions (4), (5) imply that G p is isomorphic to the 
direct product r p x S 1 . 

The next example shows a reason why we remove the assumption jo p = o p . 

Example 28.3. We take V p — S 1 x D 2 and T p — Z 2 such that the nontrivial 
element of T p acts by (t,z) i-> (t + 1/2, -2). (Here S 1 = E/Z.) G pfi = S 1 acts 
on V p by rotating the first factor S 1 . The action of T p is free. The quotient space 
Vp/Tp is a manifold. The induced S 1 action on V p /T p is locally free but is not free. 
The quotient space V p /G p is an orbifold D 2 /Z 2 . See Example [3(1261 

Definition 28.4. Let (V p , E p , T p , ifj p , s p ) and (V q ,E q , T q , tf) q , s q ) be Kuranishi neigh- 
borhoods of p £ X and q £ ipp( s p 1 (0)/r p ), respectively. We assume that they carry 
locally free S 1 actions. (G p and G q .) Let a triple (4>pq,4>pq>h pq ) be a coordinate 
change in the sense of Definition 14.31 We say it is S 1 equivariant if the following 
holds. 

(1) h pq extends to a group homomorphism G q — > G p , which we denote by f) pg . 

(2) V pq is G q invariant. 

(3) ipp q : V pq — > V p is ()p 9 -equivariant. 

(4) (j) pq is f) pg -equivariant. 

(5) t) Pq °f) q = f) P - 

Definition 28.5. Let (V p , E pi T p , ip p , s p ) and {(p pqi (j) pqi h pq ) define a Kuranishi 
structure in the sense of Definition 14.41 on X . A locally free S 1 action on X is 
assigned by a locally free S 1 action in the sense of Definition 128.11 on each chart 
(V p , E p , T p , ip p , s p ) so that the coordinate change is S 1 equivariant. 

Remark 28.6. Let r £ i/j q ((V pq n s ? ' 1 (0))/r 9 ), q £ Vp( a p 1 (0)/ r p)- There exists 
jp qr £ r p for each connected component ((j) qr ^ (V pq ) fl V qr n V pr ) a of (V pq ) n V^ r n 
X^r by Definition 14.41 (2) . We automatically have 

t)pq o t) gr = rf qr ■ t) pr ■ (jp qr y\ (28.1) 

because S 1 lies in the center and this formula is already assumed for T r . 

Lemma-Definition 28.7. If X has a Kuranishi structure with a locally free S 1 
action then Xj S 1 has an induced Kuranishi structure. 

Proof. Let p £ X . We take o p £ V p and choose a local transversal V p to the S 1 
orbit Gp.oOp. We put 

r+ = {7 £ Gp I 7o p = Op}. 

By Definition l28.1l (6). T+ is a finite group. We may choose V p so that it is invariant 
under We restrict E p to V p to obtain E p . The Kuranishi map s p induces s p . 
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We may shrink our Kuranishi neighborhood and may assume that 

V p = G p , • V p (28.2) 

for all p. 

For x € V p , satisfying s p (x) = 0, we define ip p (x) to be the equivalence class of 
tp P (x) in X/S 1 . It is easy to see that (V P ,T^ , E p ,s p ,ip p ) is a Kuranishi chart of 
X/S 1 at [p}._ 

Let [q] G tp p (q), where q £ V p . Choose q £ X such that q = ip p (q). We have a 
coordinate transformation (V pq , 4> pq , 4> pq ) and a group homomorphism t) pq : G q — > 
G p such that 

q = 9pq(o q ) ■ (t>pq{o q ) 
holds for some g pq {o q ) £ G p $. Moreover there exists a smooth map 

9pq '■ V pq ~~ ^ Gp,o 
such that it coincides with g pq (o q ) at o q and 

9 Pq (x) ■ (f> pq {x) £ V p . 
Here V pq is a neighborhood of o q in V q . We define 

!> Pq {x) = 9 P q(x) ■ 4> Pq {x). 
We shrink V pq and may assume 

V pq — G P fl ■ Vp q . (28.3) 

By definition 

r+ = { 7 e G q I 70, = o q }. 

Using the fact that 

{7 £ T p I 7 • (j) pq {o q ) = (j> pq (o q )} = hpq(T q ) 

and Gpfi is contained in the center, we find that 

{7 G G p I J^pq(Oq) = 4> pq (o q )} = f)pq(r+) C T+ . 

We denote by h pq the restriction of fj pg to T+. It is easy to see that </> pq is h pq 

equivariant. We can lift <j) pq to 4> pq using 4> pq and G p action on E p . 

We have thus constructed a coordinate change of our Kuranishi structure on 
X/S 1 . It is straightforward to check the compatibility among the coordinate 
changes. □ 

We next define a good coordinate system. We note that in Part [2] we defined 
a chart of good coordinate system as an orbifold that is not necessarily a global 
quotient. So we define a notion of locally free S* 1 action on orbifold. 

Definition 28.8. Let U be an orbifold on which S* 1 acts effectively as a topological 
group. We assume that the isotropy group of this S 1 action is always finite. We say 
that the action is a smooth action on orbifold if the following holds for each p £ U . 

There exists an S 1 equivariant neighborhood U p of p in U and V p a manifold 
on which G p acts. (V p ,T p ,ip p ) is a chart of U as an orbifold. The conditions (1)- 
(6) in Definition 128.11 hold and ifj p is G p equivariant. Moreover the S 1 action on 
Vp/S 1 C U induced by f) p : S 1 — ¥ G p .q coincides with the given S 1 action. 

Let S 1 act effectively on X and assume that its isotropy group is finite. 
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Definition 28.9. Suppose X has a locally free S 1 equivariant Kuranishi structure. 
An S 1 equivariant good coordinate system on it is (U p , E p ,ip p , s p ), (U pq , </> pq , </> pq ) 
as in Definition 15.31 We require furthermore the following in addition. 

(1) There exists a smooth S 1 action on U p and E p . 

(2) ijip, s p are S 1 equivariant. 

(3) f/pq is S 1 invariant and 4> P q,4> P q are S 1 equivariant. 

Note the notion of >S' 1 -equivariance of maps or subsets are defined set theoreti- 
cally. 

Lemma 28.10. If (Up, E p , ip p , s p ), (U pq , (f> pq , <fi pq ) is an S 1 equivariant good coordi- 
nate system then it induces a good coordinate system of X/ S 1 , that is (Up, Ep, ip p ,s p ), 

(Upq^pq^pq), where U P = Up/S 1 etc.. 

Proof. Apply the construction of Lemma-Definition 128.71 locally. □ 

Proposition 28.11. For any locally free S 1 equivariant Kuranishi structure we 
can find an S equivariant good coordinate system. 

Proof. The proof uses the construction of good coordinate system in Section[71 We 
defined and used the notion of pure and mixed orbifold neighborhood there. We 
constructed them for Kuranishi structure. We will use pure and mixed orbifold 
neighborhood of the Kuranishi structure on X/S 1 and extend them to ones on X. 
The detail follows. 

We stratify X = X/S 1 = Uo^( 5 ) where W e if dimZ7 [p] = d. So X(d + 

l)/5 1 = X(d). Let /C» be a compact subset of X(d). Let /C* be an S l - invariant 
compact subset of X(d) such that K* = /w/S* 1 . In Proposition 17.41 we constructed 
a pure orbifold neighborhood J7* of IC^/S 1 . 

Lemma 28.12. There exists a pure orbifold neighborhood [/* of /C* on which S 1 
acts and U^/S 1 — U*. 

Remark 28.13. This lemma is somewhat loosely stated, since we did not define 
the notion of S 1 action on pure orbifold neighborhood. The definition is: U+ has 
a locally free effective smooth S 1 action and all the structure maps commute with 
the S 1 action. 

Proof. We can prove this lemma by examining the proof of Proposition l7.4l Namely 
£/* is obtained by gluing various Kuranishi charts and restricting it to suitable open 
subsets. We take the inverse image of Up — > U p of those charts. We can then glue 
and restrict them in the same way to obtain U„ . We omit the detail. □ 

In Section [7] we then proceed to define a mixed orbifold neighborhood of X(D) 
for an ideal D C ID. For an ideal DcSwe put D +1 = {d + 1 | d e D}. 

Lemma 28.14. We assume that {U^} together with other data provide the mixed 
orbifold neighborhood of X(D) obtained in Proposition \ 7. 18\ 

Then we can take an S 1 equivariant mixed orbifold neighborhood {U$+i} (plus 
other data) on X(D +1 ) such thatU^ = U-t 3 +\/S 1 . 

Proof. This is proved again by examining the proof of Proposition l7.18l and checking 
that the gluing process there can be lifted. This is actually fairly obvious. □ 
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We note that the chart of good coordinate system on X constructed in Part 
[5] is Uj, and other data of good coordinate system is obtained by the structure 
maps etc. of mixed orbifold neighborhood. Therefore U^+i becomes the required 
S 1 equivariant good coordinate system of X. The proof of Proposition 128.111 is 
complete. □ 

Lemma 28.15. If the dimension ofX/S 1 in the sense of Kuranishi structure is 
— 1 then there exists an S 1 equivariant multisection on the good coordinate system 
Up of X whose zero set is empty. 

Proof. It suffices to define an appropriate notion of pull back of the multisection of 
Up to ones of Up . This is routine. □ 

29. Floer's equation and its moduli space 

In this section we concern with the moduli space of solutions of Floer's perturbed 
Cauchy-Riemann equation. Such a moduli space appears in the proof of Arnold's 
conjecture of various kinds. In the next section, we prove existence of S 1 equivariant 
Kuranishi structure of such a moduli space in the case when our Morse function is 
time independent. 

Let H : X x S 1 — s- R be a smooth function on a symplectic manifold X. We 
put H t (x) = H(x,t) where t £ S 1 and x £ X. The function H t generates the 
Hamiltonian vector field Xn t by 

ix Ht ^ = dH t . 

We denote it by yi(H) the set of the all 1-periodic orbits of the time dependent 
vector field Xn t ■ We put 

%(H) = {( 7 ,«,) | 7 € qj(ff), u : D 2 -> X, u(e 2mt ) = j(t)}/ ~, 

where (7, w) ~ (7', w') if and only if 7 = 7' and 

u([w] - [w'}) = 0, Cl (H-K]) = o. 

Here ui is the symplectic form and c\ is the first Chern class of X . 

Assumption 29.1. All the 1-periodic orbits of the time dependent vector field 
Xji t are non-degenerate. 

Following |F12j . we consider the maps h : E x S 1 — > X that satisfy 

* + -a ( 2 ,D 

Here r and t are the coordinates of R and S 1 = R/Z, respectively. For — 
(7 ± ,w ± ) £ *$(H) we consider the boundary condition 

lim h(r,t) = 7 ± (*). (29.2) 

T— ^±00 



The following result due to Floer |F12) is by now well established. 

Proposition 29.2. We assume Assumption \29.1i Then for any solution h of 
JMJS) with 

2 

drdt < 00 





dh 


1 

/RxS 1 





there exists 7 ± £ ty(H) such that H29.2]) is satisfied. 
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Let 7± = (7 ± ,w ± ) € 

Definition 29.3. We denote by M rcs (X, H; j~, 7+) the set of all maps /i : E x 
5 1 -> X that satisfy ([29TT]) . (|29l!]) and 

Here # is an obvious concatenation. 

The translation along r 6 K defines an R action on A4 Teg (X, H; j~, This 
K action is free unless 7~ = 7 + . We denote by M Icg (X, H; 7", 7+) the quotient 
space of this action. 

Theorem 29.4. ( |FOn2j Theorem 19.14]) We assume A ssumption \29.TS. 

(1) The space A4 lce (X, H; 7"", 7+) /ias a compactification M(X, H ; 7", 7 + ). 

(2) T/ie compact space Ai(X, H ; 7", 7+) /ias an oriented Kuranishi structure 
with corners. 

(3) T/ie codimension k corner of M(X, H; 7", 7+) is identified with the union 
of 

k 

l[M(X,H:,^,% +1 ) 

ewer i/ie fc + 1-tuples (70, . . . , 7fe+i) smc/i i/iai 70 = 7 _ , 7fc+i = 7 + and 

The proof is in Section [31] 

The main purpose of this section is to explain the proof of the next result. We 
consider the case when H is time independent. In this case, Assumption 129.11 
implies that H : X — > M is a Morse function. We also assume the following: 

Assumption 29.5. (1) The gradient vector field of H satisfies the Morse- 
Smale condition. 

(2) Any 1-periodic orbit of %h is a constant loop. (Namely it corresponds to 
a critical point of H.) 

Condition (1) is satisfied for generic H . We can replace H by eH for small e so 
that (2) is also satisfied. 

By assumption, elements of ty(H) are constant loops. We write y € X to denote 
its element. We put 

n ^ Im (tt 2 {X) ^ H 2 (X;Z)) 

Ker(ci) n Ker(w) n Im (tt 2 (X) -> H 2 (X; Z)) ' 

Here we regard c x : H 2 (X;Z) -> Z, w : H 2 {X;Z) -> M. An element of is 
regarded as a pair (3,0), where 3 is a critical point of 7? and a£ll. 
We put 

M rcs (X, #;3~,3 + ; «) = M TCS (X, H; (3", a"), (3+, a" + a)). 

It is easy to see that the right hand is independent of a~ G n. 

Let M(X, if;3~,3 + ;a) be its compactification as in Theorem 129.41 
Let Ai rc6 (X, H; 3", 3+; a) s be the fixed point set of the S* 1 action obtained by 
t{jh{r,t) = h(r,t + to)- It is easy to see that this set is empty unless a = and in 
the case a = the fixed point set A4 res (X, £f;3~,3 + ; 0) s can be identified with 
the set of gradient lines of H joining 3~ to 3+. This identification can be extended 
to their compactifications. 
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Assumption 29.6. (1) M(X, H; 3", 3+; 0) sl is an open subset of M(X, H; 3 ",3 
Namely any solution of (|29.1[) which is sufficiently close to an S* 1 equivariant 
solution is S 1 equivariant. 
(2) The moduli space M(X, H; 3", 3+; 0) is Fredholm regular at each point of 

M(x,H;r,d + ;Q) sl - 

Lemma 29.7. Assumvtion \29. 6\ is satisfied if we replace H by eH for a sufficiently 
small e. 

Proof. (2) is proved in [FOn2j page 1038]. More precisely, it is proved there that 
for sufficiently small e the following holds. Let t be a gradient line joining 3" to 3 + 
and let hi be the corresponding element of M(X, eH; 3", 3" 1 "; 0) s . We consider the 
deformation complexes of the gradient line equation at i and of the equation (129. ip 
at hi. The kernel and the cokernel of the former are contained in the kernel and 
the cokernel of the later, respectively. It is proved in [FOn2, page 1038] that they 
actually coincide each other if e is sufficiently small. 

Since H satisfies the Morse-Smale condition, the element £ is Fredholm regular 
in the moduli space of gradient lines. Therefore by the above mentioned result 
the moduli space Ai rcg (X, eH; 3^, 3+; 0) is Fredholm regular at h(. This implies 
(2). (1) is a consequence of the same result and the implicit function theorem. 
(We note that we can prove the same result at the point M(X, eH;i~ ,i + ; a) s \ 
M Teg (X, eff;3",3 + ; a) s in the same way.) □ 

Thus, replacing H by eH if necessary, we may assume that H satisfies Assump- 
tion MM We put 

M (X, H; r , y+; 0) = M{X, H; ? " , y+; 0) \ M(X, H; }T , y+; O) 5 ' . (29.3) 

Lcmma l29 . 71 implies that Mo (X, H ; y~ , y + ; 0) is open and closed in M. (X, H ; y~ , y+ ; 0) 

Theorem 29.8. ( lFOn2[ page 1036]) // we assume Assumptions MJl [Ml and 
\29.6l then the following holds. 

(1) In case a/0 the Kuranishi structure on M.{X, H; y~, y + ; a) can be taken 
to be S 1 equivariant. 

(2) In case a = the same conclusion holds for A4q(X, H; y + ; 0). 

30. S 1 EQUIVARIANT KURANISHI STRUCTURE FOR THE FLOER HOMOLOGY OF 
TIME INDEPENDENT HAMILTONIAN 

In this section we prove Theorem 129.81 in detail. We begin with describing 
the compactification M (X, H; 3", 3+; a) of the moduli space M res (X, H; 3", 3+; a). 
Here we include the case a = and the S 1 fixed point since it will appear in the 
fiber product factor of the compactification. 

We consider (£, z_, z + ), a genus zero semistable curve with two marked points. 

Definition 30.1. Let So be the union of the irreducible components of £ such 
that 

(1) z-,z+ e So- 

(2) So is connected. 

(3) Sq is smallest among those satisfying (1),(2) above. 
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We call Eo the mainstream of (E, z-, z+), or simply, of E. An irreducible component 
of E that is not contained in Eo is called a bubble component. 

Let E Q C E be an irreducible component of the mainstream. If z_ ^ E a then 
there exists a unique singular point z a _ of E contained in E Q such that 

(1) z_ and E a \ {z a _} belong to the different connected components of E \ 

K,-}. 

(2) z + and E a \{z Qj _} belong to the same connected components of E\{z a ._}. 
In case z_ € E a we set z_ = z a _. 

We define z a + in the same way. 

A parametrization of the mainstream of (S, Z—,z+) is ip — {i/3„}, where (f a : 
M x 5 1 — >• E Q for each irreducible component E a of the mainstream such that: 

(1) ip a is a biholomorphic map ip a : R x S* 1 = E a \ {z a ,_, z a>+ }. 

(2) lim r ^ ±00 <^ a (T,i) = z aj± . 

Definition 30.2. We denote by A4(X, H; 3~, 3+, a) the set of triples ((E, z_, z + ), u, 93) 
satisfying the following conditions: 

(1) (E, Z-, z + ) is a genus zero semistable curve with two marked points. 

(2) ip is a parametrization of the mainstream. 

(3) u : E — > X a continuous map from E to X. 

(4) If E a is an irreducible component of the mainstream and ip a ■ K x S 1 — > E Q 
is as above then the composition h a = u o ip a satisfies the equation (|29.1|) . 

(5) If E a is a bubble component then u is pseudo-holomorphic on it. 

(6) u(z_) = 3~, u(z + ) = 3+. 

(7) [u*[E]] = a. Here aeE 

Definition 30.3. On the set Ai(X, H; 3", 3+, a) we define three equivalence rela- 
tions ~i, ~2, ^3 a s follows. 

((E, z_, z+), u, 1^9) ~i ((E', zL, 2+), u', tp') if and only if there exists a biholomor- 
phic map v : E — > E' with the following properties: 

(1) u' — U O V. 

(2) = zi_ and u(z + ) = z' + . In particular u sends the mainstream of E to 
the mainstream of E'. 

(3) If E a is an irreducible component of the mainstream of E and u(E a ) = S„, 
then we have 

V°Pa = p' a - (30.1) 

The equivalence relation ^2 is defined replacing (|30.1[) by existence of r a such 
that 

(vo l p a )( T ,t) = <p' a {T + T a ,t). (30.2) 

The equivalence relation ^3 is defined by requiring only (1), (2) above. (Namely 
by removing condition (3).) 

Remark 30.4. After taking the ^3 equivalence class, the data ip does not remain. 
Namely ((E, z~, z+),u, tp) -3 ((E, z-,z+),u, ip') for any tp,<p'. 

Definition 30.5. We put 

M(X,H-,i-,i+,a)=M(X,H-, i -,i + ,a)/~ 1 , 
M{X,H- i -, l +,a) = M{X,H-,i-,i+,a)/ ~ 2 , 
Ti(X, H; 3- , 3+ , a) = M(X, H ; 3" , 3+, a)/ ~ 3 ■ 
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We use p etc. to denote an element of M.{X, H;i~ ,i + ,a) and denote by [p] its 
equivalence class in M (X, H; 3", 3+, a). 

Let ((E, Z-, z + ), u, ip) be an element of A4(X, H;$~ ,$ + ,a). Suppose the main- 
stream of E has k irreducible components. We add the bubble tree to the irreducible 
component of the mainstream where it is rooted. We thus have obtained a decom- 
position 

fc 

E = ^E t . (30.3) 

i=i 

Here Z- € £1, z+ € Efc and #(E.; n E i+ i) = 1. We call each summand of (130. 3[) 
a mainstream component. We put Zj+i = £^ n Ei + i and call it (i + l)-th transit 
point. We put 3^ = u(zi) and call it a transit image. 

Let p = ((£, z_, z+), it, tp) € A^(X, i7;3 _ ,3 + ,a) and let Ej be one of its main- 
stream component. We restrict u, ip to E^ and obtain p^. We say that E^ is a 
gradient line component if p.; is a fixed point of the S 1 action. 

In the definition of Xi(X, H; 3", 3+, a) we forget the map u but remember only 
the homology class of u\s v of each irreducible component and the images u{zi) of 
the transit points (that are critical points of H ) . We then obtain a decorated moduli 
space of domain curves denoted by .M(3~,3 + ,a). We define equivalence relations 
~j (j = 1,2,3) on it in the same way and obtain .M(3~,3 + ,a), -M(3~,3 + , a), and 
M(i~ ,i + ,a). For each element p of M(X, 7J;3~,3 + ,a) etc., we denote by y p the 
element of M(i~ ,3 + , a) etc. obtained by forgetting u as above. 

For each p e M(X, H;$~ ,$ + ,a) etc. or y G A / J(3 _ ,3 + ,a) etc., we define a 
graph C7p or Q f in the same way as in Section [T5] We include the data of the 
homology class of each component and the images of the transit points in Q p (resp. 
C/ r ). We call Q p (resp. Q v ) the combinatorial type of p (resp. y). We denote by 
M(X, H ;3~,3 + , a; Q) etc. or -M(3~,3 + , a; Q) etc. the subset of the objects with 
combinatorial type Q . 

We consider the subset M rcs (X, H; 3", 3+, a) of M(X, H; 3", 3+, a) consisting 

of all the elements ((£, z_, z+), u, cp) such that E = S 2 . Let A4 le6 (X, H;%~ ,% + ,a), 
= rc g 

_A/F cg (X, _ff;3 _ ,3 + , a), M {X, H; 3^ , 3+, a) be the ~i, ~2, ~3 equivalence classes 
of A^ rog (X, iJ;3~,3 + ,a), respectively. 

It is easy to see that M Tes (X,H;$~ ,3+ ,a), .M reg (X, £/";3~,3 + ,a) coincide with 
the ones in Definition 129.31 In particular 

M ICS (X, H; 3-, 3+ a) S .M rcg (X, i/; 3- , 3+ , a)/R. (30.4) 

Here the R action is obtained by the translation along the R direction of the source 
and is free. 

Moreover we have 

M (X,H- 2 -, i +,a)-M rcs (X,H; i -.j + 1 a)/S 1 . (30.5) 

Here the S 1 action is obtained by the S 1 action of the source. However we note 
that the fiber of the canonical map 

M(X,H; a) -^(X, if ; 3-, 3+, a) (30.6) 
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between the compactified moduli spaces may be bigger than S 1 . In fact, if (£, z~, z+) 
has k mainstream components, the fiber of [(T},z—,z+),u,(p] in Ai(X, H; 3", 3 + , a) 
is (S' 1 ) fc for the generic points. 

On the other hand there exists an S 1 action on M.{X, H; 3", 3+, a) obtained by 

t ■ [(E,z-,z+) ) u,(p] = [(E ) z-,z+),u,t ■ ip] 

where 

(*Q ' V)a(T, t) = lf a (T, t + t ). 

Definition 30.6. 

M(X,H;i-,i + ,a) = M(X,H^~ , i +,a)/S 1 . 
The map (I50TBT) factors through ~M{X, H; 3", 3+, a). 

We can prove that M.(X, H; 3", 3+, a) is compact in the same way as |FOn21 
Theorem 11.1]. 

In place of taking the quotient by the K action in (|30.4I) we can require the 
following balancing condition. (In other words we can take a global section of this 
R action.) 

Definition 30.7. Let ((S,z-,z+),u,<p) £ A4(X, H; 3", 3+, a). Suppose that it has 
only one mainstream component. We define a function A : M \ a finite set -> K as 
follows. 

Let To € K. We assume ^({to} x S 1 ) does not contain a root of the bubble 
tree. (This is the way how we remove a finite set from the domain of A.) Let S Vi , 
i = 1, . . . , m be the set of the irreducible components that is in a bubble tree rooted 
on R< To x S 1 . We define 

A(T )=y2 u*uj+ I I (uoip)*uj+ H(u((p(T ,t)))dt. (30.7) 
i=i •' s v i Jt=-oo Jtes 1 Jtes 1 

This is a nondecreasing function and satisifies 

lim A(t)=H($-), lim A(t) = i?(a+) + a n w. 

r— — 00 r— ^+00 

We say (p satisfies the balancing condition if 

lim A(t) < \ (ff(a_) + ff(a+) + a n w) < lim ^l(r). (30.8) 

In case ((S, z_, z+), u, <p) € .M(X, iJ;3 _ ,3 + ,a) we require the balancing condition 
in mainstream-component-wise. 

Remark 30.8. We remark that there exists unique <p satisfying the balancing 
condition in each of the M orbits, except the following case: u is constant on the 
(unique) irreducible component in the mainstream. (In this case there must occur 
a nontrivial bubble.) The uniqueness breaks down in the case when there exists To 
such that 



r * 1 

y 1 u oj — —us n a 



in addition. (Here {v.; | i = 1, . . . , m} is the bubbles associated to To as in Definition 
130.71 ) In such a case we replace A by the following regularized version 



A'(t ) = 4= / e- (r ~ ro)2 A(r)dr. 
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The first derivative of A' is always strictly positive. So there exists a unique tp 
satisfying the modified balanced condition (using A 1 ) in each R orbit. 

Note however the balancing condition will be mainly used later to define canon- 
ical marked point. In the case there is a sphere bubble we will not take a canonical 
marked point. So this remark is only for consistency of the terminology. 

We have thus defined a compactification of A4 rcs (X, H; 3", 3+, a). We will con- 
struct a Kuranishi structure with corner on it. The construction is mostly the same 
as the proof of Theorem 115.31 which is a detailed version of the proof of |FOn2[ 
Theorem 7.10]. Here we explain this proof in more detail than |FOn2j . 

We first remark that M. (X, H ; f~ , 3+ , a) does not have a Kuranishi structure in 
general. (Even in the case «/0.) This is because there is an element in this moduli 
space whose isotropy group is of positive dimension. Namely if £j is a gradient line 
component, then the biholomorphic S 1 action on the component £^ is in the group 
of automorphisms of this element of M. (X, H ; 3" , 3+ , a) . So a neighborhood of this 
element may not be a manifold with corner. 

On the other hand, the S 1 action on A4(X, H;$~, 3+, a) is always locally free 
(namely its isotropy group is a finite group) in case a^O. In the case of a = the 
S 1 action on Mo(X, _ff;3~,3 + ,0) is locally free. 

To define an obstruction bundle on the compactification we need to take an ob- 
struction bundle data in the same way as Definition 117.71 To keep consistency with 
the fiber product description of the boundary or corner of M.{X, i?; 3^,3+, a) we 
will define it in a way invariant not only under the S 1 action but also under the 
(iS 1 )* action on the part where there are k irreducible components in the main- 
stream. 

We also need to consider the case of gradient line component at the same time. 
Note we assumed that the map u is an immersion at the additional marked points 
in Definition ll7.5l f3) (the definition of symmetric stabilization). In case of gradient 
line component, there is no such point. However since we assumed that the gradient 
flow of our Hamiltonian H is Morse-Smale and satisfying Assumption 129.61 (2), 
we actually do not need to perturb the equation on such a component. So our 
obstruction bundle there is, by definition, a trivial bundle. (And we do not need to 
stabilize such a component to define an obstruction bundle.) 

Taking this into account we define an obstruction bundle data in our situation 
as the following Definition 117.71 

Definition 30.9. A symmetric stabilization of ((£, Z-, z+), u, tp) is w such that 
w H £j is a symmetric stabilization of £ j in the sense of Definition 117.51 if £ j is not 
a gradient line component, and w fl £, = if £i is a gradient line component. 

Definition 30.10. Let p = ((£, z~, z+), u, (p) be as above. We assume £j is a 
gradient line component. Note, then £(r) = u(tpi(T,t)) is a gradient line joining 
transit images and 3i+i- There exists a unique tq such that 

H(£(t )) = l - (H( h ) + H( h+1 )) . 

We put Wi = ipi(To,0), which we call the canonical marked point of the gradient 
line component. 

Remark 30.11. We note that the pair (p,Wi) where Wi is the canonical marked 
point depends only on the ^3 equivalence class of p in the following sense. Suppose 
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p ^3 p'. We define in the i-th mainstream component of Ep/ as above. Then 
there exists an isomorphism v : E p — > E p / satisfying Dcfinition l30.3l (l). (2) and such 
that v{u>i) = w[. This is because u is S 1 equi variant on this irreducible component. 

On the other hand, if the homology class it*([Ej]) is nonzero, the pair (p,Wi) is 
not ^3 equivalent to (p,w4) in the above sense, where = tpi(ra,to). 

We note that, if the i-th mainstream component Ej consists of a gradient line 
and sphere bubbles, then we put w only on the part of the sphere bubble. Note the 
irreducible component that is the intersection of this mainstream component and 
the mainstream is (source) stable since the root of the bubble is the third marked 
point. 

Definition 30.12. An obstruction bundle data £ p centered at 

[p] = [(E, z-,z+),u, ip] €M(X,H^-,i+,a) 

is the data satisfying the conditions described below. We put y = (E, Z-, z+). 
Let li be the i-th mainstream component. (It has two marked points.) We put 
a>i = u* [Ei] € IT. 

(1) A symmetric stabilization w of p. We put vp) = «J fl Jj. 

(2) The same as Definition \T71\ ( 2). 

(3) A universal family with coordinate at infinity of y p U w U uJ can . Here we 
put the canonical marked point (Definition 130. lOf) for each gradient line 
component and denote them by w can . We require some additional condition 
(Condition 130.131 below) for the coordinate at infinity. 

(4) The same as Definition[l7J|(4). Namely compact subsets K ° bst of E v . (The 
support of the obstruction bundle.) We do not put K° hst on the gradient 
line components. In case the i-th mainstream component Ej consists of a 
gradient line and sphere bubbles, then we put K° hst only on the bubbles. 

(5) The same as Definition 117.71 (5). Namely, finite dimensional complex linear 
subspaces -E P;V (rj, u). We do not put them on the gradient line components. 
In case i-th mainstream component Ej consists of the gradient line and 
sphere bubbles, then we put them only on the bubbles. 

(6) The same as Definition 1 17. 71 f6) except the differential operator there 

D u 8 :Ll +1 A(^,d^);u*TX, u*TL) 

L 2 ; n S (Y, t)w \u*TX (g> A ' 1 )/E p ^ v (i),u) 

is replaced by the linearization of the equation (|29.ip 

(7) The same as Definition E2] (7). 

(8) We take a codimension 2 submanifold T>j for each of Wj G w in the same 
way as Definition mm (8). We note that we do not take such submanifolds 
for the canonical marked points € w can . (In fact since u is not an immersion 
at the canonical marked points we can not choose such submanifolds.) 

We require that the data K° hst , Ep tV (X), u) depend only on the mainstream com- 
ponent pi = [(Ej, z,_i, Zi), u, ip] (where Zi is the i-th transit point) that contains the 
v-th irreducible component. We call this condition mainstream- component-wise. 

The additional condition we assume in Item (3) above is as follows. 

Condition 30.13. (1) Let Zj+i be the (i + l)-th transit point, which is con- 
tained in Ei and Ej+i. Then the coordinate at infinity near z%-y\ coincides 
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with the parametrization ipi or tpi+i up to the K x S 1 action. Namely it is 
(r, t) i-> ipi(r + T , t + t Q ) (resp. <pi+i(r + r Q ,t + to)) for some To and to- 
(2) Let z be a singular point that is not a transit point and E v an irreducible 
component containing z. Since E v is a sphere there exists a biholomorphic 
map 

: E v ^ CU {oo} 

such that 0(z) = 0. 

Then the coordinate at infinity around z is given as 

(r,t)^cf>- 1 (e ±2 ^ T+ ^ 1 ^), 

for some choice of cj>. Here ± depends on the orientation of the edge corre- 
sponding to z. 

Note that the choice of coordinate at infinity satisfying the above condition is 
not unique. 

Remark 30.14. In (2) above we make full use of the fact that our curve is of genus 
0. The construction developed in Part |3] and Part 0] is designed so that it works 
in the case of arbitrary genus without change. So we did not put this condition 
in Part |3]and Part 01 Condition 130.131 (2) will be used to simplify the discussion 
on how to handle the Hamiltonian perturbation in the gluing analysis. See Lemma 
130341 

We can prove existence of an obstruction bundle data in the same way as Lemma 
117.111 For example, we can choose the marked points w as follows: We note that the 
restriction of u to the irreducible component E v is not homologous to zero except 
the following two cases. So we can find a point of E v at which u is an immersion 
and take it as an additional marked point. 

(1) E v is in the mainstream and is not a root of the sphere bubble. 

(2) E v is in the mainstream and is a root of the sphere bubble. 

In Case (1), we take only the canonical marked point on this component. In Case 
(2), this irreducible component is stable. So we do not take additional marked 
points on this component. Thus we can define w. 

We take and fix an obstruction bundle data for each element of A4 (X, H; i~ , 3 + , a). 

We defined the moduli spaces -M(3 - ,3 + , a), M.{f~ ,3 + ,a), and M.($~,Z + ,a) in 
Definition 130.51 We add I additional marked points on it and denote the moduli 
space of such objects as M.t{%~ ,l + , a), M.i{%~ ,% + , a), and Mi(^,} + , a). We de- 
note by Mi(i~ ,3 + ,a;Q), Me(%~ ,% + , a; Q), and Me(?>~,$ + , a; Q) its subset so that 
its combinatorial type is Q . (We include the datum on how the additional marked 
points w in Q are distributed over the irreducible components.) 

Let ((£, z-,z+),u, ip) U w U ul can — p U w U w can be as in Definition 130.91 with 

decomposition (j30.3|) . We put I = #(w U w can ) and denote by 2J(p U w U w can ) a 

neighborhood of y p U i«U w can in Mt{%~ , 3 + , a; GpuwUw^)- 
In the same way as Definition 116.61 we define a map 

1 : W(p U w U uf an ) x ((f.oo] x S* 1 ) -^ = Mt(i~,i + ,a), (30.10) 

that is an isomorphism onto an open neighborhood of [y p U w U u? can ] . Here the 
notation ((T, oo] x S 1 ) is similar to Definition 116.51 
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We next add the parametrization ip of the mainstream to the map (|30.10p and 
define its Mt{l~ , 3 + , a)-version below. 

Now we define a manifold with corner D(k; Tq) as follows. We put 

D(k;T ) = {(T u ...,T k )eR k \ T i+1 - T t >T 0ji }. (30.11) 

We (partially) compactify D(k;To) to D(k;To) by admitting T<+i — Tj = oo as 
follows. We put s'- = l/(Ti + i — Tj) then Ti and si, ... , s^., define another param- 
eters. So f|30.11[) is identified with E x V^o,*]- We (partially) compactify 

it to K x nLj ) V^o.i]- By taking the quotients of D(k;T ) and 5(fc;f ) by the 

K action T(T U ...,T k ) = (Ti + T, . . . ,T k + T), we obtain D(k; f ) and D(fc; f ) 
respectively. 

Let Q3(p U wJU w can ) C Mi{i~ ,1^ , a; ^ pU iuutu can ) be the inverse image of 9J(p U 
w U w can ) under the projection 

Mi(2~,} + ,a;G puii ;uw^) -^Me(i~,h + ,a). (30.12) 

Remark 30.15. Note for an element ((£', z'_, z', ), iff) U to', the marked points 
w'i that correspond to the canonical marked points 6 iy can may not be canonical. 
(Namely it may not be of the form y>'(ro,0) where To is as in Definition 30.101 ) 

The space Med" , 3 + ,a;^puu7uto can ) carries an (S* 1 )* action given by 

(h,..., t*)(((E, z_, z+), it, ^)UwU uf an ) = ((E, z_, z+), u, <//) U w U wJ can 

where 9? = (<Pi)i=i an d ( y 3 ' = Wi)i=i sucn that 

<Pi( r j*) = fi( T ,t + k)- 

This action is locally free and the map (|30.12j) can be identified with the canonical 
projection: 

Me(z~,z + , a; GpuvSuvF**) -> Mi (3~,3 + , a; GputfuuF**)/ (S 1 ) 1 ". 
It follows from this fact that Q3(p U w U uf can ) is an open neighborhood of the 
inverse image of [p] in M e {^,} + , a; GpuiHuw^). 
We now define: 

m 

¥ : 53(pUwU^ can ) x D(fc;f ) x (JJ^oj.oo] x S 1 )/ ~) -> X,(3~,3 + ,a) (30.13) 

i=i 

that is a homeomorphism onto an open neighborhood of the inverse image of [p] in 
Mg($~ ,% + , a). Here ~ is as in Remark |16. II 

Let rj £ 2J(pUwUw can ) and (f,9) € D(k;f ) x dljli^oj, 00] x S 1 )/ ~). Note 
QJ(p Ui«U w can ) is the quotient space of the K action. We represent the quotient 
by the slice obtained by requiring the balancing condition (Definition 130. 7[) . 

The element rj comes with the coordinate around the m singular points of E that 
are not transit points. (This is a part of the stabilization data centered at p.) We 
use the parameters in (YVjLii^oj, 00] x S 1 )/ ~ to resolve those singular points. 

The rest of the parameter T' = (Ti, . . . , Tfe) € D(k\, k^ \ To) is used to resolve 

-* -* 

the transit points as follows. We consider the case this parameter T' is in D(k; Tq), 
Let us consider 

[-571,521], x Si 
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and regard it as a subset of the domain of ifi : K x S 1 — > Ej. We define 
ipo : (J([-5T;,5T^ x S}) -^RxS 1 

i 

as follows. If (r,t) £ [-5T,-, x ^ then 

<po(r,t) = (r + 10Ti,t). 

We use ° *° identify (a part of) £j with a subset of R x S 1 . We then use this 
identification to move bubble components (glued) and marked points. So together 
with K x S 1 it gives a marked Riemann surface. We thus obtain 2J. The image 
of 1^0 is in the core of 2) and the complement of the core in the mainstream is the 
neck region. 

By taking the quotient with respect to the R action, we obtain: 

We have thus defined (|30.13j) . 

We next consider ((E', z'_, z' + ),u', ip') U w' and define the e-close-ness of it from 
[pUwUu? can ] = {((H,z-,z + ),u,(p)UwUw can }. Here ((£', z'_,z' + ), u' , ip') is assumed 
to satisfy Definition 130.21 (1)(2)(3)(6)(7) and w' is the set of i additional marked 
points. We decompose 

k' 

H' = J2^'j {30. U) 

3 = 1 

into the mainstream components. Let z'j be the j-th transit point and o/j = m'^([E^]). 
We assume there exists a map i : {1, . . . , k'} — > {1, . . . , k} such that 
(a) u(z i(j) ) = u'iz'j). 



(b) 



Here zi is the ?-th transit point of p and an — u*([Ei]). 

Definition 30.16. We say ((£', z'_, z' + ),u', ip') U w' is e-close to [p U w U w can ] if 
the following holds. 

(1) 

((E',z'_,z' + ),u')Uw' = <f>(tj,T,9) (30.15) 

where tj € 2t(p U w U w can ). And Definition IT7TT21 (1) holds. 

(2) Definition rjXn] (2) holds. 

(3) Definition [1732] (3) holds. 

(4) Definition 117.121 (4) holds. (Namely each of the component of T is > 1/e.) 

(5) If E, ; , i = . . . , i(j + 1) — 1 are all gradient line components, then Y/- is 
also a gradient line component that is e-close to the union of the gradient 
lines i — . ■ . + 1) — 1. We also require that w' (1 E^- consists 
of i(j + 1) - i(j) points z' i(j)+1 , 3^+1) such that 



iJ(z 2 ) - l - (H( h ) + H( h+1 )) 



< e 



for < i < i(j + 1) — 1. 

If ((E', z'_, z' + ), u', ip') U w' is e-close to [p U u; U w can ] and e is sufficiently small, 
we can define an obstruction bundle for ((£', z'_, z\ ), u', ip') in a way similar to 
Definition 117.151 as follows. 
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Definition 30.17. We consider the decomposition Q30.14P of £' into the main- 
stream components and define as in (a),(b) there. We will define an obstruction 
bundle supported on each of E^. 

If is a gradient line component, we set an obstruction bundle to be trivial on 

Suppose Yij is not a gradient line component. We remove all the marked points 
w'n'Ej that correspond to w can . We denote by w' j C w'nE^ the remaining marked 
points on £^-. It is easy to see that (E^; z'j, z'j +1 ) U w' j is stable. Let w j C w be 
the set of the marked points on E corresponding to the marked points w' j . 

In the union \Si=t(j) * ^ > we snrm k each of the gradient line components Ej to 
a point. Let E 0j - be the resulting semi-stable curve. Then (E 0j ; Zi(j+i))Uwo,j 
is stable. It has a coordinate at infinity induced by one given in Definition 1 17. 71 (3). 
We remark that the union of the supports of the obstruction bundles in Ui=,Y/) 1 ^« 
may be regarded as subsets of Eoj. 

We observe that (£^; z'j, z'j +1 ) U w' j is obtained from (£o,j; z i(j+i)) U Wo,j 
by resolving singular points. Therefore using the above mentioned coordinate at 
infinity we have a diffeomorphism from the supports of the obstruction bundles in 
UiHjy) 1 ^» onto open subsets of E^ , together with parallel transport to define an 
obstruction bundle on Ej , in the same way as Definition 117.151 

Remark 30.18. We remark that by construction the obstruction bundle that we 
defined on ((E', z'_, z' + ), u' , <p') U w' is independent of the marked points G w' cor- 
responding to the canonical marked points uJ° an . This is important to see that our 
construction is S* 1 equi variant. 

In other words, the canonical marked points w can and the corresponding marked 
points in w' do not play an important role in our construction. We introduce them 
so that our terminology is as close to the one in Parts [3HH as possible. 

In the same way as Corollarv ll7.171 we can show this obstruction bundle is in- 
dependent of the equivalence relation (i = 1,2,3) that is defined in the same 
way as Definition 130.31 We can define Fredholm regularity and evaluation-map- 
transversality of such obstruction bundle in the same way as Definition ll7.18l Defi- 
nition [T720l respectively. Then an obvious analogue of Proposition [1722] is proved 
in the same way. 

Definition 30.19. Suppose ((£', z'_,z' + ),u', ip') U iff is as in Definition I30T61 We 
say that it satisfies the transversal constraint if the following holds. 

(1) Let be one of the elements of w' . If the corresponding w)j£wU ^ can [ s 
contained in w then u' {w[) in contained in the codimension 2 submanifold 
T>i that are given as a part of Definition 130.121 (8). 

(2) Suppose Ej is a gradient line component and . . . , w 'i(j+i) = lo'flSj. 
Then 

H{u{w' l )) = \(H{ h ) + H{ h+l )) 

for + 1 < i < i(j + 1). 

(3) Let w'i, . . . ,w' n be the points in w' corresponding to u> can . We may assume 
that they are all contained in the mainstream (by taking e small.) Then 
we require that the S 1 coordinate thereof are all [0] G M./Z — S 1 . 
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Then for each p G J\4(X, H;^~ ,a) we fix an obstruction bundle data (£ p 
centered at [p]. In particular we have w p . We choose e p so that the conclusion of 
Lemma 118.21 holds. 

For each [p] G M(X, H; 3~, 3+, a) we denote by 2B p the subset of M(X, H; 3", 3+, a) 
consisting of [p'] satisfying the following conditions. There exists w' such that p'Uw' 
is e p -close to [p U w p U w can ] and w' satisfies the transversal constraint. 

We then find a finite set £ = {p c } such that 

(Jlnt2IT Pc = JZ(X,H;i-,i + ,c*), 

c 

where W Pc consists of elements p with the following property: there exists w p such 
that pU w p is e Pc -close to p c Uw Pc Uw can and w p satisfies the transversal constraint. 

We can construct such £ = £(a) mainstream-component-wise in the following 
sense. We decompose p = Upi into its mainstream components. Then p G if 
and only if p; G £(a^ jfj for each i. As long as we consider a finite number of a's, 
we can construct such C(a) inductively over the energy of a. 

For each [p] G A4(X, _ff;3~,3 + ,a) we define the notion of stabilization data 
in the same way as Definition 118.91 (In other words, we require Definition 117.71 
(1)(2)(3)(8).) 

We put 

£[„] ={c£ C(a) I [p] G IntfflJpJ. (30.16) 

We note that if c G £[ p ] there exists w£ such that p U u>£ is e c -close to p c U w c U w can 
and w£ satisfies the transversal constraint. We take such and fix it. 

Let 

[p] = [{Y< p ,z p ^,z Pi+ ),u p ,ip p )} G M(X,H;2-,} + ,a). 

Definition 30.20. We define a thickened moduli space 

M (lpMc)) {X, H; 3- , 3+, a- p; 21; B)^ (30.17) 

to be the set of ~2 equivalence classes of ((2),?/, </>'), uJ„, (tilj,)) with the following 
properties. (Here 21 C S C £[p]-) 

(1) (2J, it', (//) U w p is eo-close to p U w p U w can . Here £ p = #?« p . 

(2) (2), it', </) U is eo-close to p U v%. Here t c = #w' c . 

(3) On the bubble we have 

dv! = mod £<s ■ 

Here £<s is the obstruction bundle defined by Definition 130.171 in the same 
way as Definition 118.71 

(4) On the i-th irreducible component of the mainstream we consider h' i = 
v! o . Then it satisfies 

§ + J (§-*»■) -° 

Here £<b is as in (3). 

The next lemma says that M.(e f: (£ c ))(X, i?;3~,3 + , a; p; 21; *B) eo ^ carries the fol- 
lowing S 1 action. 



For the component oii = we take a sufficiently dense subset of the moduli space of gradient 
lines and use it. 
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Lemma 30.21. Suppose that ((fQ,u\ip'),Wp,(w' c )) is an element of the moduli 
space M(£ pt (e c ))(X,H;z~ ) $ + ,a;p;Ql; < B) eo f o andt eS 1 . Then ((2), u' , t -(p'),t w' p , (t w' c )) 
is an element of M { i p ^ c y } (X, H;i~ ,3+ ,a;p;2t; ®) 60) f - Here (t -cp')(T,t) = ip'(T,t+ 
to) and toiu' c is defined as follows. (tow' c )i — (w' c )i if it corresponds to a marked 
point in w p . If (w' c )i corresponds to a canonical marked point then (t.ow' c )i = 

Proof. The only part of our construction which potentially breaks the S* 1 symmetry 
is Dcfinition l30. 191 (3) . However as we remarked in Remark [30.18[ the marked points 
that correspond to the canonical marked points do not affect the obstruction bundle. 
Therefore the S 1 symmetry is not broken. □ 

Definition 30.22. We denote by V(f p ,(f c )) (X, H; 3", 3+, a; p; 21; *B) eo the subset 
of .M(£ p ,(£ c )) (X, H: 3~, 3 + , a; p; 2t; 23) eo f consisting of the elements with the same 
combinatorial type as p. (Compare (|19.1I) .) 

In the same way as Lemma [19.1l Vu (4))(X,iT;3~,3 + ,a;p;2l;!B) eo is a smooth 
manifold. In the same way as Lemma 130.211 we can show that our space 

V {hAtc)) {X, H; 3" , 3 + , a; p; 21; «8) £o 

has an (5 1 )' c action. Here k is the number of mainstream components of p. Let m 
be the number of singular points of S p which are not transit points. 
Now we have the following analogue of Theorem 119.31 

Proposition 30.23. There exists a map 
Glue -y {lM) {X, ;3~,3 + , «; Pi 21; 23) £o x (f{( T o^ ^ x I ~ xD ^ f o) 

-> M-( tp ,(t e ))(X,H\}- ,3+ ,a;p;2l;23) £2 . 

Its image contains M(£ p ,(£ a )) {X, H; 3", 3 + , a; p; 21; Q3) e3 /or sufficiently small £3. 
estimate similar to Theorem \19.5\ also holds. 

(The notation A4(£ (i a ))(X, H ; 3", 3+, a; p; 21; Q3) e is similar to one used in The- 
orem MM) 

Proof. The proof is mostly the same as the proofs of Theorems 119.31 119.51 The 
only new point we need to discuss is the following. 

Our equation is the pseudo-holomorphic curve equation ((3) in Definition 130.20( 1 
on the bubble but involves Hamiltonian vector field ((4) in Dcfinition l30.20[) on the 
mainstream. When we resolve the singular points, the bubble becomes the main- 
stream. So we need to estimate the contribution of the (pull back by appropriate 
diffeomorphisms of the) Hamiltonian vector field on such a part. We need to do so 
by using the coordinate that is similar to those we used in the proofs of Theorems 
119.31 [HOI We will use Lemma [30.241 below for this purpose. 

We put 

k 

E p = (J U (J S v 

i=l v 

where Sj are in the mainstream and S v are the bubbles. We note that each S v is a 
two sphere S 2 . Let z be a singular point contained in S v . According to Condition 
130. 131 we have a disk D z ^ v C S v centered at z on which a coordinate at infinity is 
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defined. In case z £ So, we also have a disk D z j C £j on which a coordinate at 
infinity is defined. 
We also have 

V j i (((-oo,5T i ]U[5Tn.i,oo)) x S 1 ) C (30.18) 
The union of the images of (|30. 18|) and the disks D z<v and D Z: i are the neck regions. 
Its complement is called the core. We write K v or Ki the part of the core in the 
component £ V) Si, respectively. 

Using the coordinate at infinity, we have an embedding 

iy : K v -> £', ii : K. t -> £'. (30.19) 

Lemma 130.241 provides an estimate of the maps (130. 15} ■ We put the metric on K v 
regarding them as subsets of the sphere. We put the metric on Ki by regarding 
them as subsets of R x S 1 . (They are compact. So actually the choice of the metric 
does not matter.) 

We fix T (the lengths of the neck region when we glue and obtain £'.) For each 
v we define T v as follows. Take a shortest path joining our irreducible component 
£ v to the mainstream. Let z± , . . . , z r be the singular points contained in this path. 
Let 10T Zi be the length of the neck region corresponding to the singular point z%. 
We put T v = £T Zi . 

We observe that i v (K v ) is in the mainstream if and only if T v is finite. 

Lemma 30.24. There exist Cf_, cg_ > with the following properties. 

(1) Suppose that i v (K v ) is in the mainstream. We then regard 

i v :K v -^Rx S 1 . 

The C norm of this map is smaller than Cge~ ClTv . In particular the di- 
ameter of its image is smaller than C\e~ ClTv . 

(2) We remark that the image of ii is in certain mainstream component. So we 
may regard 

U : Ki -> R x S 1 . 

Note Ki ClxS 1 . Then ii extends to a biholomorphic map of the form 

(T,t) h-> (T + T ,t + t ). 

Proof. For simplicity of the notation we consider the case 

E p = (M x S 1 ) US 2 = Ei U E v . 

Let T be the length of the neck region of £'. Then we have a canonical isomorphism 

£' = ((R x S 1 ) \ Dl) U ([-5T, 5T] x S 1 ) U (C \ D 2 ). (30.20) 

Here Dq is an image of a small disk C R x R by the projection lxt->Ix S 1 
and the disk D 2 in the third term is the disk of radius 1 centered at origin. The 
identification (|30.20p is a consequence of Condition 130.131 
We have a biholomorphic map 

I : E' -> R x S 1 

that preserves the coordinates at their two ends. 

We can take / as follows. Let Io : D 2 — > Dq be the isomorphism that lifts to a 
homothetic embedding D 2 — > R 2 . 

(1) On (M x S 1 ) \ D 2 , the map I is the identity map. 
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(2) If z € C \ D 2 then 

I(z) = I (e 

(3) If z = (r,t) € [-5T.5T] x S 1 then 



-20ttT 



/*)• 



I(z) = 7o(e- 27r((r+5T)+y3Tt) ). 



Lemma 130.241 is immediate from this description. 

The general case can be proved by iterating a similar process. 



□ 



Remark 30.25. On the part of the neck region [— 4T, AT] x S 1 where we perform 
the gluing construction, we can prove a similar estimate as Lemma 130.241 (1). 

Now we go back to the proof of Proposition 130.231 Lemma 130.241 (2) implies 
that on the mainstream the equation Definition 130.201 (4) is preserved by gluing. 
Lemma r30. 241 (1) and Remark l30. 251 imply that the effect of the Hamiltonian vector 
held is small in the exponential order on the other part. Therefore the presence of 
the Hamiltonian term does not affect the proof of Theorems 119.31 119.51 and we can 
prove Proposition 130.231 in the same way as in Section [TH □ 

We are now in the position to complete the proof of Theorem 129.81 We have 
defined the thickened moduli space and described it by the gluing map. The rest of 
the construction of the Kuranishi structure is mostly the same as the construction 
in Sections [20T [24l We mention two points below. Except them there are nothing 
to modify. 

(1) We consider the process to put (transversal) constraint and forget the marked 
points. This was done in Section [20] to cut down the thickened moduli space to 
an orbifold of correct dimension, which will become our Kuranishi neighborhood. 
Here we use the constraint defined in Definition l30.19l In the case when the marked 
point w[ corresponds to one of w v or w Vc that is not a canonical marked point, this 
process is exactly the same as in Section [2"01 

In the case of the marked point w[ corresponds to a canonical marked point of p or 
p c we use Definition l30.19l (2').(3). Note that these conditions determine the position 
of w[ on £' uniquely. On the hand, as we remarked in Remark 130.181 the marked 
point w'i does not affect the obstruction bundle and hence the equations defining 
our thickened moduli space. So the discussion of the process to put constraint and 
forget such a marked point is rather trivial. 

(2) Our thickened moduli space has an S* 1 action. The gluing map we constructed in 
Proposition l30.2"3l is obviously S 1 equivariant. (The obstruction bundle is invariant 
under the S 1 action as we remarked before.) Therefore all the construction of the 
Kuranishi structure is done in an S 1 equivariant way. Note that we define the 
S 1 action on the thickened moduli space. The smoothness of this action is fairly 
obvious. 

We note that the group T p for p fDefinition l28.1[) in our case of p — ((£, z_, z+), u, 
consists of maps v : £ — > £ that satisfies Definition l30.3l (l)f2) for ((£', z'_, zV), u, ip') 
((£, Z-, z+),u, if) and 

v o ip a (T,t) = ipa(r,t + t ) 
for some to £ S . The groups T p and S 1 generate the group G p . 

The proof of Theorem 129.81 is now complete. □ 
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Example 30.26. Let h : M x S 1 — > X be a solution of the equation (|29.1|) (without 
bubble). We assume that h is injective. We put 

h k (r, t) = h(kr, kt) :Ix S 1 -> X. 

We define <p : K x S 1 -> S 2 \ by ^(r.t) = e 2 < T+ ^ =lt \ We put Uk = h k o 

ip^ 1 . Then ((S 12 , z_, z+), Uk,<p) is an element of -M(X, iJ; 3^,3+, a). Let to<p(r, t) — 
ip(r,t + to). It is easy to see that 

{{S 2 ,z_,z + ),u k ,ip) - 2 ((S 2 ,z_,z + ),u k ,t ip) 

if and only if to = m/k, me 1 

We can take the Kuranishi neighborhood of p = {{S 2 , Z-, z + ), u k , <p) of the form 
V = S 1 x V, on which the generator of the group T p = 7L k acts by (t, v) H> 
(t + l/k,ip(v)) where ip : V ^ V is not an identity map. The S 1 action is by 
rotation of the first factor. Thus the quotient V/T p is a manifold and V/(T p x S 1 ) 
is an orbifold. See Example 128.31 

Remark 30.27. In this section we studied the moduli space A4(X, H]i~ ,a) in 
the case when H is a time independent Morse function. In an alternative approach 
(such as those [FOOQ41 Section 26]), we studied the case H = using Bott-Morse 
gluing. Actually the discussion corresponding to this section is easier in the case 
of H = 0. In fact in case of H = 0, we do not need to study the moduli space of 
its gradient lines. (Some argument was necessary to discuss the moduli space of 
gradient lines since its element has S 1 as an isotropy group. The main part of this 
sedition is devoted to this point.) 

In |FOn2j we used the case if is a time independent Morse function rather than 
studying the case H = by Bott-Morse theory. The reason is that the chain level 
argument that we need to use for the case H = was not written in detail at the 
time when |FOn2] was written in 1996. Now full detail of the chain level argument 
was written in [FOOOlj . So at the stage of 2012 (16 years after |FOn2) was written) 
using the case H = to calculate Floer homology of periodic Hamiltonian system 
is somewhat simpler to write up in detail rather than using the case when H is a 
time independent Morse function. In this section however we focused on the case 
of time independent Morse function and written up as much detail as possible to 
convince the readers 

31. Calculation of Floer homology of periodic Hamiltonian system 

We first prove Theorem 129.41 The proof is similar to the proof of Theorem 129.81 
We indicate below the points where proofs are different. 

Let (S, Z-,z+) be as in Definition 130.11 We define the notion of mainstream, 
mainstream component, and transit point in the same way as in Section l30l 

Let ^ = (7 ± , w ) G Cp(if). (Here H is a time dependent periodic Hamiltonian.) 
Let ((S, Z-, z+), u, <p) be as in Definition 130.21 such that it satisfies (1)(2)(4)(5) of 
Definition 130.21 and the following three conditions: 

(3)' u : Ti \ {transit points} — > X is a continuous map. 

(6)' There exist 7, = (j i} Wi) € ^(H) for i = l,,..,k + 1 with 71 = 7", 
7fe+i = 7 + such that 

lim u(tpi(r,t)) =Ji(t), lim u(cpi(r, t)) = Ji+i(t). 

Here cpi : R x S* 1 — > is the z-th component of ip. 
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(7)' ~ 10,-+ 1. 

We denote by A4(X, H; j~, 7 + ) the set of such ((£, z~,z+), u, tp). We define equiv- 
alence relations ~i and ~2 on it in the same way as Definition 130.31 (We do not 
use ~3 here.) We then put 

M(X, H ; 7" 7+) = M(X, H; 7 " , 7+)/ ~ x , 

M{X, H; 7", 7 +) = A4(X, ff; 7 ", 7+)/ ~ 2 . 

We next define a balancing condition. Let ((£, Z-, z + ), u, <p) G M.(X, H; 7", 7+) 
be an element with one mainstream component. We define a function A : M \ 
a finite set — » K as follows. 

Let ro G R. We assume <p({tq} x S" 1 ) does not contain a root of the bubble 
tree. (This is the way how we remove a finite set from the domain of A.) Let S Vi , 
i = 1, . . . , m be the set of the irreducible components that is in a bubble tree rooted 
on 1< T0 x S 1 . We define 



m P pTo p 

A(t ) = Y] U*UJ+ / { U op)*UJ 

JE T . J T =-ac JteS 1 



H(t,u(<p(T ,t)))dt+ / (w-)*uj. 
tes 1 Jd 2 



(31.1) 



Note that the action functional Ah is defined by 

A H {l)= I H(t,u(~/(t)))dt+ f (w)*u. 
Jtes 1 Jd 2 

The function A(t q ) is nondecreasing and satisifies 

lim A(t)=Ah{T), Hm = Aff(7 + ). 

t— >— 00 r— >-\-oo 

We say (f satisfies the balancing condition if 

lim A(t) < \ (A H (T) + A H {l + )) < lim A(r). (31.2) 

7-<o 2, T>0 

t->0 ~ r-i-0 

In case of general ((£, z_, z + ), u, 93) 6 .M(X, if; 7", 7+) we consider the balancing 
condition in mainstream-component-wise. 

In the case there is a mainstream component Ej such that d(u o ip^/dr = we 
can apply the method of Remark 130.81 

We next define the notion of canonical marked point. Let p — ((£, z_ , z+), it, G 
A4(X, H; j~, 7 + ). Let Ej be its mainstream component. We assume that there is 
no sphere bubble rooted on it. We are given a biholomorphic map <pi : M x S 1 —> 
Ej \ {z{, Zi+i} where Zj, Zj+i are transit points on E^. We require ipi to satisfy the 
balancing condition. Now we define the canonical marked point u£ an on Ej by 
"Wi — ipi(0,0). Let w can be the totality of all the canonical marked points on E. 

A symmetric stabilization of p = ((£, z_, z + ), u, ip) G A4(X, H; 7", 7+) is w such 
that w n Eo = where Eo is the mainstream of E and w U -uJ can is the symmetric 
stabilization of (E, z_, z + ). 

Definition 31.1. An obstruction bundle data £ p centered at 
p = ((E,af_,2+),u,p) G M(X,H;j-,*/ + ) 
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(31.3) 



is the data satisfying the conditions described below. We put y = (E, z_, z+). Let 
fi be the z-th mainstream component. (It has two marked points.) 

(1) A symmetric stabilization w of p. We put «jW = «J n ft. 

(2) The same as Definition [T7T71 (2). 

(3) A universal family with coordinate at infinity of y p U wU w can . Here u; can is 
the canonical marked points as above. We require Condition 130. 131 for the 
coordinate at infinity. 

(4) The same as Definition[TL2(4). Namely compact subsets K° hst of E v . (We 
put K° hst also on the mainstream.) 

(5) The same as Definition 117.71 (5). Namely, finite dimensional complex linear 
subspaces E p , v (t),u). (We put Ep >v (t), u) also on the mainstream.) 

(6) The same as Definition 117.71 (6) except the differential operator there 

Dud :L 2 m+ls {{^ v ,d^)-u*TX, u*TL) 

^L 2 m>5 {^-u*TX® X^/E^u) 

is replaced by the linearization of the equation (|29.ip 

(7) The same as Definition QTZI (7). 

(8) We take a codimension 2 submanifold T>j for each of Wj £ w in the same 
way as Definition 117.71 (8). 

We require that the data K° hst , Ep tV (t), u) depend only on pi — [(Ej, zt-i, zt), u, (p\ 
(where Zi is the i-th transit point) that contains the v-th irreducible component. 
We call this condition mainstream-component-wise. 

We define Mi{^~ in the same way as M.i{i~ ,3 + ,a), (Namely its element 
is ((Si, Z{, Zj+i), tp) together with t additional marked points on E, elements 74 € 
^(H) assigned to each of the transit point, and homology classes of each of the 
bubbles.) We denote by Me(j~ , 7 + ; Q) its subset consisting of elements with given 
combinatorial type Q . 

Let p = ((E, Z-, z + ),u,ip) £ M(X, H; 7", 7+) and w U w can be its symmetric 
stabilization. We denote by 2J(p UwU w c&n ) a neighborhood of p U w U uJ can in 

Meij' ,7 + ;5 pUl Huto^")- 
We can define 

m 

$ : 53(p U w U v? an ) x D(fc; f ) x ([] (T j , 00] xS 1 )/-)^ ^(7- , 7+) (31.4) 

j=i 

in the same way as (130. 13|) . 

We say ((£',z'_,z' + ),u',(p') U w' is e-close to p U w U w can , if (1)(2)(3)(4) of 
Definition 130. 161 hold and if 

(5)' Let w'j = ip'j (tj ,tj) £ uf be the marked point corresponding to the canonical 
marked point £ uf can n Ej . Then 



< e 



and |tj — 0| < e. 



If ((E', z'_,z' + ),u', cp') U «J' is e-close to p U to U w can and the obstruction bundle 
data at p is given, then they induce an obstruction bundle at ((E', z'_, z' + ),u' , (p')Uw' 
in the same way as Definition 130.171 
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Definition 31.2. We say that ((£', z'_, z' + ), u', ip') U w' satisfies the transversal 
constraint if the following holds. 

(1) The same as Definition MJM (1). 

(2) Let w'j = ip'j (rj , tj) £ w' be the marked point corresponding to the canonical 
marked point £ u? can n Sj . Then 

■Afo) = 2(^(7i) + ^(7<+i))- 

(3) In the situation of (2) we have tj = [0]. 

For each p <E A4(X, H; j~, j + ) we take a stabilization data € p centered at p. 
We also take e p so that if ((£', z'_, z' + ), u', ip') U w' is ep-close topUwU w can then 
Fredholm regularity (see Definition I17.18|) and evaluation map transversality (see 
Definition QT20JI hold for ((£', z'_, z' + ), u' , ip') U iff. 

Let 2Up be the set of elements p' with the following property: there exists iff such 
that p' U iff is e p -close to p U w p U w can and uf' satisfies the transversal constraint 
in the sense of Definition 131.21 

We use it to find a finite set £ = {p c } such that 

|Jlnt2B Pc = M{X,H;T,1 + )- 

c 

We then define 

€ f = {c£€\p£ 2B Pc }. 

Definition 31.3. We define a thickened moduli space 

M ( t f , {ic)) (X, H; T , 7 + ; P; 21; ®) £0 f (31.5) 

to be the set of ~2 equivalence classes of ((%),u' ,ip'),w'„, (vj' c j) with the following 
properties. (Here 2lC*Bc£ p .) 

(1) (2), w', <//) U w p is eo-close to p U w p U w can . Here ^ p = #w' p . 

(2) (2), ip') U te£ is eo-close to p U w£. Here i c = #w' c . 

(3) On the bubble we have 

du' = mod £<s ■ 

Here £<g is the obstruction bundle defined by Definition 130. 171 in the same 
way as Definition 118.71 

(4) On the i-th irreducible component of the mainstream we consider h[ = 
u' o Lp' i . Then it satisfies 

Here £<s is as in (3). 

Definition 31.4. We denote by V« n\\(X, if; 7~, 7 + ; p; 21; *B) eo the subset of the 
thickened moduli space ■M^^^X, ii; 7", 7+; p; 21; 23) eo ^ consisting of elements 
with the same combinatorial type as p, w, w c . (Compare (|19. 1|) .) 

The Fredholm regularity and evaluation map transversality imply that the space 
(g c )){X, H; 7 _ , 7 + ; p; 21; 23) £o is a smooth manifold. 
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Proposition 31.5. There exists a map 

Glue H; 7 " 7+; p; 21; «8) 6o x ( f[(T ,i, 00] x S 1 ) j / ~ xD(k; T> ) 



i=l 



M (tp<(ic)) (x,H;r,7 + ;P^;^) 



C2 • 



/is image contains M-(i.,{t c )) (A, H; 7 , 7 + ;2l;Q3) C3 /or sufficiently small 63. 
An estimate similar to Theorem \19.5\ also holds. 

The proof is the same as the proof of Proposition 130.231 Using Proposition 13 1.51 
we can prove Theorcm l29.4l in the same way as the last step of the proof of Theorem 

Em □ 

Remark 31.6. In case H in Theorem 129.41 happens to be time independent, the 
Kuranishi structure obtained by Theorem 129.41 is different from the one obtained 
by Theorem 129.81 In fact, during the proof of Theorem 129.81 we chose a (suffi- 
ciently dense finite) subset of A4(X, H; 3", 3+, a) to define the obstruction bun- 
dle. During the proof of Theorem 129.41 we chose a (sufficiently dense finite) sub- 
set of Ai(X, H; 7~, 7 + ) for the same purpose. The elements of the moduli space 
M (A, H ; j~ , 3 + , a) are ~3 equivalence classes and the elements of the moduli space 
M.(X, H; 7~, 7 + ) are ~2 equivalence classes. 

Using Theorem l29.4l we can define Floer homology HF(X, H) for time dependent 
1-periodic Hamiltonian H satisfying Assumption 129.11 This construction (going 
back to Floer [FCQ EE], see also [HS] [On]) is well-established. We sketch the 
construction here for completeness. We use the universal Novikov ring 



A = \ J2 a * T 



as 6 0, Xi G K, lim A< = 



Let CF(X, H) be the free Ao module whose basis is identified with the set ^ji(H). 

We take E > 0. By Theorem l29.4i we obtained a system of Kuranishi structures 
on M(X, H; 7", 7+) for each pair 7^,7+ with ^^(7+) — Aw(7~) < E. We take 
a system of multisections s on them that are compatible with the description of 
its boundary and corner as in Theorem 129.41 (3). Here we use the fact that the 
obstruction bundle is defined mainstream-component-wise. Note our Kuranishi 
structure is oriented. We define 

dE Vl~\= J2 #M(X,H;j-,1 + YT Ah ^- Ah ^~)[j + ]. (31.6) 

7" t ",M(7" t ")-M(7 - ) = l 
A H {^t + )-A H (^-)<E 

Here we take a lift 7~ of 7~ to define the right hand side. However we can show 
that the right hand side is independent of the choice of the lift. The number /x(7 + ) 
is the Maslov index. We have 

dimX(A,ff;7-,7 + ) - ~ KT) - L 

Using the moduli space A4(X, H; 7", 7 + ) with dim Ai(X, H; 7", 7+) = 2, wc can 
prove 

d E od E = modT £ A (31.7) 
in a well-established way. Thus we define 

HF(X; H; A /T S A ) S H{CF{X, H) ® Ao A /T S A , d E ). 
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We can prove that HF(X; H; Aq/T e Aq) is independent of the choice of Kuranishi 
structure and its multisection. (See the proof of Theorem 131.101 later.) We thus 
define 

Definition 31.7. 

HF(X;H;A ) = lim HF(X; H ; A /T E A ). 

We also define 

HF(X; H) = HF(X; H; A ) <g> Ao A 
where A is the field of fractions of Ao . 

In fact, using the next lemma we can find a boundary operator d on the full 
module CF(X,H) so that its homology is HF(X;H;A ). 

Lemma 31.8. Let C be a finitely generated free Aq module and E < E' . Suppose 
we are given d E : C <g) Ao A /T E A -> C ® Ao A /T E A , d E ' ■ C <g> Ao A a /T E 'A Q -> 
C (g)Ao A /T b A with &e ° 9e — 0, 8e> ° 9e' = 0. Moreover we assume (C ® Ao 
Aq/T e Aq, 8e' mod T E Ao) is chain homotopy equivalent to (C<£>a Ao/T^Ao, 9b). 
T/ien we can 5 B to d E , : C ®a A /T E 'A a -> C ® Ao A /T E 'A Q such that 
{C ®a Aq/T e Ao,dE') is chain homotopy equivalent to (C (S>a Aq/T e Aq,& e ,). 

We omit the proof. 

Remark 31.9. The method for taking projective limit E oo that we explained 
above is a baby version of the one employed in jFOOOl l Section 7] . (In |FOOOl] 
the filtered structure is defined by using a similar method.) In [On , a slightly 
different way to go to projective limit was taken. 

For the main application, that is, to estimate the order of ^P(ff) by Betti number, 
we actually do not need to go to the projective limit. See Remark 131.1 71 

Now we use the S 1 equi variant Kuranishi structure in Theorem 129.81 to prove 
the next theorem. 

Theorem 31.10. For any time dependent 1-periodic Hamiltonian H on a compact 
manifold X satisfying Assumvtion \29. 1\ we have 

HF(X, H) H(X; A) 

where the right hand side is the singular homology group with A coefficients. 

Proof. Let H' be a time independent Hamiltonian satisfying Assumptions I29.5[ 
129.61 We regard H' as a Morse function and let Crit(ff' ) be the set of the critical 
points of H' , We denote by CF(X, H'\ Aq) the free Ao module with basis identified 
with Crit(iJ')- Let /i : Crit(iJ') -> Z be the Morse index. For r+,jr € Crit(iT') 
with ^(y+) -fi(r") = lwe define 

(<9r,r + ) =T H ' (r+ )- ff ' (r) #A4(X,ir,r-,r+;0), (31.8) 

where #A^(X, H' , y~, y + ; 0) is the number counted with orientation. (Here de- 
notes the equivalence class of zero in n.) By Assumptions [29751 this moduli space 
is smooth.) It induces d : CF(X,H';A ) -t CF{X, H'; A ). It is by now well 
established that d o d = 0. We put 
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It is also standard by now that 

HF(X, H') = HF(X, H'\ A ) ® Ao A 

is isomorphic to the singular homology H(X;A) of A coefficients. 

We will construct a chain map from CF(X,H';A ) to CF(X,H;A ). Let % : 
RxS^l-yRbea smooth map such that 

For a map ft : 1 x S 1 4 X we consider the equation 

where H T ,t(x) = H(t, t, x). 

Given y 6 Crit(ff') and 7 = (7, w) G *$(H) we consider the set of the maps h 
satisfying (I31.10[) together with the following boundary conditions. 

(1) linxr^-oo h(r,t) = y. 

(2) ]im T ^ +00 h(r,t) = 7 (t). 

(3) [h] ~ [u>]. Here /i is regarded as a map from Z) 2 by identifying {—00} U 
((-oo, +00] x S 1 ) with D 2 . 

We denote the totality of such h by M TCg (X, U; y, 7). 

Theorem 31.11. There exists a compactification A4(X, H; y, 7) o/A^ rcg (A, H; y, 7), 
which is Hausdorff. 

For each E > i/iere exists a system of oriented Kuranishi structures with 
corners on M(X, H;y, 7) for Ah (7) < -E. its boundary is identified with the union 
of the following spaces, together with its Kuranishi structures. 

(1) 

M(X, H'\ y, y', a) x X(X, «; y', 7 - a) 
where y' € Crit(i?'), a G II and 7 — a = (7, w — a). 

(2) 

M(A,H;y,7') xM(X,H,j',j) 
where 7' G <$(#)• 

Proof. The proof of Theorem 131.111 is mostly the same as the proof of Theorems 
129.41 and 129.81 So we mainly discuss the point where there is a difference in the 
proof. 

Let (H, Z-, z+) be a genus zero semi-stable curve with two marked points. We 
fix one of the irreducible components in the mainstream and denote it by Eg. We 
decompose 

E = E~UE UE + (31.11) 
as follows. E° is the mainstream component containing Eg. E - (resp. E + ) is the 
connected component of E \ E° containing z_ (resp. z + ). We remark E° and/or 
E~ may be empty. 

We consider ((E, Z-,z+), E°, u, <p) such that Definition [50 (1)(2)(4)(5) are sat- 
isfied. We assume moreover the following conditions. 

(3.1) ' </?|s+ : E + — > X is continuous. 

(3.2) ' We put either {^o,-} = E° n E~ or z - = Z-. (Here we put z ^_ = z_ if 

z_ G E°.) Then y|s<>\{z _} : E° \ {zo,-} — > X is continuous. 
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(3.3)' The same condition as the condition (3)' stated at the beginning of Section 
EH holds for £+. 

(4.1) ' hoipi satisfies the equation (|2"9~1"1) for H' if E t C E~. 

(4.2) ' h o ip satisfies the equation (|31.10l) . Here ipo is a part of ip and is a 

parametrization of Eq. 

(4.3) ' h o ipi satisfies the equation (|29.1j) for H if £ 4 C £+. 

(6.1) ' Definition EES (6) is satisfied on XT. 

(6.2) ' Let fc — 1 be the number of the mainstream components in S + . Then there 

exist 7j = ('fjjWj) € ^P(-ff) for j = 1, . . . , fc — 1. We have 

lim u(ip (r,t)) = ji(t). 

T— too 

Here ipo is as in (4.2)'. 

(6.3) ' Let X+ (J = 1, . . . , k — 1) be the irreducible components in the mainstream 

of E + . Let <ys^ is a part of <p and is a parametrization of . Then we have 

lim u(rf{T,t)) = 7j(i) lim u((pf(r,t)) = Jj+x(t). 

T—t — OO J T— tOO J 

Here 7fc = 7. 
(7)' u,([£]) = N- 
We denote by "H; y, 7) the set of all such ((£, z_, z + ), S°, u, ip). 

We define three equivalence relations ~2j ^3 on -M(X, 7) as follows. 
The definition of ~i is the same as Definition 130.31 

We apply ^2 of Definition 130.31 on X + and £~ and ~i of Definition 130.31 on E°. 
This is ^2 here. 

We apply ^2 of Definition 130.31 on £ + , ^3 of Definition 130.31 on £ _ and ~i of 
Definition EE3] on S°. This is ~ 3 here. We put 

M{X,Hm) = M{X,Um)I ~i, 
M(X,H; h j) = M(X,H;i:,j)/ ~ 2 , 
M(X,W;j:,7)=M(X,W;r,7)/~3. 

We define the notion of balancing condition on the mainstream component in 
X~ and £ + in the same way as before. (We do not define such a notion for £q 
since the equation (|31.10j) is not invariant under the R action.) 

We next define the notion of canonical marked points. For the mainstream 
components in E + or in £ — , the definition is the same as before. If E° contains 
a sphere bubble we do not define canonical marked points on it. Otherwise the 
canonical marked point on this mainstream component is <po(0, 0). 

Using this notion of canonical marked points we can define the notion of ob- 
struction bundle data for [p] e M(X, H]f, 7) in the same way as before. (We put 
an obstruction bundle also on £§.) We take and fix an obstruction bundle data for 

each of [p] eJZ(X,H;t,l)- __ 

We can use it to define a map similar to $ and $ in the same way. 

We then use them to define the notion of e-close-ness in the same way. 

We next define transversal constraint. Let ((£', z'_, z' + ). E'°, u', ip') U w' is e close 

to ((£, Z-,z+), £°, u, ip) U w U w can . We consider w'- £ w' . If w'- is either in £' + or 

in then the definition of transversal constraint is the same as Definition 130. 191 

or Definition I31.2[ respectively. 
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Suppose w'j £ Sq. If w'j corresponds to a marked point in w then the definition of 
transversal constraint is the same as Definition 130.191 We consider the case where 
w'j corresponds to a canonical marked point Wi. There are three cases. 

(1) Wi £ So- In this case the transversal constraint is w'j = (fo(0, 0). 

(2) Wi G S_. Let be the mainstream component containing to,. (It is 
irreducible since Wi is a canonical marked point.) The transversal constraint 
first requires w'j = <£>o( T 0: 0) with To < —1. Moreover it requires 

(«')*«+ f° (u')*u + H'(u'((po(To,t))) 

£_ J T =-oo 

- i (ff'(u(2i)) + ff'(u(2 <+ i))) + f u*u>. 

"'S T < T( „. ) 

Here z% and Zj+i arc transit points contained in Sj and S T < T0 is defined 
as follows. Let W{ = <^(Tj,0). We consider £ \ {(^(r^t) | i e Then 
S r < To is the connected component of it containing z_. 

(3) G £+. Let be the mainstream component containing u>j. (It is 
irreducible since Wi is a canonical marked point.) The transversal constraint 
first requires w'j — <^ (to, 0) with r > +1. Moreover it requires 

{u')*u+[° {u')*uj+ [ H{t,u'(Mro,t)))dt 

Here the restriction of u to S + i gives an element of M(X, H; 7$, 74+1). 

For a point [p] € A^(X, "H; y, 7) we define the notion of stabilization data in the 
same way as before. 

Now using this notion of transversal constraint and e-close-ness, we define Cm C 
M(X, H; y, 7) for each [p] e M(X,T~L; y, 7). We then define a finite set € such that 

|J C [Pe] =M(X,^ ;y ,7). 

[pc]6C 

We may assume that this choice is mainstream-component-wise in the same sense 
as before. 

We use the choice of £ together with obstruction bundle data we can define an 
obstruction bundle in the same way as before. We use it to define a thickened 
moduli space. The rest of the proof is the same as the proof of Theorems 129.41 and 
I29~8l □ 

Lemma 31.12. There exists a constant <E~(H) depending only on H with the 
following properties. IfM(X 7 "H; y, 7) is nonempty then 

A H {l)>H'{Ti)-£-{U). (31.12) 

This lemma is classical. See |On[ (2.14)]. (It was written also in [F1H, Lemma 
9].) 

Remark 31.13. The optimal estimate for <£~(H.) is <£" (%) =S~(H- H'), where 

£+(F)=[ mnxF(t,p)dt, £~(F) = - [ inf F(t,p)dt. 
Jo P eX Jo p^ x 
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See |Oh[ Proposition 3.2]. (See also |Us| Proposition 2.1].) A Lagrangian version 
of a similar optimal estimate was obtained by [Che]. 

We do not need this optimal estimate for the purpose of this note, but it becomes 
important to study spectral invariant. 

We now define 

$ £ : CF(X, H'; A ) -> CF(X, H; A ) 
as follows. We consider p and 7 so that: 

(a) The (virtual) dimension of M{X, H; p, 7) is 0. 

(b) A H {l)<H'{i) + E. 

We then put 

Here we take and fix a system of multisections s of the moduli space M. (X, %\ p, 7) 
that is transversal to zero, compatible with the description of the boundary, and 
satisifies the inequality (b) above. We use it to define the right hand side. 

We note that the exponent of T in the right hand side is nonnegative because of 
Lemma 131.121 

Lemma 31.14. 

d E o <$> E - $ B o d = modT^Ao. 

Proof. We use the case of moduli space M{X, H; p, 7) satisfying (a) above and has 
virtual dimension 1. It boundary is described as in Theorem 131.111 The case (2) 
there, counted with sign, gives 8e <&e- 

We consider the case (1) there. We need to consider the case when virtual 
dimension of A4(X, H'; p, p', a) is zero. Using S 1 equivariance of our Kuranishi 
structure and multisection, and Lemma [28. 151 we find that such M(X, H'; p, p 7 , a) 
is an empty set after perturbation, unless a — 0. In the case a = we can prove, 
in the same way as above, that 

M(X, H'; p, p', 0) = M(X, H'; p, p', O) 5 ' 

after perturbation. Therefore case (1) gives $£o9. The proof of Lemma T31. 141 is 
complete. □ 

We have thus defined a chain map 

$ £ : CF(X, H'; A /T E A ) -> CF(X, H; A /T E A ). (31.13) 

We next put H'(t, t, x) — H(—t, t, x). We use it in the same way to define the moduli 
space M(X, "H';7,p). This moduli space has an oriented Kuranishi structure with 
corners and its boundary is described in a similar way as Theorem 131.111 (The 
proof of this fact is the same as the proof of Theorem [3TTTTJ) If it is nonempty then 
we have 

H'(z) > A H (l) - £ + (H'). (31.14) 

Remark 31.15. Here € + (T-L') is certain constant depending only on H' . The 
optimal value is £ + (H — H'). 

We put 

(* B (7),f) = T H '^- A "^ +e+ W#M(X,H; h j) s 
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and obtain a chain map 

^ E : CF{X, H; A Q /T E A Q ) -> CF{X, H'; A /T E A ). (31.15) 

Lemma 31.16. We may choose £. + (H'), <t~{T-L) and such that the following holds 
for£=£+(H , ) + £-{H). 

(1) o is c/iain homotopic to [y] M- 

(2) $£o$ £ is chain homotopic to [7] 1— ^ T e [7]. 

Proof. For S > we define ps : K — > [0,1] such that 

Jl if \r\ <S-1 
PS{T) = \0 if|r|>5, 

and put 

H S (M) =H( Ps (t,x)). 
For y± e Crit(TP) and a € II, we use the perturbation of Cauchy-Riemann equation 
by the Hamilton vector field of Hs, T ,t to obtain a moduli space M(X, H s ; y_ , y+; a) 
in the same way. Its union for S G [0, So] also has a Kuranishi structure whose 
boundary is given as in Theorem Em] (1), (2) and M(X, H s ; y+; a) with S = 

o,s . 

We consider the case S = 0. In this case the equation for A^(X, , y_ , y + ; a) 
is S* 1 equivariant. Therefore it has an S* 1 equivariant Kuranishi structure that 
is free for a ^ 0. For a = we obtain an S 1 equivariant Kuranishi structure 
on M.${X, ^ s=0 ; r_, y + ; 0). Therefore, by counting the moduli spaces of virtual 
dimension we have identity. (It becomes [y] H> T e [y] because of the choice of the 
exponent in the definition.) 

The case S = Sq with So huge gives the composition $eo<1) b . 

(1) now follows from a cobordism argument. 

The proof of (2) is similar. □ 
Using [FOOOll Proposition 6.3.14] we have 

m l 

i/F(X, J ff';A o ) = (Ao)® 6 '®0 A " 



1 T X >A 



here A^, i = 1, . . . , m' are positive real numbers. It implies 

HF(X,H';A) S (A)® 6 '. 

We remark H(X,H';A) = H(X;A) where the right hand side is the singular ho- 
mology. (Note W is a time independent Hamiltonian that is a Morse function on 

Similarly we have 



JiF(i,ff;A„)~(A„re0A- 

i— 1 ' ' 



and 

HF(X, H; A) Si (A)® 6 . 

We take E sufficiently larger than (£ and Aj, A^. Then we can use Lemma T31. 161 to 
show b = b' . (Sec [F0009, Subsection 6.2] for more detailed proof of more precise 
results in a related situation.) The proof of Theorem 131. 1 II is now complete. □ 
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Remark 31.17. (1) The argument of the last part of the proof of Theorem 
l31.11l shows that to prove the inequality (the homology version of Arnold's 
conjecture) 

#qj(fl) > ^ rankff fe (X; Q) (31.16) 

for periodic Hamiltonian system with non-degenerate closed orbit, we do 
not need to use projective limit. We can use HF(X,H;Ao/T e Aq) for 
sufficiently large but fixed E. (Such E depends on H and H' .) 
(2) During the above proof of the isomorphism H(X, H; A) = H(X; A) we did 
not construct an isomorphism among them but showed only the coincidence 
of their ranks. Actually we can construct the following diagram 

CF(A,tf';A /T £ 'A ) C F(X, H; A /T E 'A ) 

(31.17) 

CF{X,H';A /T E A ) CF{X,H;A /T E A ) 

for E < E' . Here the vertical arrows are composition of reduction modulo 
T E and chain homotopy equivalence. (Note this map is not reduction 
modulo T E . In fact the two chain complexes that are the target and the 
domain of the vertical arrows, are constructed by using different Kuranishi 
structures and multisections.) We can prove that Diagram l3 1 . 1 71 commutes 
up to chain homotopy. Then using a lemma similar to Lemma l31.8l we can 
extend <£> B to a chain map CF(X,H';A ) — > CF(X, H;A ). We then can 
prove that it is a chain homotopy equivalence. This argument is a baby 
version of one developed in |FOOOl| Section 7.2]. 

Remark 31.18. As we mentioned at the beginning of Part[5l there is an alternative 
(third) proof of (|31.16|) which does not use S 1 equivariant Kuranishi structure, 
and which works for an arbitrary compact symplectic manifold X. Let H be a 
time dependent Hamiltonian whose 1 periodic orbits are all non-degenerate. Let 
ip : X — > X be the symplectic diffeomorphism that is time one map of the time 
dependent Hamiltonian vector field associated to H. We consider a symplectic 
manifold (X x X, u) © — u). The graph 

L(<p) = {(x,cp(x))\xeX} 

is a Lagrangian submanifold in X x X. Since the inclusion induces an injective 
homomorphism H(L{tpj) = H(X) — > H (X x X) in the homology groups, |FOOQll 
Theorem C, Theorem 3.8.41] implies that the Lagrangian Floer cohomology between 
L(ip) with itself is defined, (after an appropriate bulk deformation). Again since 
L(ip) — > X x X induces an injective homomorphism in the homology, the spectral 
sequence in |FOOOl| Theorem D (D.3)] degenerates at E-i stage and implies 

HF((L( v ),b, b), (L(<p), b, fa); A) = H(L(<p); A) = H(X; A). 

(Here b is an appropriate bounding cochain and fa is an appropriate bulk class.) 
Since L(tp) is Hamiltonian isotopic to the diagonal X, [FOOOll Theorem 4.1.5] 
implies 

HF((L(cp),b, fa), (L(cp), 6, fa); A) S HF((L(cp),b, fa), (X, b', fa); A). 

Note L(ifi)DX = yi(H) and the intersection is transversal. (This is a consequence of 
nondegeneracy of the periodic orbits.) Therefore the rank of the Floer cohomology 
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HF((L((p), 6, b), (A, b', b); A) is not greater than the order of The formula 

(|31.16p follows. 

Note in the above proof we use injectivity of H(L(ip)) —> H(X x X) to show 
that L(<p) (which is Hamiltonian isotopic to the diagonal) is unobstructed (after 
bulk deformation). Alternatively we can use the involution X x X — > X x X, 
(x,y) i — ^ (y, x) to prove unobstructedness of the diagonal. (See [FOOOIO] .) 
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Part 6. An origin of this article and some related matters 

32. Background of this article 

This article is more than 200 pages long and claims no new results. Since this 
is unusual for the article of this length posted in the e-print server, we explain why 
such an article is written in this part. 

This article concerns the foundation of the virtual fundamental chain/cycle tech- 
nique, especially of the one represented by the Kuranishi structure introduced by 
the first and the fourth named authors in |FOnll IFOn2j and slightly rectified by 
the present authors in [FOOOl l Appendix A.l]. There are various articles in the 
electronic network (including the e-print server) that express negative opinions on 
the soundness of the foundation of the virtual fundamental chain/cycle technique, 
not just complaining about lack of details of the proofs. We also have information 
that several people have mentioned negative opinion on the soundness of the foun- 
dation of the virtual fundamental chain/cycle technique in various occasions such 
as lectures or talks in conferences or workshops. 

However the authors of the present article were not directly asked or pointed out 
explicit gaps or objections in our writing before such negative opinion was expressed 
in the articles for public display. In addition there have been presented some lec- 
tures or talks in which such negative opinions on virtual fundamental chain/cycle 
technique with the authors of the present article not being present. 

We point out that the foundation of the virtual fundamental chain/cycle tech- 
nique was established in published and refereed journal papers ( [FOn2 | [LiTii ILiuTi[ 
IRu2|, [Bi2 ) by various authors. Most of such articles were written in the year 
1996 that is 1 6 years ago. Various articles C jCieMohl ICMRSl lFu2l IFUOOll IHWZl 
Uoll IJo2[ ILiul ILiuTil ILuTl IMcl ISilj ) on the foundation of the virtual fundamental 
chain/cycle have also been written and/or published. 

During these 16 years, virtual fundamental chain/cycle technique have been ap- 
plied for numerous purposes of different nature and by many authors successfully. 
Moreover in the course of generating these applications, all the technical incomplete- 
ness or inconsistency in its foundation have been exposed and corrected through the 
subsequent underpinning and systematic usages of virtual fundamental chain/cycle 
techniques in many different ways. 

Nevertheless the fact that various negative opinions on the soundness of the foun- 
dation of the virtual fundamental chain/cycle technique spread out in public has 
caused significant reservation for various mathematicians, especially younger gen- 
eration of mathematicians, to use this technique for their purposes. We are afraid 
that this will cause certain delay of the development of the relevant mathematics 
as a whole. 

On the other hand, when these negative opinion on the foundation of the virtual 
fundamental chain/cycle technique were expressed, most of them were not written 
in the way that explicitly specify and/or pin down the point of their concern. This 
fact and the fact that we were not directly asked questions or objections, made 



When the book IFOOOll was published, we corrected or supplied more detail on Kuranishi 
structure about all the points we were directly told or we found ourselves. After IFOOQl| was 
published, we have not directly heard of problems or objections about our writings until March 
2012. There are a few exceptions: (1) A few people asked us to write more about analytic issue 
(more than we wrote in [FOOOll Section A1.4]). We know indirectly that such demands exist 
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it very difficult for us to try to eliminate such obstructions to the applications of 
virtual fundamental chain/cycle technique. 

Finally, there was set up the occasion of a group of invited mathematicians dis- 
cussing the soundness of the foundation of the virtual fundamental chain/cycle tech- 
nique in the google group named 'Kuranishi' (its administrator is H. Hofer) through 
which questions asked directly to the present authors. Especially, K. Wehrheim 
sent us a list of questions on March 13, 2012 which she thought were problematic 
in the existing literature. We took this opportunity and did our best to change the 
above mentioned situation so that other mathematicians can also freely use virtual 
fundamental chain/cycle technique. 

For this purpose, we temporarily halted most of our other on-going joint projects 
and have been concentrated in preparing answers to Wehrheim's questions in the 
google group 'Kuranishi' in great detail as complete as possible and also in replying 
to all the questions asked further there. The pdf files [Fug], |FOn3j . [FOOQ6j . 
[FOOQ7] [F0008] were uploaded to the google group 'Kuranishi' for this pur- 
pose during this discussion. They form the main parts of this article (after minor 
modification [3) . 

After we had uploaded those files that we thought answered all the questions 
raised by Wehrheim, an article [MWj of McDuff and Wehrheim was posted in the 
arXiv. The article contains some objections or negative comments about the sound- 
ness of the foundation of the virtual fundamental chain/cycle technique, especially 
of the Kuranishi structure laid out in [FOn2], |FOOOl| . Unfortunately, the ar- 
ticle does not even mention the presence of our replies }Fu6j . |FOn3j . |FO Q06j. 
|FOQ07j F0008 to those objections and criticisms. As far as we are concerned, 
those objections had been already replied and confuted in our files |Fu6| . |FOn3j . 
[FOOQ6) . 1FOOQ7I |FOQ08j . We will explain in Section [35] more explicitly on 
these points. 

33. Our summary of the discussion at google group 'Kuranishi' 

In this section we present a summary of our discussion in the google group 
'Kuranishi' from our point of view. There are several discussions at the beginning 
of this google group, but we skip them since we were not directly involved in that 
discussion. The discussion we were directly involved in are related to the questions 
by K. Wehrheim. On March 13 2012, she sent a series of questions about Kuranishi 
structures. The first of them is: 

1.) Please clarify, with all details, the definition of a Kuranishi structure. And 
could you confirm that a special case of your work proves the following? 

(1) The Gromov-Witten moduli space Aii(J, A) of J-holomorphic curves of 
genus 0, fixed homology class A, with 1 marked point has a Kuranishi 
structure. 

(2) For any compact space X with Kuranishi structure and continuous map 
/ : X — >■ M to a manifold M (which suitably extends to the Kuranishi 
structure), there is a well defined /*[A] vlr 6 H*{M). 



among other people too. (2) The first named author had some e-mail discussions with D. Joyce. 
(3) D. McDufT also asked some questions to us. 

■^There are certain corrections especially to IFOn3l . which becomes Part[2]of this article. We 
mentioned them as Remarks 15.201 [7.301 
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We replied in |Fu6j as follows: 

Question 1 (1) Yes. (2) We need to assume / to be strongly continuous and 
Kuranishi structure has tangent bundle0 and orientation. 

This question is rather formal so there is nothing more to explain here. The next 
two questions are: 

2. ) The following seeks to clarify certain parts in the definition of Kuranishi 
structures and the construction of a cycle. 

(1) What is the precise definition of a germ of coordinate change? 

(2) What is the precise compatibility condition for this germ with respect to 
different choices of representatives of the germs of Kuranishi charts? 

(3) What is the precise meaning of the cocycle condition? 

(4) What is the precise definition of a good coordinate system? 

(5) How is it constructed from a given Kuranishi structure? 

(6) Why does this construction satisfy the cocycle condition? 

3. ) Let X be a compact space with Kuranishi structure and good coordinate 
system. Suppose that in each chart the isotropy group T p — {id} is trivial and 
Sp : U p —> E p is a transverse section. What further conditions on the sp 1 do you 
need (and how to you achieve them) in order to ensure that the perturbed zero set 
X v = U p (sp)~ 1 (0)/ ~ carries a global triangulation, in particular 

(1) X v is compact, 

(2) X v is Hausdorff, 

(3) X v is closed, i.e. if X u = (J A„ is a triangulation then ^ f(dA n ) = 0. 
Some part of Question 2 concerns the notion of germ of Kuranishi neighborhood. 

We explain this issue in Subsection 134.11 As we explain there we do not use the 
notion of germ of Kuranishi neighborhood in FOOOl . Definition ^. 4l in this article 
is the same as [FOOOll Definition A1.5]. So at the time of this question asked, 
the point related to the notion of 'germ of Kuranishi coordinate' had been already 

corrected in jFOOOlj . 

The most important statement in our answer |Fu6] to Question 3 is: 

No further condition on s v p is necessary if it is close enough to original Kuranishi 
map and if we shrink U p 's during the construction. 

In |FOn3] , we explained construction of the good coordinate system and virtual 
fundamental chains based on the definition of |FOOOl] and confirmed the above 
statement in detail. It provides an answer to Questions 2) and 3). (The outline 
of that construction is given in [Fu6 .) A few typos were pointed out and were 
immediately corrected. Then the discussion at the google group on this point 
stopped for a while. 

In the mean time, we continued posting other parts |FOOQ6j . |FOOQ7j . [F0008 
of our answer. After we had finished posting the last answer file }FOOQ8j . which 
we thought had answered all the questions raised by K. Wehrheim, a version of the 
manuscript by McDuff and Wehrheim was posted to the google group 'Kuranishi', 
which soon appeared in the e-print arXiv as the article [MWj . Then discussions 

We need to take the version of |FOOOlj not of [FOn2 for the definition of the existence of 
tangent bundle. 

■^We remark that Hausdorffness was a point mentioned by several people in the talks by 
McDuff and Wehrheim at Institute for advanced study in March and April 2012. 
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on Questions 2), 3) were restarted in the google group 'Kuranishi'. McDuff asked 
several questions and then pointed out an error in |FOn3] . We acknowledged it 
was an error and at the same time posted its correction. This correction is used 
in Section [7] of this article. We acknowledge McDuff for pointing out this error in 
Remark 1 7. 301 In the presence of Example 6.1.14 given in [MWj . we wrote the proof 
of Hausdorffness and compactness, which appeared in Sections 2 and 4 of |FOn3] . 
more carefully. It then became Sections [5j [7] and [8] of this article. Thus Part [2] of 
present article answers Questions 2 and 3 in great detail. Namely the answer to 
Question 2 (1) is Definition 14.31 the answer to Question 2 (2) is explained in Sub- 
section [34TJ the answer to Question 2 (3) is Definition 14.41 the answer to Question 
2 (4) is Definition I5.3[ the answer to Question 2 (5) (6) are given in Section [7] The 
answer to Question 3 (1) is Lemma [6.111 the answer to Question 3 (2) is Corollary 
I5.21) and the answer to Question 3 (3) is Lemma T6. 151 

As we mentioned in the introduction, according to our opinion the points ap- 
pearing in Questions 2 and 3 are of technical nature. 

The next question was: 

4.) For the Gromov-Witten moduli space A4i(J,A) of J-holomorphic curves 
of genus with 1 marked point, suppose that A g H2(M) is primitive so that 
A4±(J, A) contains no nodal or multiply covered curves. 

(1) Given two Kuranishi charts (U p ,E p ,T p = {id},...) and (U q ,E q ,T q = 
{id},...) with overlap at [r] € Mi(J,A), how exactly is a sum chart 
(U r , E r , . . .) with E r ~ E p x E q constructed? 

(2) How are the embeddings U p D U pr <-»• U r and U q D U qr '-t U r constructed? 

(3) How is the cocycle condition proven for triples of such embeddings? 

This question addresses only a very special case in the standard practice of the 
common researches in the fieldJ3 It appears to us that the only point to mention 
is about how we associate the obstruction space E(u') to an unknown map v! 
(equipped with various other data) . Namely the Kuranishi neighborhood is the set 
of the solutions of the equation dv! = mod E(u'). 

The answer which was in the first named author's google post |Fu6j was as 
follows. (We slightly change the notations below so that it is consistent with the 
argument in Part [4] of this article.) 

We cover the given moduli space by a finite number of sufficiently small closed 
sets 9Jl Pc of the mapping space each of which is 'centered at' a point p c € 9Jt Pc 
that is represented by a stable map ((£« z c ), u c ). (£ c is a (bordered) Riemann 
surface and z c — (z c> i, • ■ • , z c ,m) are marked points. (Interior or boundary marked 
points.) u c : S c — > X is a pseudo-holomorphic map.) We fix a subspace E c of 
r(S c ; u*TX <g) A 0,1 ) as in (12.7) in page 979 of |FOn2| . For p = ((E p ,z p ),u p ) we 
collect E c for all c with p e 97l Pc and the sum of them is E p . The Kuranishi 
neighborhood of p is the set of solutions of 

du' = mod .Bp. (33.1) 
We will discuss the way how we identify E c to a subset of T(E'; (u')*TX ® A 0,1 ) 
in case ((£' ,z'),u') is close to ((S p ,z p ),u p ). 



In fact we do not need to use virtual fundamental cycle in the case appearing in this question. 
Since the pseudo-holomorphic curve appearing in such a moduli space is automatically somewhere 
injective, the transversality can be achieved by taking generic J. 
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When we fix E c we also fix finitely many additional marked points w c = (w C j) 
where w C j £ S c , j — 1, . . . , k c at the same time and take transversals T> C j as in 
|FOn2[ Appendix]. We take sufficiently many marked points so that after adding 
those marked points (£ c , z c U w c ) becomes stable. 

We consider ((£', z 1 ), u'). For each c we add marked points w' c = {z* c j), w' c j e S, 
j = 1, . . . , fcj to (S', z 1 ) so that is on T> c j . We add them to obtain (£', U 
w' c ) that becomes stable, for each c. We require that it is close to (S c , z c U w c ) 
in Deligne-Mumford moduli space (or its bordered version). Then we obtain a 
diffcomorphism (outside the neck region) from S c to £' which sends z c U w c to 
z 1 U w' c , preserving the enumeration. (See |FOn2[ Lemma 13.18 and Appendix].) 
Using this diffeomorphisni and (complex linear part of) the parallel transport on 
X (the symplectic manifold) with respect to the Levi-Civita connection along the 
minimal geodesic joining u'(w' C j) with u c (w C j) (where w C j € E c is identified with 
w' c j £ £' by the above mentioned diffeomorphism) , we send E c to a set of the 
sections of (u')*TX ® A ' 1 on We do it for each of c. (In other words the 
stabilization we use depends on c.) Thus each of E c is identified with a subspace of 
r(E'; (u')*TX ® A - 1 ). We take its sum and that is E p at (S', z 1 , (w' c )). 

We have thus made sense out of (|33. 1[) . 

An important point here is that the subspace E c C T(S'; (u')*TM ® A 0,1 ) at 
(£', z 1 , (w' c )) is independent of p as far as (£', f ) is close to p. The data we use for 
stabilization is chosen on p r (not on p) once and for all. This is essential for the 
cocycle condition to hold 39 !. 

(2), (3). Once (1) is understood the coordinate change cf>^ is just a map which 
send an en element ((£', z"), u') to the same element. So the cocycle condition is 
fairly obvious. [End of an answer in [Fu6 ] 

We were then asked further details to provide and responded to their requests 
by the posts |FOOQ6| and [F0007 . Those answers discuss much more general 
case than the case asked in Question 4. We provided this general answer because 
there was also the demand for providing more details of the gluing analysis. 

The case asked in Question 4 is of course contained in |FOOQ6] and |FOQ07j 
as a special case. More specifically, our answers to the questions in Question 4 are 
given as follows: 

(1) [FOOQ71 Prosition 2.125] = Proposition 12L14J (It is based on |FOOQ71 
Definition 2.60] + |FOOQ71 Definition 2.63] + |FOOQ7| Definition 2.119] 
= Definitions IT8T21 \18A5\ l2l"8l) 

(2) The proof is completed in [FOOQ 7J Subsec tion 2.10 (2.385)] = Sectional 
P17f]) . based on technical lemma |FOOQ7l Lemma 2.163] =Lemma [2XT1 
The main part of the construction is [FOOQ71 Propositions 2.131 and 2.152] 
= Propositions I2T41 and I21T71 

(3) The proof is completed in |FOOQ71 Subsection 2.10 (page 119)] = Section 
[Ml The main part of the proof is [FOOQ71 Lemma 2.145 and Proposition 
2.158] = Lemma and Proposition 123. 131 

39 Since Equation 1 133. Il l makes sense in the way independent of p it seems possible to simply 
take the union of its solution space to obtain some Hausdorff metrizable space. That can play a 
role as the metric space that contains all the Kuranishi neighborhoods. However we insist that we 
should not build the general theory of Kuranishi structure under the assumption of the existence 
of such an ambient space, since it will spoil the flexibility of the definition of the general story we 
have. 
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There was the following additional question asked by Wehrheim on March 23. 

Q4: "Assuming that I understand your construction of a single Kuranishi chart 
in [FOn]@ I would like to see all the details of constructing this simplest sum 
chart (which in [FOn] are rather scattered, as you said). In particular, I would 
like to see the very explicit Fredholm setup for the set of solutions of (0.5) ... i.e. 
what is the Banach manifold? What is the Fredholm operator? Why is it smooth 
/ transverse? Or ... if you work with gluing maps and infinitesimal local slices 
... maybe you could give the construction in a series of lemmas without proofs. 
Then I can ask about specific proofs. In fact, in that case I could ask directly to 
get a proof of injectivity / surjectivity / continuity of inverse for the map tp from 
the " complement of tangent space to automorphism group in the domain of gluing 
map" to the moduli space. I couldn't see much of an explanation in [FOn] in this 
case without Deligne-Mumford parameters." 

Our reply to it (which was sent at the same time as |FOOQ7] ) was as follows: 

The Banach manifold we use to define smooth (or C m ) structure is one of C m 
maps from the compact subset of Riemann surface to X. (See the proof of [F OOQ71 
Lemma 2.133] = Lemma CHU and 1FOOQ71 Section 3.2] = SectionCH]) EJ We may 
use also the space of maps. Because of elliptic regularity there is no difference 
which one we use. 

The Fredholm operator appearing in the gluing construction is [F00 07, (2.247)] 
= (|19.36|) . This is not exactly the linearization operator of the equation. We still 
have extra coordinate while solving equation. Correct moduli space is obtained by 
cutting the solution space down by putting some constraints. 

The injectivity / surjectivity / continuity of inverse of the map ip is proved in 
[FOOQ71 Proposition 2.102] = Proposition 120. Ill (More precisely, injectivity in 
[FOOQ7| Lemma 2.106]=Lemmal20J51 surjectivity in [FOOQ71 Lemma 2.105] = 
Lemma BO.MI and continuity in FOOQ7, Lemma 2.108] = Lemma r20.17l are proved 
respectively.) Its proof uses injectivity / surjectivity of the thickened moduli space 
that is a part of [F00071 Theorem 2.70] = Theorem HOI (The proof of that 
injectivity / surjectivity is given in |FOOQ7| Subsection 1.5] = Section H4l) 

Automorphism group of the domain is killed by adding marked points to the 
source. 

After the discussion at the google group resumed, we were asked to explain the 
following two points by Wehrheim and McDuff (There were a few other points. 
But the two points below were the major points of their concern of that time, we 
think). When we set up the equation (|33.ip . we use the additional marked points 
w' c j on the source £' of the map u' there. Therefore the thickened moduli space also 
involves the added marked points and has dimension bigger than the given virtual 
dimension by 2 x jf={w' c . -,}. To kill off this extra dimension, we put the constraint 

uV^) G V C3 (33.2) 

on the choice of w' 4 . 

(A) The question was whether this constraint equation is transversal or not. 



4 ^[FOn] is _FOn2] in the reference of this article. 

41 More precisely we take a product with an appropriate Deligne-Mumford moduli space (that 
includes the gluing parameter). 
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We replied that the transversality of this equation had been proved in the course 
of the proof of Lemma [2077] etc. 

The right hand side E p of the equation (133.11) actually depends on u'. Let us 
write it as Ep(u'). 

(B) The question was whether this forms the smooth vector bundle when we 
vary the associated parameter space of u"s and etc. (in an appropriate 
function space). 

Our answer (Aug. 2) was as follows: 

This point is remarked in |FOOQ71 footnote 17 p. 77] = footnote 23 in SectionfTOl 
and also in [FOOQ61 Remark 1.39] = Remark Tl 3 .71 Also during the proof of gluing 
analysis, we need to take (second) derivative of the projection to the obstruction 
bundle. The projection to the obstruction bundle is calculated in Formula |FOOQ6l 
(1.39)] =(fl2^]l. We take its derivative in [FOOQ61 (1.40)] = flgj D- Exist ence of 
this (and higher) derivative is obvious from the explicit formula |FOOQ6l (1-39)] 

= gzat . 

In the proof of [FOOQ61 Lemma 1.22] = Lemma [12.121 which is the key estimate 
for the Newton's method to work in gluing analysis, the estimate of the second 
derivative of the projection to the obstruction bundle becomes necessary. More 
explicitly, it appears in |FOOQ6[ (1.58)] = (|12.27j) . 

However since we were specifically asked to provide more details we replied to 
it. We reproduce our reply in Subsection 134.41 

The fifth question of Wehrheim was: 

5.) How is equality of Floer and Morse differential for the Arnold conjecture 
proven? 

(1) Is there an abstract construction along the following lines: Given a com- 
pact topological space X with continuous, proper, free S^-action, and a 
Kuranishi structure for X/S 1 of virtual dimension — 1, there is a Kuranishi 
structure for X with [A] vir = 0. 

(2) How would such an abstract construction proceed? 

(3) Let X be a space of Hamiltonian Floer trajectories between critical points of 
index difference 1, in which breaking occurs (due to lack of transversality). 
How is a Kuranishi structure for X/S 1 constructed? 

(4) If the Floer differential is constructed by these means, why is it chain homo- 
topy equivalent to the Floer differential for a non-autonomous Hamiltonian? 

The reply in |Fu6j was as follows: 

(1)(2) I do not think it is possible in completely abstract setting. At least I 
do not know how to do it. In a geometric setting such as the one appearing in 
page 1036 }FOn2j . Kuranishi structure is obtained by specifying the choice of the 
obstruction space E p for each p. We can take E p in an S 1 equivariant way so the 
Kuranishi structure on the quotient X/S 1 is obtained. And it is a quotient of one 
on A. S 1 equivariant multisection can be constructed in an abstract setting so if 
the quotient has virtual dimension —1 the zero set is empty. 

(3) We can take a direct sum of the obstruction bundles, the support of which 
is disjoint from the points where two trajectories are glued. In the situation of (1) 
the obstruction bundle is S 1 x S 1 equivariant. The symmetry is compatible with 
the diagonal S 1 action nearby. 
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(4) It is |FOn2| Theorem 20.5]. 

We then were requested to explain more detail. We sent |FOOQ8] to the google 
group, which contains the required detail. It becomes Part [5] of this article. 

There were no further questions or objections to the points concerning Question 
5) so far in the google group. 

At the time of writing this article (Sep. 10) all the questions or objections asked 
in the google group 'Kuranishi' were answered, supplemented or confuted by us. 

34. Explanation of various specific points in the theory 

In this section we mention some of the points which we were asked on the foun- 
dation of the virtual fundamental chain/cycle technique and explain why they do 
not affect the rigor of the virtual fundamental chain/cycle technique. We have 
already discussed most of them in the main body of this article. The discussion 
of this section mentions other method to the problem also and sometimes discuss 
some special case to clarify the idea. 

34.1. A note on the germ of the Kuranishi structure. In |FOn2] the notion 
of 'germ of Kuranishi neighborhood' is defined as follows. Let (V p , E p , T p , ip p , s p ), 
(Vp, E' , V , ip' p , s' p ) be a Kuranishi neighborhoods centered at p € X be as in Defini- 
tion |4Tj We say that they are equivalent if there is a third Kuranishi neighborhood 
(V;, E 1 ;, Y>;, s£) together with: 

(1) Isomorphisms 

r ~ r" ~ r' 
L p — 1 p — L p- 

(2) Equivariant open embeddings 

v p V P' v p y f 

(3) Fiberwise isomorphism bundle maps 

V; x E 1 ; ^V p x E p , Vp x E'p' ->■ Vp 1 x E' p . 

which cover the open embeddings in (2) and are equivariant. 

(4) They are compatible with ip p , s p in an obvious sense. 

The equivariant class is called a germ of Kuranishi neighborhood. It was used for a 
similar germ version of coordinate change. Together with compatibility condition 
which is a 'germ version' of Definition 14.41 (2) . the definition of Kuranishi structure 
was given in |FOn2j . 

The main trouble of this definition is as foUowsH Using the open embedding of 
(2) above we obtain a diffcomorphism between neighborhoods of o p in V p and in V p . 
However such a diffeomorphism is not unique. The germ of such diffeomorphisms 
at o p is not unique either. (The compatibility with tp p implies that its restriction 
to the zero set of the Kuranishi map s p is unique.) 

We then consider the coordinate change. Suppose we have a coordinate change 
{4> pq , 4> pq , h pq ) from a Kuranishi neighborhood (V q , E q , T q , ip q , s q ) centered at q to a 
Kuranishi neighborhood (V p , E p , T p , ip p , s p ) centered at p. (Here q £ lmip p .) 

We next take another pair of Kuranishi neighborhoods (Vg,E q ,r' q ,i/j' q ,s' q ) and 
(V p , E p , T' tp', S') of q and p respectively. 



This point was mentioned by the first named author on 19th March 2012 in his post to the 
google group Kuranishi. 
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We assume that (V q ,E' q ,r' q ,^' q ,s' q ) and (Vl,E',F','ip',s' p ) are equivalent to 
(V q , E q , T q , tp q , s q ) and (V p , E p , T p , ip p , s p ), respectively. 

Then if we choose the diffeomorphisms such as item (2) above between 

(a) A neighborhood of o p in V p and a neighborhood of o p in V p , 

(b) A neighborhood of o q in V q and a neighborhood of o q in V q , 

we can use them together with (<j) pq , 4» pq , h pq ) to find a coordinate change (4>' pq , <fi' pq , h' pq ) 
from (V^,E q ,T' q ,ij' q ,s' q ) to (V p , E' p , T' p , ip' p) s' p ). 

The problem lies in the fact that this induced coordinate change ((j)' pq , 4>' pq , h' pq ) 
does depend on the choice of the diffeomorphisms (a)(b) above. It does depend on 
it even if we consider a small neighborhood of o q . 

As a consequence, it is hard to state the compatibility condition between two dif- 
ferent coordinate changes in the way independent of the choice of the representative 
of the germs of the Kuranishi neighborhood. 

So the meaning of the statement that coordinate changes are compatible which 
uses the language of germs is ambiguous from the writing in |FOn2j . This is indeed 
a mathematical error of }FOn2] . 

Remark 34.1. At the time of our writing of [FOOOll Appendix] however, we 
became aware of the danger of the notion of germs of Kuranishi neighborhoods and 
etc. This was the reason why we rewrote the definition of the Kuranishi structure 
therein so that it does not involve the notion of germs. However our understanding 
of the above mentioned problem at that time was not as complete as now. That is 
the reason why we did not mention it in [FOOOl] . 

A correct way of clarifying this point, which was adopted in |FOOOl] and in this 
article, is as follows. We take and fix representatives of Kuranishi neighborhoods 
for each p. We also fix a choice of coordinate changes between the Kuranishi neigh- 
borhoods, which are representatives of coordinate changes between the Kuranishi 
neighborhoods of each p and q € ip P (s~ 1 (0)). Here we fix a coordinate change not 
its germ. Then the compatibility between coordinate changes has definite meaning 
without ambiguity. 

Note that the representatives of Kuranishi neighborhoods and coordinate changes 
were taken and fixed in the proof of the existence of the good coordinate system 
in |FOn2j . as mentioned explicitly in |FOn2[ (6.14.2), (6.19.2), (6.19.4)]. Also the 
Kuranishi neighborhood and coordinate changes between them appearing in the 
good coordinate system are the representatives but not the germs. (This point is 
emphasized in [FOn2j Remark 6.2].) By this reason the proof of existence of the 
good coordinate system in |FOn2[ Lemma 6.3] is correct notwithstanding the error 
mentioned above, if we take the definition of Kuranishi structure from jFOOOl] , 
The proof of the existence of good coordinate system which is Theorem 1 7. II is given 
in Section [7] uses the same idea as the proof of IFOn2[ Lemma 6.3], but contains 
more detail. 

Another issue was mentioned by D. Joyce on March 19 in the google group 
'Kuranishi' and also during the E-mail discussion with the first named author. 

Let us consider a germ of coordinate change from a Kuranishi neighborhood of q 
to one of p. The issue is that we can't regard p and q as fixed: since we can always 
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make V p smaller in the germ, for fixed p and q you can always make V p , V q smaller 
in their germs so that they do not overlap, and there is nothing to transformF^ 

It seems that we can go around this problem by carefully choosing the way of 
defining the notion of the germ of coordinate change etc. However since we have 
already modified the definition and eliminate the notion of germ from our definition 
because of the first point, we do not discuss this second issue any more. 

We remark that in his theory |Jo2j . Joyce pushed the sheaf-theoretic point of 
views to its limit and, we believe, his approach gives more thorough and system- 
atic answers to this problem. On the other hand, our purpose here is to provide 
the shortest rigorous way of constructing virtual fundamental cycles/chains in the 
situation where we apply the moduli space of pseudo-holomorphic curve etc. to 
symplectic geometry, mirror symmetry and etc.. The way taken in [FOOOi] and in 
this article lies rather at the opposite end of Jo2 in this respect. We restrict our 
attention to effective orbifolds and then restrict maps between them to embeddings. 
In this way, we can study orbifolds and maps between them in a way as close as 
possible to the way we study manifolds and smooth maps between them. In |Jo2] 
the most general case of orbifolds and morphisms between them arc included. To 
handle such general case, the language of 2-category is systematically used in |Jo2j . 


Part[2]of this article contains the construction of virtual fundamental chain/cycle 
and the proof of its basic property. The proof we provide is, in our opinion, strictly 
more detailed than is required in the standard research articles. Nevertheless it is 
much shorter than other articles discussing similar points using different approach. 

34.2. Construction of the Kuranishi structure on the moduli space of 
pseudo-holomorphic curve. One of the objections to the virtual fundamental 
chain/cycle technique, which we (mainly indirectly) heard of before 2009 and some- 
times after that, is about the construction (or existence) of the (smooth) Kuranishi 
structure on the moduli space of pseudo-holomorphic curves in various situations. 

Most of this problem is of analytic nature. The main point we heard of is about 
the gluing (or stretching the neck) construction and the smoothness of the resulting 
coordinate changes between the Kuranishi neighborhoods obtained by the gluing 
(or stretching the neck) construction. 

We mentioned this point in the introduction and have provided one analytical 
way of constructing smooth Kuranishi structure with corners in detail in Parts [3] 
and [4] of the present article. 

Here we discuss this point again at the same time mentioning another more 
geometric way of constructing such structure. 

There is a well-established technique of extracting the moduli space as a manifold 
with boundary in certain circumstances. It was used by Donaldson in gauge theory 
(in his first paper |Dlj to show that 1 instanton moduli of ASD connections on 4 
manifold M with = has M as a boundary.) According to this method one 
takes certain parameter (that is, the degree of concentration of the curvature for 
the case of ASD equation and the parameter T in the situation of Paxt[3j. We 
consider the submanifold where that parameter T is sufficiently large, say Tq. We 



This sentence is copied from D. Joyce's post on March 19 to the google group Kuranishi. 
^As we mentioned before this seems to be the correct way to study Kuranishi space, as its 
own, which is not our purpose here. 
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throw away everything of the part where T > Tq. Then the slice T = To becomes 
the boundary of the 'moduli space' we obtain. It was more detailed in a book by 
Freed and Uhlenbeck |FU] in the gauge theory case. Abouzaid used this technique 
in his paper |Abj about exotic spheres in T*S n , including the case of corners. At 
least as far as the results in |FOn2j are concerned we can use this technique and 
prove all the results in [FOn2 since we have only to study the moduli space of 
virtual dimension and 1 only. In other words we can use something like Theorem 
110.101 for a large fixed T, but does not need to estimate the T derivative or study 
the behavior of the moduli space at T = oo. 

The reason is as follows. Suppose that the moduli space in consideration carries 
the Kuranishi structure of virtual dimension 1 or 0. Then when we consider the 
corners of codimension 2 or higher the restriction of the moduli space to that 
corner has negative virtual dimension. So after a generic multivalued perturbation 
the zero set on the corner becomes empty. So all we need is to extend multivalued 
perturbation to its neighborhood. We remark that C° extension is enough for this 
purpose. 

For the case of moduli space of virtual dimension 1, after generic perturbation we 
have isolated zeros of the perturbed Kuranishi map on the boundary. So, for large 
To, Theorem l 1 . 1 01 or its analogue implies that set of zeros on the 'boundary T = To' 
has one-one correspondence with that of the actual boundary (T = oo). Because 
of this, we do not need to carefully examine what happens in a neighborhood of 
the set T = oo. All we need is to extend this given perturbation at T = Tq to the 
interior. 

We also remark that it is unnecessary to show differentiability of the coordinate 
change at this boundary. This is because the zero set at the boundary is isolated. 

This argument is good enough to establish all the results in |FOn2] . 

As we mentioned explicitly in [FQn2l page 978 line 13] our argument there, in 
analytic points, is basically the same as in [McSaj . (Let us remark however the 
proof of 'surjectivity' that is written in |FOn2| Section 14] is slightly different from 
one in [McSaj .) So the novelty of |FOn2] does not lie in the analytic point but in 
its general strategy, that is 

(1) Define some general notion of 'spaces' that contain various moduli spaces of 
pseudo-holomorphic curves as examples and work out transversality issue 
in that abstract setting. 

(2) Use multivalued abstract perturbation, which we call multisection. 

When we go beyond that and prove results such as those we had proved in 
[FOOOlj . we need to study the moduli spaces of higher virtual dimension and 
study chain level intersection theory. In that case we are not sure whether the 
above mentioned technique is enough. (It may work. But we did not think enough 
about it.) This is not the way we had taken in |FOOOlj . 

Our method in [FOOOlj was to use exponential decay estimate ([FOOOl , Lemma 
A1.59]) and to use s = 1/T as the coordinate on the normal direction to the stra- 
tum to define smooth coordinate of the Kuranishi structure. Here T is the gluing 
parameter arising from the given analytic coordinate z centered at the puncture 
associated to the marked point. More specifically, we have T = — In \z\ (and hence 
s = e-VN.) 

We refer |FOOQl| Subsection Al.4] and |FOOQl| Subection 7.1.2] where this 
construction is written. 
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In Parts [3] and HJ we provide more details of the way how to use alternating 
method to construct smooth chart at infinity following the argument in |FOOOl| 
Subsection A1.4]. 

34.3. Comparison with the method of |FOn2j Sections 12-15 and of |FOn21 
Appendix] . During the construction of the Kuranishi neighborhood of each point 
in the moduli space of pseudo-holomorphic curve, we need to kill the automorphism 
of the source curve and fix the parametrization of it. Let us call this process 
normalization in this subsection. 

In |FOn2j we provided two different normalizations. One is written in Sections 
12-15 and the other is in Appendix. Here is some explanation of the difference 
between two approaches. There are two steps for this normalization process. 

Step (1) To fix a coordinate or parametrization of the source. 
Step (2) To kill the ambiguity of the parametrization in Step (1). 

The difference between two techniques mainly lies in Step (2). 

The techniques of the appendix is certainly not our invention. It was used by 
many people as we quoted in Remark 117.11 We believe it was already a standard 
method when we wrote it in 1996. 

In both techniques, we need to fix a parametrization of the source curve. (Step 
(1).) In case we construct a Kuranishi chart locally, this is not a serious matter 
because we fix a parametrization of the source at the center of the chart and use it 
to fix a parametrization nearby. Transferring obstruction bundles centered at some 
points to another point (on which we want to define an obstruction bundle) is more 
serious issue. This point is discussed in |FOn21 Section 15]. 

In both techniques we used the method to stabilize the curve by adding marked 
points. In [FOn2,, Sections 12-15] it is written in page 989. There we add marked 
points to reduce the isotropy group to a finite group. (It is the isomorphism in 
(13.19).) In the appendix it is written in page 1047. 

The difference of the two techniques lies in the way how we kill the ambiguity. 
(Step (2) above.) Namely, there are more parameters than the expected dimension 
of Kuranishi neighborhood. 

In |FOn21 Sections 12-15] it is done by requiring the local minimality of the 
function 'meandist' (15.5). Namely we require the map u' to be as close to u by 
the given parametrization. (Here u is the map part of the object that is the center 
of the chart and u' is the map part of the object that is a general element of the 
Kuranishi neighborhood). This is a version of the technique called the center of 
mass technique which was discovered by K. Grove and H. Karchcr in Ricmannian 
geometry GrKa . Probably using this technique in this situation was new and was 
not so standard. 

On the other hand, in [FOn2, Appendix], the ambiguity is killed by putting 
codimension 2 submanifolds and requiring that the marked points to land on those 
submanifolds. (As we mentioned above this was already a standard technique at 
the stage of 1996). 

Both techniques work. But later we mainly use the technique given in the ap- 
pendix. For example, in [FOOOH p424] we wrote as follows. 



4 ^This subsection is mostly the copy of our post to the google group Kuranishi on August 3. 
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For the case where is unstable, we use Theorem 7.1.44 and proceed as 

follows. (The argument below is a copy of that in Appendix [FuOn99II@. There 
is an alternative argument which will be similar to Section 15 [FuOn99II].) We 
add some interior marked points z + so that (£, z, z^) becomes stable. We may 
also assume the following (7.1.48.1) Any point zf~ lie on a component where w is 
non-trivial. (7.1.48.2) w is an immersion at each point of z<~ . 

By the same reason as in the appendix [FuOn99II] , we can make this assumption 
without loss of generality. We choose Q 2n ~ 2 C M (a submanifold of codimension 
2) for each zf € a + such that Q 2n ~ 2 intersect with w(H) transversally at w(zf). 



There is a similar sentence in page 566 of the year-2006 preprint version of our 
book. 

Let us add a few words about the use of 'slice' in |FOn2[ Section 12]. There 
we first consider the space of maps with the parameter of the source fixed. Then 
we obtain a family of solutions (of nonlinear Cauchy-Riemann equation modulo 
obstruction bundle) parametrized by a finite dimensional space, (that is Vj' which 
appears in the three lines above from |FOn2[ Theorem 12.9].) This part is |FOn2[ 
Proposition 12.23]. 

This space is not the correct Kuranishi neighborhood since it has too many pa- 
rameters. (The extra parameters correspond to the automorphism group of the 
source that is finite dimensional, though.) We take a slice at this stage. Namely we 
use in place oiV^~. (This is FOn2, Lemma 12.24] that comes after |FOn2[ Propo- 
sition 12.23].) So when we take a slice, the space in question is already a solution 
space of the elliptic PDE and so consists of smooth maps. The reparametrization 
etc. is obviously smooth. 

From this point of view, the situation is essentially different from gauge the- 
ory. When we consider the set of solutions of ASD equation (without gauge fixing 
condition), we will get some infinite dimensional space and its element may not be 
smooth because of the lack of ellipticity. Dividing it by the infinite dimensional 
gauge transformation group is indeed a nontrivial analytic problem. So usually 
people study the process of gauge fixing and solving ASD equation at the same 
time. Then analysis is certainly an issue at that stage. 

Note that the action of the group of diffeomorphisms is mentioned at the begin- 
ning of |FOn21 Section 15]. If one reads this part conscientiously, one finds that 
it occurs during the heuristic explanation why some approach (especially the same 
approach as gauge theory) has a trouble and is not taken in |FOn2] Section 15]. 
The infinite dimensional group of diffeomorphisms appears only here in |FOn2) and 
so it does not appear in the part where the actual proof is performed. It is written 
in |FOn2j . line 17-13 from the bottom on page 999 : 

. . . one may probably be able to prove a slice theorem .... However, because of 
the trouble we mentioned above, we do not use this infinite dimensional space and 
work more directly without using infinite dimensional manifold. 



46 The reference [FuOn99II] in IFOOOll is just IFOn2| in the current article. 
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Here it is written clearly that we do not use a slice theorem in |FOn21 Sections 
12-15]. 

Since in this article we provided the detail using the technique killing the ambi- 
guity by transversals and not by the center of mass, and to write both techniques 
in such a detail (>100 pages) is too much, we do not think it is necessary to dis- 
cuss this comparison much longer, for our purpose. Our purpose is to clarify the 
soundness of the virtual fundamental cycle or chain technique based on Kuranishi 
structure and multisection. 

34.4. Smoothness of family of obstruction spaces E(u'). In the google group 
Kuranishi, we were asked on the smoothness of the obstruction bundle E v (u 1 ) which 
appears in the right hand side of (133. ip for example, by McDuff. (Here u' runs in 
an appropriate L 2 ^ space of maps.) The discussion in the google group ends up 
with the agreement that this statement (that is u' >-» E p (u') is a smooth family of 
vector subspaces) is correct. 

Here we reproduce the pdf files that we uploaded to the google group Kuranishi 
on August 10 and 12. They explain the proof in detail in the particular case of the 
moduli space Aii(A) of holomorphic maps u : S 2 — > X and of homology class A that 
is primitive. (Namely there is no nonconstant holomorphic maps u±,u 2 : S 2 — s- X 
such that ui*[S 2 } + u 2 *[S 2 } = A.) 

Here 1 in the suffix means that we consider one marked point (= 0). In other 
words, we identify two maps u, v! if there exists a biholomorphic map v : S 2 — > S 2 
such that u o v = u' and v(0) — 0. In this case there is neither a bubble nor a 
nontrivial automorphism. (This is the case to which |MWj restrict themselves.) 

We first explain construction of the Kuranishi chart in this special case. It is our 
opinion that these two posts essentially take care of all the cases in application the 
content of [MW] can handle. 

[The post on August 10] 

Suppose one has it c m : S 2 — > X and u c ( 2 ) : S 2 — > X, for which we take obstruc- 
tion bundles E\ and E 2 . Also we take Da, D^—i, which are codimension 2 
submanifolds of X that are transversal to u c (i) at 1 6 5 2 and —1 e S 2 , respectively. 
(We assume u c ^ is an immersion at ±1.) 

Let u : S 2 — > X be a third map to which we want to transfer E\ and E 2 . 
(In other words u is a pseudo-holomorphic map which will be the center of the 
Kuranishi chart we are constructing.) 

As an assumption ug\ is C° close to w c (i) and ug 2 is C° close to u c ( 2 )- 

Here gi,g 2 € Aut(S 2 , 0). (We are studying M\(A) and e S 1 is the marked 
point. So #i(0) = 0.) 

But <7i and g 2 can be very far a way from each other. 

We require u(gi(l)) e u (ft(— 1)) £ Di_\. This condition (together with 

C° closed- ness) determine gi, g 2 uniquely. (Actually ugi is C 1 close to u c ^) since 



We are informed that several people discuss a problem of the foundation of virtual funda- 
mental chain/cycle technique based on the fact that the action of the group of diffeomorphisms 
Diff(S) on Lj (S, X ) is not differentiable. Sometimes it is said they can not take slice to this group 
action because of the lack of differentiability. As we mentioned here we never take slice of this 
group action in our approach via the Kuranishi structure. 

is a finite dimensional vector space of smooth sections of u*^TX <X> A 01 . We assume the 
support of its element is away from singular or marked points. 
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they are pseudo-holomorphic. We use this C 1 close- ness to show the uniqueness. 
This point was discussed before already.) 

The map u is C° close to both u^^gj" 1 and u c i 2 \g 2 . 

The obstruction spaces Ei are vector spaces of smooth sections of u*«TX®A 01 . 

g* transforms them to a vector space of sections of {u c u\g~[)*TX ® A 01 , which we 
write g*Ei. 

We use parallel transport to send g*Ei to a vector subspace of sections of u*TX® 
A 01 . 

In case we want to construct a Kuranishi chart centered at u we proceed as 
follows. We choose D 2 ,D_ 2 codimension 2 submanifolds of X which intersect 
transversally with u at u(2) and u{— 2) respectively. 

We consider u' which is a smooth map S 2 — > X that is C 10 close to u (Namely 
\u — u'\ c ia < sq.). We do not assume u' is pseudo-holomorphic and will transfer 
the obstruction bundles to (u')*TX ® A 01 . 

We use four more marked points w c uyi, w c n\_i. We assume ttWjVi G S 2 is 
eo-close to gi(l) and w c (i),-i G "S* 2 is eo-close to 1). (eo is a small number 
depending on u.) 

There exists g\ G Aut(S 2 ,Q) such that = w c (i),i, sf%{~ 1) = w c(i),-i- Such 

<^ is unique and g\ — gt is small. (More precisely it is estimated by o(eo|e c (i))- Here 
o( e o| e c(i)) depends on eo, e c U) an d goes to zero as eo goes to zero for each fixed e c (j).) 

We use g' , g[ (which is determined by u', w c n\±i in the above way) to obtain 
Ei(u';w). (Here w' is 4 points (^(^±1).) Namely we use parallel transport from 
{g'-)*Ei to (u')*TX x A 01 , that is possible by C° close-ness. 

Wc may assume Ei(u'; w) l~l E^iu'; w) — {0}, since we may assume 

E X { U] (ff<(±l))) n E 2 {u- (ffi(±l))) = {0} 

by Lemma [THU and £a(u'; w) n S 2 (u'; u?) = {0} is an open condition (with respect 
to C° topology.) (Note in case u' — u and w = (gi(±l)) we have g\ = gi.) 
Now we apply the implicit function theorem to the equation 

du' = mod Ei(u';w) ®E 2 {u';w) (34.1) 

to obtain the thickened moduli space. (It is the set of (u ,w) satisfying this equa- 
tion.) It is a smooth manifold. [£j o The dimension of the thickened moduli space 
is greater than the correct dimension of Kuranishi neighborhood. The difference is 
12. (4 = dim Aut(S 2 , 0) and each u>i,±i gives 2 extra dimension. Jo 

We cut down the dimension of the thickened moduli space by imposing the 
constraints 

u'(2)eD 3l u'(-2)e£U, , . 

, , (34.2) 

u {w i: i) G D i:1 , u (wi-i) G Di-i. 



^ w c (l) ,i = w c (2),i ma y occur. But it does not cause problem. See the paragraph starting at 
the end of page 55. (The paragraph start with 'A technical point to take care of is 

is e C ji) close to u Ci g Ci . u' is eo close to u, and is o(eo|e c (;)). All are C° sense. We first 
choose e c ( 4 ) small and then choose eo so that the sum e c u\ + eo + o(eo|e c (i)) is small enough. 

^ lr The surjectivity of the linearized equation is OK, since it is OK at u and we may choose eo 
depending on u. 

52 In case [u] G .Mi (A) is a stable map with nontrivial automorphism then it is an orbifold. 
^We correct misprint in our google post here. 
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The condition in the first line kills the Aut(S 2 ,0) ambiguity of u' and the con- 
dition in the second line kills the ambiguity of the choice of wri 

These are 12 independent equations. (12 = 6 x codinxD). After cutting down the 
dimension of the thickened moduli space by (134.2[) we obtain the required Kuranishi 
neighborhood. (Transversality of the equation (|34.2[) is OK by choosing cq small, 
since it is OK at u.) 

This PDF file was an answer to a question of K.Wehrheim. Then McDuff asked 
a question about the smoothness of the right hand side of (|34.1[) . 
The next part is a reproduction of our answer to it 

[The post on August 12] 

The equation 

du' = mod Ex{u'; w) ® E 2 (u'; w) 
is an elliptic PDE. More precisely it is a family of elliptic PDE with parameter w 
and extra m = dim E\ + dim E 2 parameters a, we explain below. We rewrite the 
equation to 

du' + ai€i{u , w) = 

where ei(u',w) is a basis of Ei(u'\w) © E2(u';w). (This is an equation for v! . Its 
parameters are w and a,.) 

The coefficient of this elliptic PDE depends smoothly on the parameters w, a,. 
(See the argument below which shows that ei(u',w) is smooth both in vf and w.) 

So the solution space with w (and a*) moving consists of a smooth manifold 
(if the surjectivity of its linearized equation is OK). Moreover the projection to 
the parameter space (especially w) and all the evaluation maps are smooth on the 
solution space. This is a standard fact in the theory of elliptic PDE. 

Finally let us explain the smoothness of ei(u' , w) with respect to u' and w. Note 
ei(u',w) is a member of a basis of Ej(u;w) for j — 1,2. The section e,-(«' is 
defined from a basis of Ej in a way explained before. We explain it again below 
in a slightly different way so that the smoothness of eiivl ,w) becomes obvious. 
Hereafter we consider the case j = 1. 

We put v = M c (i)5 , r 1 • S 2 — > X. (Note vf is close to v is C° sense.) Let us take 
an open set V of S 2 x X that is 

V = {(z,x) | d{v(z),x) < 2e + 2e c(1) }. 

We define a vector bundle on V by 

<£ = T^TAtgJTTiA 01 . 

(7Ti,7T2 are projections from S 2 x X to the first and second factors.) Let G be a 
small neighborhood of <?i in Aut(S 2 , 0). We pull back the bundle € to V x G by the 
projection V x G — > V. We denote it by (£ x G. Let us define a smooth section e, 
of it as follows. Let g[ £ G. We consider the composition u c n) o (g'l)^ 1 and define 

(«c(i) ° (g'irT --s 2 ^v 

by 

z ^ (z,(u c( i) o (g[) !)(z)) 
We identify S 2 with the image (u c m o (g^ 1 ^ (S 2 ). The restriction of € x G to 
this S 2 is (w c (i) o (g' 1 )~ 1 )*TX x A 01 . To this bundle we transform the section 



'We correct misprint in our google post here. 
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of u*, t sTX x A 01 by (g[)*. (This is what we did before.) We then extend it to 
a section on V x {g[} by the parallel transportation in the X direction along a 
geodesic with respect to an appropriate connection of X. 

Thus for each g[ we have a section of £ x {g[} on V x {g[}. Moving g[, we have 
a section of the bundle 2; x G on V x G. We denote it by e;. It is obvious that 
is smooth. 

Let W be the parameter space of w that is a finite dimensional manifold. Let 
g[(w) be the biholomorphic map sending ±1 to iui,±i. It depends smoothly on w. 
We put 

u : S 2 x W -> V x G 

by 

(z,w) i-» (z,u'(z),gj(w)) 
ei(v/,w) coincides with the composition o u'. So this is smooth in v! and w. 

34.5. A note about |FOn2[ Section 12]. This is a note related to [MWl Remark 
4.1.3]. This remark we think is related to |FOn2[ Lemma 12.24 and Proposition 
12.25]. 

Following [MW; we restrict our explanation to the case of A4i(A), the mod- 
uli space of pseudo-holomorphic sphere with one marked point and of homology 
class A such that there are no nonconstant pseudo-holomorphic spheres Ui, ui with 
mi*([S' 2 ]) + u 2 *([S 2 ]) = A. (Therefore all the elements of Mi(A) are somewhere 
injective.) 

Let us describe the point which we think is the concern of [MW| Remark 4.1.3]. 
We put G = Aut(S 2 ,0) the group of biholomorphic maps v : S 2 — > S 2 such that 
v(0) = 0. Let u '. S 2 — V X be a pseudo-holomorphic map of homology class A. We 
are going to construct a Kuranishi neighborhood centered at [u] € Aii(A). 

We take E that is a finite dimensional space of smooth sections of u*TX <E> A 01 . 
We assume that the image of 

D u d : T(5 2 ; u*TX) -> r(S' 2 ; u*TX <E> A 01 ) 

together with E is r(S' 2 ; u*TX ® A 01 ). 
We consider the operator 

~DJ) : T{S 2 ; u*TX) -> T{S 2 ;u*TX ® A 01 )/E. (34.3) 

Let v! : S 2 — > X be a map which is C 10 close to u. We define E(u') € 
r(S' 2 ; (u')*TX ® A 01 ) by parallel transport from u, (More precisely we use par- 
allel transport of the tangent bundle TX along the geodesic joining u(z) and u'(z) 
for each z e S 2 .) 

This map v! E(u') is not invariant of G action. 

Let V be the set of the solution of 

du' = mod E(u'), (34.4) 

such that v! is e-close to u in C 10 norm. Implicit function theorem and assumption 
implies that V is a smooth manifold. 

On V we have a vector bundle whose fiber at u' is E{u'). This is a smooth vector 
bundle. We have a section s of it such that s(vf) = du' . 

s _1 (0) maps to Aii(A). However this is not injective since G action is not killed. 

Let us identify T U V with the kernel of (p4T3]) . 
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We consider the Lie algebra T e G. Since u o g £ V for all g we can embed 
T e G C T U V. Let V be a submanifold of V such that u £ V and 

T e F' © T e G = T e V. (34.5) 

This V' is the slice appearing in |FOn2[ Section 12]. (Note this slice is taken after 
we obtained a finite dimensional space.) We prove the following: 

Proposition 34.2. u' H> [u'\ induces a homeomorphism between (V PiBeV^s^ 1 (0) 
and a neighborhood of [u] in Mi(A) for sufficiently small e. 

This proposition is a special case of |FOn2| Lemma 12.24 and Proposition 12.25]. 

Proof. Let Go be a small neighborhood of identity in G. (We will describe how 
small it is later.) Let L 2 m {S 2 1 X) be the space of L 2 m maps to X from S 2 . We 
take m huge. L 2 n (S > ,X) is a Hilbert manifold and V is its smooth submanifold of 
finite dimension. Let N v L 2 m {S 2 ,X) be a tubular neighborhood of V in L 2 n (S 2 , X) 
and II : Ny {L^S 2 , X j) — > V the projection. Let Vo be a relatively compact 
neighborhood of u in V . We take Go small such that if v! £ Vq and g £ Go then 
v! o g £ N v L 2 m (S 2 , X). We define 

F : V X G -> V 

by 

F(u',g) =n(u'og). 

We remark that if s(u') = then F(u',g) — u' o g. F is a smooth map since Vq 
consists of smooth maps. In fact the map 

V xG ^L 2 m (S 2 ,X) 

defined by (u, g) H- u o g is smooth. 

Lemma 34.3. There exists a neighborhood V2 ofu in V with the following property. 
If v! £ V2 there exists g £ Go such that F(u' ,g) £ V' . 

Lemma 34.4. There exist e and Go such that the following holds. If v! £ V P\B e V 
and F(u',g) £ V , then 5 = 1. 

Proof of lemmas \34.3\34-4\ For each u' £ Vq we put 

G u' = {F(u',g)\geG Q }. 

(Note u,g 1— > F(u,g) is not a group action. So Gqu' is not an orbit.) 

We may replace Go by a smaller neighborhood of identity and take a small 
neighborhood Voo of u so that g h-> F{u' , g) is a smooth embedding of Go if v! £ Voo- 
By assumption p4.5|) the submanifold Gou intersects transversally with V' at u in 
V . So we may replace Go by a smaller neighborhood of identity again such that 

g u n V = {u}. 

Now since u' 1— > Gqu' is a smooth family of smooth submanifolds, Gou' intersects 
transversally to V' at one point if u' is sufficiently close to u. This implies Lemmas 
134.3134.41 □ 

If [u"\ is in a small neighborhood of [u] in AA\(A) then by definition we may 
replace u" and assume u" £ Vz- Then there exists g £ Go such that u' = F(u",g) 
is in V' by Lemma 134.31 Since u" is pseudo-holomorphic it' = u" o g. Namely 
[u'\ = [u"\. Thus (V' n B e V) n s _1 (0) goes to a neighborhood of [u]. 

The injectivity of this map is immediate from Lemma T34. 41 
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It is easy to sec that this map from {V r\B e V)r\s~~ 1 (0) to an open set of M.i(A) 
is continuous. The proof that it is an open mapping is the same as the proof of the 
fact that (V n B e V) n s -1 (0) is a neighborhood of [«]. □ 

Note the reason why Proposition 134.21 is not completely trivial lies on the fact 
that equation (|34.4[) is not G invariant. In |FOn2( Section 15], we made a difference 
choice of E(u') using center of mass technique so that u \-¥ E{u) is G equivariant. 
Then Proposition 134.21 is trivial to prove for that choice of E(u'). 

35. Confutations against the criticisms made in |MW] on the 

FOUNDATION OF THE VIRTUAL FUNDAMENTAL CHAIN/ CYCLE TECHNIQUE 

In an article |MW] there are several criticisms on the earlier references on the 
foundation of virtual fundamental chain/cycle technique. This section provides our 
confutations against those criticisms. 

We think such confutations are necessary by the following reason. There are 
various researches in progress based on virtual fundamental chain/cycle technique 
by various people. The authors of [MWj mention a plan to write a replacement of 
a part of the results in the existing literature. 

However, |MWj provides only very beginning of their plan and [MWj concerns 
only the case where the pseudo-holomorphic curves discussed are automatically 
somewhere injective, which is not applicable to any of the on-going researches we 
mentioned above. 

Based on their writing, it appears that the authors of |MWj do not plan to study 
the chain level argument based on Kuranishi structure. See [MW1 Page 5 Line 12-14 
from bottom]. Since the chain level argument is essential in many of the on-going 
researches, we need something more than their planned 'replacement'. 

Therefore leaving the criticisms of |MWj un-refuted would cause serious confusion 
among the researchers in the relevant field. Hence we have decided to provide our 
confutations against the criticisms displayed in |MWj as public as possible to the 
degree of the article jMWj . 

It is our understanding that an important and basic agreement of the mathemat- 
ical research is that researchers are free to use the results of the published research 
papers (with appropriate citations) unless explicit and specified gap or problem 
was pointed out to the author but the author failed to provide a reasonable answer 
or correction on that particular point. This agreement is a part of the founda- 
tion of the refereeing system of the mathematical publications on which the whole 
mathematical community much depends. 

By this reason we explain in detail where the misunderstanding behind the criti- 
cisms of [MWj lies in, and then make our confutations against them word by word. 
We do so only to the criticisms of |MWj directed against the papers written by the 
present authors. In [MWj there are criticisms to other versions of virtual funda- 
mental cycle/chain technique. We found several problems there also. However we 
restrict our confutations only to the criticisms directed to the papers of the present 
authors. This is because the present authors do not have thorough knowledge of 
the other versions of virtual fundamental cycle/chain technique, compared to that 
of their own. 

The page numbers etc. below are those of the version of [M\V appeared as 
larXiv: 1280. 134(M on Aug. 7 2012. We note that the date Aug. 7 was after we had 
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posted all our detailed answers [Fu6], |FOn3j . |FOOQ6] |FOOQ7] and |FOOQ8j to 
K. Wehrheim's questions. The small letters are used for the quote from [MWj . 

Note similar criticisms appear repeatedly in MW] . In such a case we repeat the 
same answer. Although some of the quotations below may not be direct criticisms, 
we supplement them in order to clarify our mathematical points. 

(1) Page 2 Line 13-14 

while some topological and analytic issues were not resolved 
We will clarify below that all such issues have been resolved. 

(2) Page 2 Line 11-14 from the bottom and 

The main analytic issue in each regularization approach is in the construction 
of transition maps for a given moduli space, where one has to deal with the lack of 
differentiability of the reparametrization action on infinite dimensional function 
spaces discussed in Section 3. 

Such issue does not cause any problem in our proof as we will explain 
below. See items ©.CSJ,®,®-©. 

(3) Page 4 Line 16-20 from the bottom 

The issue here is the lack of differentiability of the reparametrization action, 
which enters if constructions are transferred between different infinite dimensional 
local slices of the action, or if a differentiable Banach manifold structure on a 
quotient space of maps by reparametrization is assumed. 

Such an issue is irrelevant to our approach and is not present in our 
approach, since infinite dimensional slice was never used. We explained 
this point in the second half of Subsection 134.31 

(4) Page 4 line 10 from below: 

However, in making these constructions explicit, we needed to resolve ambi- 
guities in the definition of Kuranishi structure, concerning the precise meaning 
of germ of coordinate changes and the cocycle condition discussed in Section 2.5. 

This point had been already corrected in [FOOOl] , We explained this 
point in Subsection 134. II 

(5) Page 4 last 4 lines: 

One issue that we will touch on only briefly in Section 2.2 is the lack of smooth- 
ness of the standard gluing constructions, which affects the smoothness of the 
Kuranishi charts near the nodal or broken curves. 

This points had already been discussed in [FOOOl] . More detail had 
been given in |FOOQ6] and FQ 007) . They are basically the same as Parts 
[3] and [4] of this article. 

(6) Page 4 last line - Page 5 4th line: 

A more fundamental topological issue is the necessity to ensure that the zero 
set of a transversal perturbation is not only smooth, but also remains compact 
as well as Hausdorff, and does not acquire boundary in the regularization. These 
properties nowhere addressed in the literature as far as we are aware, are crucial 
for obtaining a global triangulation and thus a fundamental homological class. 

These points had been addressed in |Fu61 IFOn3] . They had been sent to 
the authors of [MW] as a reply to the question raised by the very person 
who wrote : 'These properties nowhere addressed in the literature as far as 
we are aware'. 

According to the opinion of present authors, this point is not a fun- 
damental issue but only a technical point. We leave each reader to see 
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our proof given in Part [2] and form his/her own opinion about it. Any- 
way correctness of the construction of virtual fundamental chain/cycle is 
not affected at all whether this point (which had already been resolved) is 
fundamental or not. 

(7) Page 5 4-6 line: 

Another topological issue is the necessity of refining the cover by Kuranishi 
charts to a 'good cover' in which the unidirectional transition maps allow for an 
iterative construction of perturbation. 

This was proved in [FOnll Lemma 6.3]. Responding to the request of an 
author of MW more detail of its proof had been provided in |Fu61 IFOn3j . 

(8) Page 5 Line 20-30 

The case of moduli spaces with boundary given as the fiber product of other 
moduli spaces, as required for the construction of Aoo-structures, is beyond the 
scope of our project. It has to solve the additional task of constructing regular- 
izations that respect the fiber product structure on the boundary. This issue, also 
known as constructing coherent perturbations, has to be addressed separately in 
each special geometric setting, and requires a hierarchy of moduli spaces which 
permits one to construct the regularizations iteratively. In the construction of 
the Floer differential on a finitely generated complex, such an iteration can be 
performed using an energy filtration thanks to the algebraically simple gluing 
operation. In more 'nonlinear' algebraically settings, such as Aoo structures, one 
needs to artificially deform the gluing operation, e.g. when dealing with homo- 
topies of data [Se]. 

This paragraph might intend to put some negative view on the existing 
literature which constructed structure, especially on [FOOOlj . How- 
ever since no mathematical problem or difficulty in the existing literature 
is mentioned it is impossible for us to do anything other than ignoring this 
paragraph. 

(9) Page 5 the last paragraph - Page 6 the first paragraph: 

Another fundamental issue surfaced when we tried to understand how Floer's 
proof of the Arnold conjecture is extended to general symplectic manifolds using 
abstract regularization techniques. In the language of Kuranishi structures, it 
argues that a Kuranishi space X of virtual dimension 0, on which S 1 acts such 
that the fixed points F C X are isolated solutions, allows for a perturbation 
whose zero set is given by the fixed points. At that abstract level, the argument 
in both [FO] and [LiuT0 is that a Kuranishi structure on (X\F)/ S 1 (which has 
virtual dimension —1) can be pulled back to a Kuranishi structure on X\F with 
trivial fundamental cycle. However, they give no details of this construction. 

Such detail, |FOOQ8j = Part [5] of this article, had been given to the 
authors of |MWj . [F0008 is a reply to the question raised by the very 
person who wrote : 'However, they give no details of this construction'. 
(10) Page 9 line 8-9: 

The gluing analysis is a highly nontrivial Newton iteration scheme and should 
have an abstract framework that does not seem to be available at present. 

We do not understand why abstract frame work should be used. Our 
gluing analysis is based on the study of the concrete geometric situation 



They are IFOn2l and ILiuTil in the reference of this article 
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where we perform our gluing construction. To find some abstract formu- 
lation of gluing construction can be an interesting research. However it 
is not required in order to confirm the correctness of the gluing construc- 
tions in various particular geometric cases. Such gluing constructions had 
been used successfully in gauge theory and in pseudo-holomorphic curve by 
many people in the last 30 years. We wonder whether the authors of |MWj 
question the soundness of all those well established results or not. If not 
the authors of MW should explain the reason why abstract frame work 
should be used in this particular case and not in the other cases. 

(11) Page 9 line 9-10: 

In particular, it requires surjective linearized operators, and so only applies 
after perturbation. 

In the construction of Kuranishi neighborhood we modify the (nonlinear 
Cauchy-Riemann) equation du' = slightly and use dv! = mod E{u'). 
In other words the surjective linearized operators are obtained by intro- 
ducing obstruction space E(u') and not by perturbation. In other words, 
surjectivity of linearized operators is used before perturbation. 

The perturbation via a generic choice of multisections starts after finite 
dimensional reduction. 

(12) Page 9 line 11-12: 

Moreover, gluing of noncompact spaces requires uniform quadratic estimates, 
which do not hold in general. 

The proof of uniform quadratic estimates is certainly necessary in all 
the situations where gluing (stretching the neck) argument are used. (Both 
in gauge theory and the study of pseudo-holomorphic curve for example.) 
The way to handle it had been well established more than 20 years ago. 
It is proved in our situation (in the same way as many of the other 
situations) as follows. The domain curve Et (we use the notation of Part 
[3]) is a union of core and neck region. The core consists a compact family of 
compact spaces and is independent of the gluing parameter T. Therefore 
'uniform quadratic estimates' is obvious there. On the other hand, the 
length of the neck region is unbounded, which is the noncompactness of 
MW 's concern we suppose. However, on the neck region we have an 
exponential decay estimate (See I On2l Lemma 11.2] = Proposition 114. ll 
of this article.) and the neck region is of cylindrical type. Therefore even 
the length of the neck region is unbounded we have a uniform quadratic 
estimates. We also remark that the weighted Sobolev norm we introduced 
in (|11.9[) and |FOOOl| Subsection 7.1.2] is designed so that the norm of 
the right inverse of the linearized operator becomes uniformly bounded. 
(Namely it is bounded by a constant independent of T.) 

(13) Page 9 line 12-13: 

Finally, injectivity of the gluing map does not follow from the Newton iteration 
and needs to be checked in each geometric setting. 

The classical proof of injectivity had been reviewed |FOOQ6] = Part [3] 
See Section 1141 Maybe this proof is more popular in gauge theory commu- 
nity than in symplectic geometry community. (See |D2] for example.) 



^For example in |FUI Blowing up the metric; page 121-127] an estimate of L 4 norm in terms 
of L\ norm is discussed, in the case of one forms on noncompact 4 manifolds with cylindrical end. 
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(14) Page 9 line 3-7: 

Each setting requires a different, precise definition of a Banach space of pertur- 
bations. Note in particular that spaces of maps with compact support in a given 
open set are not compact. The proof of transversality of the universal section 
is very sensitive to the specific geometric setting, and in the case of varying J 
requires each holomorphic map to have suitable injectivity properties. 

It seems that 'a Banach space of perturbations' that they allude to here is 
the obstruction space E p (vf) . We always choose it so that it becomes a finite 
dimensional space of smooth sections. (See for example |FOn21 (12.7.4)] and 
Dcfinition ll7.7l (5) of present article.) It is a finite dimensional space and so 
is a 'Banach space'. (We do not think it is a good idea to introduce infinite 
dimensional space here. It is because such infinite dimensional space is 
harder to control.) It is very hard to understand the rest of this writing at 
least for us. The word 'universal section' is not defined, for example. 

(15) Page 11 lines 2-5 from the bottom. 

This differentiability issue was not apparent in [FO, LiTjEI, 

but we encounter 

the same obstacle in the construction of sum charts; see Section 4.2. In this 
setting, it can be overcome by working with special obstruction bundles, as we 
outline in Section 4.3. 

This 'obstacle' seems to be related to the following point: To associate 
an obstruction space Ep(vf) for v! : £' — > X we use the vector space E c for 
various c, that is a space of sections u* c TX® A 01 where u c : E c — > X. So we 
need to use a diffcomorphism between a support K c of the elements of E c 
and a subset of Namely we transform E c by using this diffcomorphism 
and a parallel transport on X. 

Note in F0n2 as well as in all our articles, the subspace E c is a fi- 
nite dimensional space of smooth sections. So clearly no issue appears by 
transforming them by diffeomorphism. It seems that 'working with special 
obstruction bundles' is nothing but this choice of [FOn2[ (12.7.4)] etc., that 
is, 'a finite dimensional space of smooth sections'. 

(16) Page 12 lines 16-20. 

In principle, the construction of a continuous gluing map should always be 
possible along the lines of iMcSal , though establishing the quadratic estimates is 
nontrivial in each setting. However, additional arguments specific to each setting 
are needed to prove surjectivity, injectivity, and openness of the gluing map. 



nd ope 

The method of [McSaj was used in |FOn2]l 58 l The quadratic decay esti 



mate was classical as we already mentioned in (1121) . Because of our choice 
of 'special obstruction bundles' (|15|)). there appears no new point arising 
from the addition of obstruction bundlesjfl The proof of surjectivity is in 
}FOn2| Section 14]. More detail is in Section [H of this article = |FOOQ6| 



57 [FO] is |FOn2| and [LiT] is (LiTi] in the reference of this article. 

is quoted in I '< )i:2 page 984] as follows: 
The proof is again a copy of McDufT-Salamon's in [47] with some minor modifications to handle 
the existence of the obstruction and moduli parameter. 
[47] is |McSa| in the reference of this article. 
We choose our obstruction bundle so that the supports of its elements are away from nodes. 
So the obstruction bundle affects our equation only at the core where noncompactness of the 
source does not appear. At the neck region the equation is genuine pseudo-holomorphic curve 
equation and is the same as one studied in McSa . 
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Section 1.5], together with the proof of injectivity (that is similar to one of 
surjectivity) and openness of the gluing map (that follows from surjectivity 
proven m Section M as shown in Section [H] (Lemma 120.141 = |FOQQ7l 
Lemma 2.105])). Those proofs were classical already at the stage of 1996. 

(17) Page 12 lines 20-23. 

Moreover, while homeomorphisms to their image suffice for the geometric reg- 
ularization approach, the virtual regularization approaches all require stronger 
differentiability of the gluing map; e.g. smoothness in [FO.FOOO.Jpl 

For the purpose of |FOn2j differentiability of the gluing map is required 
only in its version with T (the gluing parameter) fixed, as we explained in 
Subsection [3421 

The 'stronger differentiability of the gluing map' had been proved in 
[FOOOH Proposition A1.56]. More detail of this proof |FOOQ6! |FOOQ7] 
(= Part |31 and S] of this article) had been written and sent to the members 
of the google group 'Kuranishi', which include the authors of |MW) . 

(18) Page 12 Remark 2.2.3 

None of [LIT, LiuT, FO, FOOO] E3 give all details for the construction of a 
gluing map. In particular, [FO, FOOOjS construct gluing maps with image in a 
space of maps, but give few details on the induced map to the quotient space, see 
Remark 4.1.3. For closed nodal curves, [McS, Chapter 10] constructs continuous 
gluing maps in full detail, but (at least in the first edition) does not claim that 
the glued curves depend differentiably on the gluing parameter a G C as a — > 0. 
By rescaling |a|, it is possible to establish more differentiability for a — > 0. 

The analytic detail of the gluing map had been given in [FO OOH Sec- 
tions 7.1 and Sections Al.4]. Even more detail of the same argument 
f |FOOQ6] and lFOOQ7j that are Parts [3] and g] of this article) was sent 
to the members of the google 'Kuranishi' that include the authors of |MW| . 

In |MW| Remark 4.1.3], the authors of [MW explained why their ap- 
proach fails in the setting of |FOn2j Section 12-15. Therefore it is irrelevant 
to our approach. See Items (|3TJ1) - (|M)) and Subsection 134.51 

The book |McSaj which we quote in |FOn2j indeed does not claim the 
differentiability on the gluing parameter. As we explained in Subsection 
134.21 the differentiability of the gluing map with gluing parameter fixed, is 
enough to establish all the results of [FOn2 . This is because we only need 
to study the moduli space of virtual dimension 1 and for the purpose of 
|FOn2] . We remark that this had been mentioned already in [FOOOll page 
782 line 6-8 from below] as follows. 

We remark that smoothness of coordinate change was not used in [FuOn99II] 
since only and 1 dimensional moduli spaces was used there. In other 
words, in Situation 7.2.2 mentioned in §7.2, we do not need it. 

(19) Page 16 - 19, Beginning of Subsection 2.5 

There are discussions about germ of Kuranishi neighborhood and its 
coordinate change there. As we explained in Subsection 134. 1 1 this point had 
already been corrected in [FOOOl . 

60 [FO,FOOO,J] are |FOn2| . |FOOQl| [JoT] in the reference of this article. 
61 They are [LiTIl iLiuTTl IFOn2l iFOOOl] in the reference of this article. 
62 They are |FOn2l IFOOQl| in the reference of this article. 
63 This is [FOn2| in the reference of this article. 
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(20) Page 19 lines 13-18. 

The first nontrivial step is to make sure that these representatives were chosen 
sufficiently small for coordinate changes between them to exist in the given germs 
of coordinate changes. The second crucial step is to make specific choices of rep- 
resentatives of the coordinate changes such that the cocycle condition is satisfied. 
However, [FO, (6.19.4)] does not address the need to choose specific, rather than 
just sufficiently small, representatives. 

This point is related to the notion of 'germs of Kuranishi structure'. So it 
had been already corrected in [FOOOl] . The definition of Kuranishi struc- 
ture in [FOOOl] includes the choice of representatives of the coordinate 
changes such that the cocycle condition is satisfied. 

(21) Page 20 lines 18-21 

The basic issues in any regularization are that we need to make sense of the 
equivalence relation and ensure that the zero set of a transverse perturbation is 
not just locally smooth (and hence can be triangulated locally), but also that 
the transition data glues these local charts to a compact Hausdorff space without 
boundary. 

See item (6). 

(22) Page 25 last two lines - Page 26 first line 

It has been the common understanding that by stabilizing the domain or 
working in finite dimensional reductions one can overcome this differentiability 
failure in more general situations. 

This common understanding is absolutely correct. (See Items (|23[) - 
(|28j) .) Indeed we had done so. 

(23) Page 27 last paragraph - Page 28 second line. 

It has been the common understanding that virtual regularization techniques 
deal with the differentiability failure of the reparametrization action by working 
in finite dimensional reductions, in which the action is smooth. We will explain 
below for the global obstruction bundle approach, and in Section 4.2 for the 
Kuranishi structure approach, that the action on infinite dimensional spaces nev- 
ertheless needs to be dealt with in establishing compatibility of the local finite 
dimensional reductions. In fact, as we show in Section 4, the existence of a con- 
sistent set of such finite dimensional reductions with finite isotropy groups for 
a Fredholm section that is equivariant under a nondifferentiable group action is 
highly nontrivial. For most holomorphic curve moduli spaces, even the existence 
of not necessarily compatible reductions relies heavily on the fact that, despite 
the differentiability failure, the action of the reparametrization groups generally 
do have local slices. However, these do not result from a general slice construc- 
tion for Lie group actions on a Banach manifold, but from an explicit geometric 
construction using transverse slicing conditions. 

The 'highly nontrivial problem' mentioned in 'that is equivariant under 
a nondifferentiable group action is highly nontrivial' in the above quote 
seems to be related to the issue written in Item (fl"5j) . It had been resolved 
in the way explained there. 

The discussion of |MW| Section 4.2] seems to be very much similar to 
a special case of our discussion in Part @] of this article (= |FOOQ7] ). 
(See Item ([29]).) So it seems to us that [MW| Section 4.2] also supports 
the common understanding 'stabilizing the domain or working in finite 
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dimensional reductions one can overcome this differentiability failure in 
more general situations' as Part 0] of this article does. 

As we explained in Subsection 134. 31 we never used slice theorem for such 
'general slice construction for Lie group actions on a Banach manifold' 
and had been used 'explicit geometric construction using transverse slicing 
conditions'. 

So the description of this part of |MW] is based on their misunderstand- 
ing of the Kuranishi structure approach and presumption arising from their 
experience with other on-going projects. We emphasize that the action on 
infinite dimensional spaces never enter in our approach. 

(24) Page 32 16 and 17 lines from bottom. 

Using such slices, the differentiability issue of reparametrizations still appears 
in many guises: 

Let us explain below (Items (|23|) - (|28I0 why none of those guises appear 
in our construction. 

(25) (i) The transition maps between different local slices - arising from different 
choices of fixed marked points or auxiliary hypersurfaces are reparametrizations 
by biholomorphisms that vary with the marked points or the maps. The same 
holds for local slices arising from different reference surfaces, unless the two fam- 
ilies of diffeomorphisms to the reference surface are related by a fixed diffeomor- 
phism, and thus fit into a single slice. 

The family of diffeomorphisms appearing here is applied (as reparametriza- 
tion) to the set of solutions of elliptic PDE. (Namely after solving equations, 
du' = mod E v {u').) By elliptic regularity they are smooth families of 
smooth maps. So reparametrization does not cause any problem. 

(26) (ii) A local chart for 9^ near a nodal domain is constructed by gluing the com- 
ponents of the nodal domain to obtain regular domains. Transferring maps from 
the nodal domain to the nearby regular domains involves reparametrizations of 
the maps that vary with the gluing parameters. 

Near a nodal domain the smoothness of coordinate change is more non- 
trivial than the case (i) above. |FOOOll Lemma A1.59] (which is general- 
ized to Propositions ll6. lTl and lT6.15l of this article = [FOOQ71 Propositions 
2.19,2.23]) had been prepared for this purpose and had been used to resolve 
this point. See the proof of Lemma T22.6I for example. 

(27) (iii) The transition map between a local chart near a nodal domain and a local 
slice of regular domains is given by varying reparametrizations. This happens 
because the local chart produces a family of Riemann surfaces that varies with 
gluing parameters, whereas the local slice has a fixed reference surface. 

The same answer as item (|26j) above. 

(28) (iv) Infinite automorphism groups act on unstable components of nodal domains. 

This is the reason why we need to add marked points to such components. 

(29) Page 33 Lines 6-8 

We show in Remark 3.1.5 and Section 4.2 that these issues are highly nontrivial 
to deal with in abstract regularization approaches. 

It is not so clear for us what 'abstract regularization approaches' means. 
It might be related to taking slice of infinite dimensional group. We never 
do it as explained in Subsection 134.31 
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What is written in Section 4.2 jMWj is similar to (a special case of) 
what we had written in |FOn2| Appendix], |Fu6[ page 8-9, the answer to 
Question 4] , [FOOQ7] ( = Part @] of this article) , as we show by examples 
below. Therefore as far as the correctness of the mathematical statements 
appearing here concerns, the opinion of the authors of |MW] are likely to 
coincide with ours. 

(a) The conditions given in page 39 Lines 5 -12 from the bottom. 
These are similar to the special case of Definition 117.71 of obstruction 
bundle data. 

(b) The discussion of the last part of page 42 of [MW1 (Item 1 there) . 
The discussion there seems to be related to the smoothness of u' H> 
E{u') that was explained in the posts on Aug. 12, which is reproduced 
in Section [3431 

(c) The Item 2 in page 43. 

The first part of this discussion is related to Lemma 118.81 The rest 
seems to be similar to the construction of the obstruction bundle we 
described in 'the post of Aug. 10', which we reproduced in Section 
l3L4lR 

(d) Page 44 Line 6-8. 

This construction is so canonical that coordinate changes between differ- 
ent sum charts exist essentially automatically, and satisfy the weak cocycle 
condition. 

This sentence is very much similar to the following which appears as 
a part of Fu6 . So there seems to be an agreement concerning this 
point. 

Once (1) is understood the coordinate change </> qp is just a map which 
send an en element ((£,z),it) to the same element. So the cocycle 
condition is fairly obvious. 

(e) Page 46 (MWl (4.3.3)]. 

The choice of the obstruction space in |MW| (4.3.3)] is the same as 
one which appeared in |FOn21 (12.7.4)]. 

(30) Page 38-39, Remark 4.1.3 

In |MW1 Remark 4.1.3], the authors of |MWj explained why their ap- 
proach fails in the setting of |FOn2| Section 12-15. Therefore it is irrelevant 
to our approach. We show it by several examples below. 

(31) Page 38 Line 16-17, 

The above proof translates the construction of basic Kuranishi charts in 
in the absence of nodes and Deligne-Mumford parameters into a formal setup. 

The authors of [FOn2 do not agree that this is a translation of the 
construction of [FOn2], 

(32) Page 38 last 4 lines and Page 39 first line. 

[FO] construct the maps s and ijona thickened Kuranishi domain" analogous 
to Wf and thus need to make the same restriction to an infinitesimal local slice" 
as in Lemma 4.1.2. Again, the argument for injectivity of / given in Lemma 4.1.2 

64 We remark those posts on Aug. 10 and Aug. 12 are extracts (or adaptations to a special 
case) of our earlier posts [FOOQ7] . We sent them to the google group 'Kuranishi' according to 
the request of the authors of IMWI . 

^This is FOn2j in the reference of this article. 
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does not apply due to the differentiability failure of the reparametrization action 
of G = Goo discussed in Section 3.1. 

The authors of |MW] claim here that why the proof of MW, Lemma 
4.1.2] they gave fails in the situation of F0n2 ( Section 12]. This claim has 
no relation to our proof. See Subsection [343] for the correct proof of |FOn2[ 
Lemma 12.24] in the situation of |MW] , 

(33) Page 39 Line 6-8 

The claim that ipf has open image in <x (0)/G is analogous to [FO, 12.25], 
which seems to assume that Uf is invariant under Goo to assert "i/)(s _1 (0) exp^(W/)) = 

^(^(O))"- 

When first and 4th named authors wrote |FOn2] . they of course were 
aware of the fact that the choice of the obstruction bundle E in |FOn2[ 
Section 12] is not invariant of the action of automorphism group. This is 
the reason why |FOn2l Section 15 and appendix] was written. More 
explicitly it is written in |FOn2[ Page 1001 Line 18-19 from the bottom] 
that 

The trouble here is that E Ti is noiinvariant by the "action" of Lie(Aut(T, Ti )) . 

(Note 'not' was italic in |FOn2j .) The proof of |FOn21 Proposition 12.25] 
in the situation of |MWj without using G invariance of obstruction bundle 
is in Subsection 134.51 

(34) Page 39 Line 8-10. 

However, Goo-invariance of Uf requires Goo-equivariance of E, i.e. an equivari- 
ant extension of Ef to the infinite dimensional domain V. A general construction 
of such extensions does not exist due to the differentiability failure of the Goo- 
action. 

It is not clear for us what 'general construction' means. It might mean 
'a construction in some abstract setting without using the properties of 
explicit geometric setting'. We never tried to find such a 'general construc- 
tion'. Two explicit geometric constructions of such extensions are given in 
|FOn2j . One in Section 15 the other in Appendix. 

(35) Page 39 Lines 14-17 from the bottom. 

The differentiability issues in the above abstract construction of Kuranishi 
charts can be resolved, by using a geometrically explicit local slice Bf C o' p as 
in (3.1.3). (This is mentioned in various places throughout the literature, e.g. 
[FO, Appendix], but we could not find the analytic details discussed here.) 

Such detail had been written in FO OQ7] and posted to the google group 
'Kuranishi' of which the authors of [MWj are members. [FOOQ7] is a reply 
to a question raised by the very person who wrote 'we could not find the 
analytic details'. 

(36) Page 53 Line 14-17 from the bottom. 

Note that we crucially use the triviality of the isotropy groups, in particular 
in the proof of the cocycle condition. Nontrivial isotropy groups cause additional 



66 We remark that the automorphism group (that is written G in the above quote from MW ) 
acts on the zero set of Kuranishi map (that is written as s — 1 (0) in the above quote.). Therefore the 
set V£ n (0)/Aut(c) (that is ip( s ~ 1 (0)) m the above quote, which appears in |FOn2l Lemma 
12.24 and Proposition 12.25] is well defined. (The group Aut(c) is the finite group that is a 
automorphisms of stable map.) 
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indeterminacy, which has to be dealt with in the abstract notion of Kuranishi 
structures. 

The detail of the existence of Kuranishi structure of the moduli space 
without using triviality of the isotropy groups is explained in detail in Part 
[4] of this article. 

(37) Page 54 

(iii) In view of Sum Condition II and the previous remark, one cannot expect 
any two given basic Kuranishi charts to have summable obstruction bundles and 
hence be compatible. This requires a perturbation of the basic Kuranishi charts, 
which is possible only when dealing with a compactified solution space, since each 
perturbation may shrink the image of a chart. 

This might be related to Lemma I18.8I (The proof of this lemma is easy.) 

(38) Page 54 

(iv) This discussion also shows that even a simple moduli space such as 
Mi(A, J) does not have a canonical Kuranishi structure. Hence the construction 
of invariants from this space also involves constructing a Kuranishi structure on 
the product cobordism M\(A,J) x [0,1] intertwining any two Kuranishi struc- 
tures for Mi(A, J) arising from different choices of basic charts and transition 
data. 

The cobordism of Kuranishi structure and its application to the well- 
dcfined-ness of virtual fundamental class had been discussed in |FOn31 
Lemmas 17.8,17.9] etc. 

(39) Page 75 13 -1 5 

However, in order to obtain a VMC from a Kuranishi structure, we either need 
to require the strong cocycle condition, or make an additional subtle shrinking 
construction as in (i) that crucially uses the additivity condition. 

A detailed explanation of the construction of VMC from a Kuranishi 
structure without using additivity condition is given in Part[2]of this article. 

(40) Page 75 Line 20-22 from the bottom. 

The proof of existence in [FO, Lemma 6.3] is still based on notions of germs 
and addresses neither the relation to overlaps nor the cocycle condition. 

It is explained in Subsection 134.11 why the proof of [FO, Lemma 6.3] is 
not based on the notion of germs. The detail of this proof is given in Section 

m 
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